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PREFACE. 



It is a remarkable fact in the history of science, that 
the oldest book of Elementary Geometry is still conr 
sidered as the best, and that the writings of £ucijd» 
at the distance of two thousand years, continue to 
form the most approved introduction to the mathema* 
tical sciences. This remarkable distinction the Greek 
Geometer owes not only to the elegance and correct- 
ness of his demonstrations, but .to,' 90 arrangement 
most happily contrived foribepurjgpse-of instruction, 
-^d,.n..ge= which, when )^^ . ^.to enu- 
nence, secure the works of an sMih<xie^;jSL^^ the in- 
juries of time, more effectually fhiui' even originality 
of invention. The elements of Euclid, however, in 
passing through the hands of the ancient editors, dur- 
ing the decline of science, had suffered some diminu- 
tion of their excellence, and much skill and learning 
have been employed by the modem mathematicians 
to deliver them from blemishes, which certainly did 
not ^nter into their original con^position. Of thea^ 
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aiathematicians, Dr. Simson, as he may be accounted 

the last, bas also been the most successful* and has 
left very little room for the ingenuity of future edi- 
tors to be exercised in, either by amending the text 
of Euclid, or by improying the translations from it. 

Such being the merits of Dr. Simson's edition, and 
the reception it has met with having been every way 
suitable, the work now offered to the public Will per- 
haps appear unnecessary. And indeed, if the geouM* 
ter just named bad written with a view of accommo- 
dating the Elements of EncLin to the present state of 
the mathematical sciences, it is not likely that any thing 
new in Elementary Geometry wotild have been soon 
attempted. Biit:{^s design was different : it ^as his 
object to restpt)^ fbe. writings of Euclid to their ori- 
ginal perfectit)A^ .^dt tq^ive them to Modem Europe 

as nearly .aa'po^^e^j^** the state vrherein they made ; 

. *»k* "• • * • * 
their Qjfs^-^s^^rdCrce in Ancient Greece. For thh 

undertaking, npl^y could be better qualified than 

• • • 

Dr. SiMsoN ; who to aA accurate knowledge of the 
learned languages, and an indefatigable spirit of re- 
search, added a profound skill in the ancient Geome- 
try, and an admiratidn of it almost enthusiastic. Ac- 
cordingly, he not only restored the text of Euclid 
wherever it had been corrupted, but in some cases re- 
moved imperfections that probably belonged to the 
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origiiial work ; though bis extreme partiality for his 
author never permitted him to suppose* that such ho- 
nour could fall to the share either of himself, or of 
any other of the moderns. 

But, after all this was accomplished, something still 
remained to be done, since, notwithstanding the ac- 
knowledged excellence of Enctin's Elements, it could 
not be doubted, that some alterations might be made, 
that would accommodate them better to a state of the 
mathematical sciences, so much more improved and 
extended than at the period when they were written. 
Accordingly, the object of the edition now offered to 
the public, is not so much to give to the writings of 
Euclid the form which they originally had, as that 
whid) may at present render them mast useful. 

One of the alterations made with this view, respects 
the Doctrine of Proportion, the method of treating 
'Which, as it is laid down in the fifth of Euclid, has 
great advantages, accompanied with considerable de- 
fects ; of which, however, it mu*ot be observed, that 
the advantages are essential, and the defects only ac- 
cidental. To explain the nature of the former, re- 
quires a more, minute examination than is suited to 
this place, and must, therefore, be reserved for the 
Notes ; but, in the mean time, it may be remarked, 
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that nodefinitioih except that of Euclid^ has ever beea 
giveD, from which the properties of proportionals can 
be deduced by reasonings, whteh, at the same time 
that they are perfectly rigorous, are also simple and 
direct. As to the defects, the prolixness and ob-i 
scurity, that have so often been complained of in the 
fifth bookf they seem to arise chiefly from the nature 
of the language employed, which being no other than 
that of ordinary discourse, cannot express, without 
much tediousness and circumlocution, the relations of 
mathematical quantities, when taken in their utmost 
generality, and when no assistance can be received 
from diagrams. As it is plain, that the concise lan- 
guage of Algebra is directly calculated to remedy . 
this inconvenience, I have endeavoured to introduce 
it here, in a very simple form however, and without 
changing the nature of the reasoning, or departing in 
any thing from the rigour of geometrical demonstra- 
tion. By this means, the steps of the reasoning which 
were before far separated, are brought near to one 
another, and the force of the wh^le is so clearly and 
directly perceived, that I am persuaded no more dif- 
ficulty will be found in understanding the proposi- 
tions of the fifth Book, than those of any other of the 
Elements. 

In the Second Book> also, some algebraic signs 
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have been introduGed, for the sake of representing 
more readily the addition and subtraction of the rect- 
angles on which the demonstrations depend. The use 
of such symbolical writing, in translating from an ori- 
l^al, where no symbols are used, cannot, I think, be 
regarded as an unwarrantable liberty; for, if by that 
means the translation is not made into English, it is 
made, into that uniyersal language so much sought 
after id all the sciences, but destined, it would seem, 
to be enjoyed only by the mathematical. 

The alterations above mentioned < are the most ma- 
terial that have been attempted on the books of Eu- 
clid. There are, however, a few others, which, though 
less considerable, it is hoped may in some degree fa- 
cilitate the study of the Elements. Such are those 
made on the definitions in the first Book, and particu- 
larly on that of a straight M^e. A new axiom is also 
introduced in the room oftiie 1 2th, for the purpose of 
demonstrating more ea|py some of the properties of 
parallel lines. In the third Book, the remarks con- 
cerning the angles made by a straight line, and the 
circumference of a circle, are left out, as tending to 
perplex one who has advanced no farther than the ele- 
ments of the science. The 27th, 28th, and 29th of the 
sixth are changed for easier and more simple proposi- 
tions, which do not materially differ from them, and 
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which answer exactly the same purpose. Some pro- 
positions also hare been added : but, for a fuller de- 
tail concerning these changes* I must refer to the 
Notes, in which several of the more diflBcult, or more 
interesting subjects of Elementary Geometry ant 
treated at considerable length. 

The Supplement now added to the Six Books of 
Euclid is arranged differently from what it wall in th^ 
ilrst. edition of these Elements. 

The First of the three books, into which it is di- 
vided, treats of the rectification and quadrature of the 
circle, — suTiJects that are often omitted altogether in 
works of this kind. They are omitted> however, as I - 
conceive, without any good reason, because, to roea* 
sure the length of the simplest of all the curves whieb 
Geometry treats of, and the space contained within it, 
^re problems that certainly belong to' the elements of 
the science, especially as tb^ are not more difiScult 
than other proposilions which ai^ usually admitted 
into them. When I speak of the rectification of the 
^ circle, or of meafiuring the length of the circumferencei 
I must not be supposed to mean, that a straight line 
is to be made equal to the circumference exactly^ — ^a 
problem which, as is well known* Geometry has never 
been able to resolve : All that is proposed is, to de- 
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termioe two stritight lines that shall differ very little 
from on^ another; pot more, for ingtance^ than the four 
hundred and ninety^deventh part of the diameter of 
the circle, and of which the one shall be greater -than 
the circumference of tiiat circle, and the other less. 
In the same manner, the quadrature of the circle is 
performed only by approxiaiation, or by finding two 
rectangles nearly equal to one. another, one of them 
greater, and another less than the space contained 
within the circle. 

In the Second Book of .the Supplement, which 
treate of the intersection of Planes, I haye departed 
as little as possible from Euclid's method of consi* 
dering the same subject in his eleventh Book. The 
demonstrationf of the fourth proposition is from Lk- 
GfiuiDRB'fi J^ements of Geometry ; that of the sixth is 

ne^, as far as I know; as is also the solution of the 
problem iii the nineteenth proposition,-^a problem 
which, though in itself extremely simple, bias been 
omitted by Euplid, and hardly ever treated of, in an 
elementary form, by *any geometer. 

With^ respect to the Gi&ometry of Solids, in the 
Third Book, I have departed from Euclid altogether, 
with a view of rendering it both shorter and more 
comprehensive* This, however^ is not attempted by 
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introducing A mode of reasoning less rigorous than 
that of the Greek Geometer ; for this would be to pay 
too dear even for the time that might thereby be 
saved ; but it is done chiefly by laying aside a certain 
rule, which, though it be not essential to the accuracy 
of demonstration, Euclid has thought it proper, as 
much as possible^ to observe. 

The rule referred tp, is one which influences the 
arrangement of his propositions through the whole of 
the Elements, viz. That in the demonstration of a 
theorem, he never supposes any thing to be done, as 
any line to be drawn, or any figure to be constructed, 
the manner of doing which he has not previously ex- 
plained. Now, the only use of this rule is to prevent 
the admission of impo^ible or contradictory supposi- 
tions, which, no doubt, might lead into error ,- and it 
is a rule well calculated to answer that end, as it does 
not allow the existence of any thing to be supposed, 
unless the thing itself be actually exhibited. But it is 
not always necessary to make use of this defence ; for 
the existence of many things h obviously possible, 
and very far from implying a contradiction, where the 
method of actually exhibiting them may be altogether 
unknown. Thus, it is plain, that on any given figure 
as a base, a solid may be constituted, or conceived to 
exist, equal in solid contents to any given solid, (be- 
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cause a solid, whatever be its base^ as its height may 
be indefinitely varied, is capable of all degrees of 
magnitude, from nothing upwards), and yet it may in 
many cases be a problem of extreme diflSculty to as- 
sign the height of such a solid, and actually to exhibit 
it Now, this very supposition, that on a given base a 
solid of a given magnitude may be constituted, is one 
of those, by the introduction of which, the Geometry 
of Solids is much shortened, while all the real accuracy 
of the demonstrations is preserved; and therefore, to 
follow, as Euclid has done, the rule that excludes 
this, and such like hypotheses, is to create artificial 
difficulties, and to embarrass geometrical investigation 
with more obstacles than the nature of things has 
thrown in its way. It is a rule, too, which cannot al- 
ways be followed, and from which even Euclid himr 
self has been forced to depart, in more than one in- 
stance. 

In the Book, therefore, on the Properties of Solids, 
which I now ofier to the public, J have not sought to 
subject the demonstrations to the law just inentioned, 
and have never hesitated to admit the existence of 
such solids, or such lines as are evidently possible, 
though the manner of actually describing them may 
not have. been explained. In this way, I have been 
enabled to offer that very refined artifice in geometri- 
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cal reasoning, to which we give the liarae of the Me- 
thod of Exhaustionst under a much simpler form than 
it appears in the 12th of Euclid ; and the spirit of the 
method may, I think, be best learned when it is thus 
disengaged from every thing not essential, l^hat it 
may be the better understood, and because the demon* 
strations which require exhaustions are, no doubt, the 
most difficult in the Elements, they are all conducted 
as nearly as possible in the same way, in the cases of 
the different solids, from the pyramid to the sphei^. 
The comparison of this last solid with the cylinder, 
concludes the last Book of the Supplement, and is a 
proposition that may not improperly be considered as 
terminating the elementary part of Geometry. 

The Book of the Data has been annexed to several 
editions of Eucub'^ Elements, and particularly to 
Dr, Simson's, but in this it is omitted altogether. It is 
omitted, however, not from any opinion of its being in 
itself useless, but because it does not belong to this 
place, and is not often read by beginners. It con- 
tarns the rudiments of what is properly called the Geo- 
metrical Analysis, and has itself an analytical form ; 
and fot these reasons, I would willingly reserve it, or 
rather a compend of it, for a separate work, intended 
as an introduction to the study of that analysis. 
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In explainkig tbe elements of Plane and Spherical 
Trigonoraetry, there is not much i^w that can be at- 
tempted, or that will be expected by the intelligent 
roader. Bxcept, perhaps, «ome niew demonstrations, 
and some changes in Ute arrangement, these two trea- 
tises haT«, accordingly, no novelty to boast of Tbe 
Hatie Trf^BOtttetry is so dirided, that the part of it 
tiiat is barely suiScient for the resolution of Triangles 
amy be easily taught by itself. The method of con- 
sUvcting tbe Trigonometrical Tables is explained* 
and a demonstration is added of those properties of 
the^nes and cosines of arcbes> whidi are the founda- 
tiofi of those applications of Trigonoraetry lately in- 
troduced, with so much advantage, into the higher 
Geometry. 

. In tbe Spherical Trigonometry, the rules for pre- 
venting tbe ambiguity of the solutions, wherever it 
can be prevented, have been particularly attended to ; 
and I have availed myself as much as possible of that 
excellent abstract of the rules of this science, which 
Dr. Maskelynk has prefixed to Taylor's Tables of 
Logarithms. 

An explanation of Napier's very ingenious and use- 
ful rule of the Circular Parts is here added as an ap- 
pendix to Spherical Trigonometry. 
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It bas been ' objected to many of the writers on 
Elementary Geometry, and particularly to Euclid, 
tbat they, have been at great pains to prove the truth 
of many simple propositions^ which every body is 
ready to admit, without any demonstration, and that 
thus they take up the time, and fatigue the attention 
of the student, to no purpose. To this objection> if 
there Be any force in it, the present treatise is cer- 
tainly as much exposed as any other; for no attempt 
is here made to abridge the Elements, by considering 
as self-evident any thing that admits of being proved. 
Indeed those who make the objection just stated, do 
not seem to have reflected sufficiently on the end of 

Mathematical Demonstration, which is not only to 
prove the truth of a certain proposition, but to shew 
its necessary connection with other propositions, and 
its dependance on them. The truths of Geometry are 
all necessarily connected with one another, and- the 
system of such truths can never be rightly explained, 
unless that connection be accurately traced, wherever 
it exists. It is upon this that the beauty and peculiar 
excellence of the mathematical sciences depend : it is 
this, which by preventing any one truth from being 
single and insulated, connects the diflerent parts so 
firmly, that they must all stand, or all fall together. 
The demonstration, therefore, even of an obvious pro- 
position, answers the purpose of connecting (hat pro- 
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position with others^ and ascertaining its place in the 
general system of mathematical truth. If, for exam- 
ple> it be alleged^ that it is needless to . demonstrate 

4 

that any two sides of a triangle are greater than the 
third ; it may be replied, that this is no doubt a truth, 
which, without proof, most men will be inclined to 
admit ; but are we for that reason to account it of no 
consequence to know what the propositions are, which 
must cease to be true if this proposition were sup*- 
posed to be false ? Is it not useful to know, that unless 
it be true, that any two sides of a triangle are greater 
than the third, neither could it be true> that the 
greater side of every triangle is opposite to the 
greater angle, nor that the equal sides are opposite to 
equal angles, nor, lastly, that things equal to the same 
thing are equal to one another ? By a scientific mind 
this information will not be thought lightly of; and it 
is exactly that which we receive from Euclid's de- 
monstration. 

To all this it may be added, that the mind, especially 
when beginning to study the art of reasoning, cannot 
be employed to greater advantage than in analysing 
those judgments, which> though they appear simple, 
are in reality complex, and capable of being distin- 
guished into parts. No progress in ascending higher 
ean be expected, till a regular habit of demonstration 
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is thus acquined ; it is much to be f6at«d,> tiiat 1|0' wbe 
has declined the trouble of tracing the cotiaection be- 
tween the propofiitkm already quoted, and those that 
are more simple, will not be v^rj expert in tracing itis 
connection . with those that are more complex ; and 
that^ ^s he hais not been careful in laying the founda- 
tion, he will never be sucoessfulin raising the super- 
structure. 

CoLLKac or EdINBUB6B, 
Dec. 1, 1813^ 
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BOOK I. 

DEFINITIONS. 

I. 

APoTNT is that which has position, but not m^itude'^." (See 
Notes.) 

II. 

A line is length without breadth. 

'' Corollary. The extremities of a liile are points ; and the inter- 
<< sections of one Une with another are also points." 

ill. 

** If two lines are such that they cannot coincide in any two points, 
** without coinciding altogether, each of them is called a straight 
« line." 

'' Cor. Hence two straight lines cannot inclose a space. Neither can 
'< two straight lines have a common segment ; that is, they cannot 
'' coincide in part, without coinciding adtogether." 

. IV. 

A superficies is that which has only length and breadth. 
<< Cor. The extremities of a superficies are lines ; and the intersec- 
'< tions of one superficies with another are also lines." 

V. 

A plane superficies is that in which apy two points being taken, the 
straight line between them lies wholly in that superficies. 

VI. 

A plane rectilineal an^e is the Inclination of two strsoght lines to one 
, another, which meet together, but are not in the same straight Une. 



* The definitions marked with inverted commas are different from those of EacM, 
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N. B. ^ When several angles are at one point B, any one of them 
is expressed hy three letters, of which the letter that is at the ver- 
tex of the angle, that is, at the point in which the straight hnes that 
contain the angle meet one another, is put between the other two 
letters, and one of these two is somewhere npon one of those straight 
lines, and the other upon the other line : Thus the angle which 
is contained by the straight lines AB, CB, is named Sie angle 
ABC, or' CBA ; that which is contained by AB, BD is named the 
angle ABD, or DBA ; and that which is contained by BD, CB is 
called the angis DBC, or CBD ; but, if there be only one angle at 
a point, it may be expressed by a letter placed at that point ; as the 
angle at E.' 

VIL 

When a straight line standing on aun*- 
other straight line makes the adja- 
cent angles equal to one another, 
eaeh of the angles is called a right 
angle ; and the straight line which 
stands on the other is caUed a per- 
pendicular to it. 



VIII. 



An obtuse angle is that which is greater than a right angle; 




IX. 
An acute aiigle is that which is less than a ri^t angle. 

X. 

A figure is that which is inclosed by one or more boundaries. — The 
word area denotes the quantity of space contained in a figure^ withovt 
any reference to the nature of the line or lines which bound it. 
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XI. 
A circle is a plane ^garft contained by one line, which is^ called the 
circumference, and is such that all straight lines drawn from a cer- « 
tain point within th^ figure to the circumference, are ecfbal to one 
another. 




XIL 
And this point is called the centre of the circle. 

XIII. 
A diameter of a circle is a straight line drawn tteough the centre, 
and terminated both ways by Uie circumference. 

XIV. 
A semicircle is the figure contained by a diameter-aad-Uu^j^art of tb£ 
circumference cut oflf by the^jdiameter. ^^- 

XV. 
Rectilineal figures are those which are contained by straight lines. 

XVI. 

Trilaterail figures, of triangles, by three straight lines. 

XVII. 
Qjtiadrilateral, by four straight lines. * 

XVIII. 
Multilateral figures, or polygotis, by more than four straight lines. 

XIX. 
Of three sided figures, an equilateral triangle is tliat which has three 
equal sides. ■» ^ 

Xf : 

An isosceles triangle is that which has only two ^ides equal. 






XXI. 
A scalene trian^e, is that which has three unequal sides.. 

XXII. 
A ri|^ angled 1xiaD^^» i? that wluch kas a riight ao^^. 
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XXIII. 
An obtuse angled triangle, is that which has an obtuse angle 




XXIV. 

An acute angled triangle, is that which has three acute angles. 

XXV. 

Of four sided figures, a square is tiiat which has all its sides equal, 
and all its angles right angles. 





XXVL 

An oblong, is that which has all its ai^es right angles, but has not all 
its sides equal. • 

XXVII. 

A rhombus, is that which has all its ddes equal, but its angles are not "^ 
right angles. . 




XXVIII. 

A rhomboid, is that which has its opposite sides equal to one another* 
but all its sides are not equal, nor its angles right angles. 

XXIX. 

All other fbuit sided figures besides these, are called Trapeziums. 

XXX. 

Parallel straight lines, are such as are in the same plane, and which, 
being produced ever so far both ways, do not meet. 
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POSTULATES. . 



Let it be granted that a straight line may be drawn from any one 
point to any other point. 

* "• • 

That a terminated straight line may be proJaced to any length in a 
straight line. 

III. 

And that a ciifble may be described from any centre, at any distance 
from that centre. 

AXIOMS. 

h 

Things which are equal to the same thing are equal to one anotheiu»^ 

11. 
If equals be added io equads> the wholes are equal. 

III. 
if equals be taken from equals, the reminders are equal. 

IV. 

If equals be added to unequals, the wholes arc unequal. 

V. 
If equals be taken from unequals, the remainders are unequal 

VI. 
Things which are doubles of the same thing, are equal to one another. 

VII. 
Things which are halves of the same thing, are equal to one another. 

VIII. 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

IX, ' 

The whole is greater than its part. • 

X. ; 

All right angles are equal to one another. 

XI. 

*^ Two straight lines which intersect one another, cannoi be botli 
'' parallel to the same stnd^ line." * 
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PROPOSITION I. PROBLEM. 



To describe an equilatercU triangle upon a givenjinite straight line. 

Let AB be the given straight line ; it is required to describe an 
equilateral triangle upon it. 

From the centre A, at the 
distance AB, describe (3. Pos- 
tulate) the circle BCD, Ad 
from the centre B, at the dis- 
tance BA, describe the circle 
ACE ; and from the point C, in 
which the circles cut one ano- 
ther, draw the straight lines 

I. Post.)CA, CB to the points 
B ; ABC is an equilateral 

triangle. 
Because the point A is the centre of the circle BCD, AC is equal 

II. Definition) to AB ; and because the point B is the centre of 
e circle ACE, BC is equal to AB : But it has been proved that CA 

is equal to AB ; therefore CA, CB are each of them equal to AB ; 

now things which are equal to the same are equal to one another 
1. Axiom) ; therefore CA is equal to CB ; wherefore CA, AB, 
B are equal to one another ; and the triangle ABC is therefore 

equilateral, and it is described upon the given straight line AB^ 

Which was required to be done. 
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PROP. IL PROB. 

From a given point to draw a straight line equal to a given straight 

line. 

Let A be the given point, and BC the given straight line ; it is re- 
quired to draw, from the point A, a straight line equal to BC. 

From the point A to B draw (1. Post.) 
the straight line AB ; and upon it describe 
(1. 1.) the equilateral triangle DAB, and 
produce (2. Post.) the straight lines DA, 
BD, to £ and F ; from the centre B, at 
the distance BC, describe (3. Pos^.) the 
circle CGH. and from the centre D, at the 
distance DG, desciibe the circle 6KL. 
AL is equal tp BC. 

Because the point B is the centre of the 
circle CGH, BC is equal (11. Defl) to 
BG ; and because D is the centre or the 
circle GKL,. DL is equal to DG, and DA/ 
DB, parti of tbem, «re «qaa} ^ ther^ore 
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the remainder AL is equal to the remainder (3. Ax.) BG : But it has 
been shewn that BC is equal to BG ; wherefore AL and BC are each 
of them equal to BG ; and things that are equal to the same are equal 
to one another ; therefore the straight line AL is equal to BC. 
Wherefore, from the given point A, a straight line AL has been drawn 
equal to t}ie given straight lin^ BC. Which was to be done. 

PROP. III. PROB. 

From the greater of two given straight lines to cut off a fart equal to iheless'. 

Let AB and C be the two given 
straight lines, whereof AB is the 
glreater. It is required to cut off 
from AB, the greater, a part equal 
to C, the less. 

From the point A draw (2. 1.) 
the straight line AD equal to C ; 
and from the centre A, and at the 
distance AD, describe (3. Post.) the 
circle DEF ; and because A is the 
centre of the circle DEF^ AE is 

equal to AD ; but the straight line C is likewise equal to AD ; whence 
AE and C are each of them equal to AD ; wherefore the straight 
line AE is equal to Q. Ax.) C, and from AB the greater of two 
straight lines, a part AE has been cut off equal to C the less. Which 
was to be done. 

PROP. IV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the other y 
each to each ; and have likewise the angles contained by those sides 
emial to one anothy^ their bases ^ or third sides, shall be equal ; and 
the areas of the ti^mgles shall be equal ; and their other angles shall 
he equaly each to eacfcf^z. those to which the equal sides are opposite*. 

Let ABC, DEF be two triangles which have the two sides AB, AC 
equal to the two sides DE, DF, each to each, viz. AB to D£, and 
AC to DF ; and let the 
angle BAC be also 
equal to the angle 
EDF : thea shall the 
base BC be equal to 
the base EF ; and the 
triangle ABC to the tri- 
angle DEF ; and the 
other angles, to which 
the equad sides are op- 

* The three conelunoDsln this enunciation are more briefly exprened by sayings tkmt 
the trianflet are every vm^ equal. ^ 
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posite, shall be equal, each to each, viz. the angle ABC to the angle 
DEF, and the angle ACB to DFE. 

For, if the triangle ABC be applied to the triangle DEF, so that 
the point A may be on D, and the straight line AB upon D£ ; the 
point B shall coincide with the point £, because AB is equal to D£ ; 
and AB coinciding with DE, AC shall i<^oincide with DF, because the 
angle BAC is equal to the angle EDF ; wherefore also the point C' 
shall coincide with the point F, because AC is equal to DF : But the 
point B coincides with the point E ; wherefore the base BC shall 
coincide with the base EF (cor.' def. 3.), and shall be equal to it. 
Therefore also the whole triangle ABC shall coincide with the whole 
triangle DEF, so that the spaces which they contain or their areas 
are equal : and the remaining angles of the one shall coincide with 
the remaining angles of the other, and be equal to them, viz. the 
angle ABC to the angle DEF, and the angle ACB to the angle DFE. 
Therefore, if two triangles have two sides of the one equal to two 
sides of the other, each to each, and have likewise the angles con- 
tained by those sides equal to one another ; their bases shall be equal, 
and their areas shall be equal, and their other angles, to which the 
equal sides are opposite, shall be equal, each to each. Which was 
to be demonstrated. 

PROP. V. THEOR. 

The angles at the base of an Isosceles triangle are equal to one another ; 
and if the equal sides he produced^ the angles upon the other side of 
the base shall also be equal. 

Let ABC be an isosceles triangle, of which the side AB is equal t* 
AC, and let the straight lines AB, AC be produced to D and £, the 
angle ABC shall be equal to the angle ACB, and the angle CBD to 
the angle BCE. 

In BD take any point F, and from AE the greater cut off AG equal 
(3. 1.) to AF, the less, and join FC, GB. 

Because AF is equal to AG, and AB to AC, the two sides FA, AC 
are equal to the two GA, AB, each to each ; and they contaia the 
angle FAG common to the two trian- 
gles, AFC, AGB ; therefore the base 
FC is equal (4. 1.) to the base GB, 
and the triangle AFC to the triangle 
AGB ; and the remaining angles of 
the one are equal (4. 1.) to the re- 
maining angles of the other, each to 
each, to which the equal sides are 
opposite, viz. the angle ACF to the 
angle ABG, and the angle AFC to the 
angle AGB : And because the whole 
AF is equal to the whole AG, and the 
part AB to the part AC ; the remain- 
der BF shall be equal (3. Ax. ) to the -D/ 
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remainder CG ; and FC was proved to be equal to GB, therefore the 
two sides BF, FC are equal to the two CG, GB, each to each ; but the 
angle BFC is equal to the angle CGB ; wherefore the triangles BFC, 
CGB are equal (3. 1.), and their remaining angles are equal, to 
which the equal sides are opposite ; therefore the angle FBC is equal 
to the angle GCB, and the angle BCF to the angle CBG. Now, since 
it has been demonstrated, that the whole angle ABG is equal to the 
whole ACF, and the part CBG to the part BCF, the remaining angle 
ABC is therefore equal to the remaining angle ACB, which are the 
angles at the base of the triangle ABC : And it hks also been proved, 
that the angle FBC is equal to the angle GCB, which are the angles 
upon the other side of the base. Therefore, the angles at the base, 
&c. Q. E. D. . 

CoROLLiuiY. Hence every equilateral triangle is also equiangular. ' 

PROP. VI. THEOR. 

If two angles of a. triangle he equal to one another, the sides which sub- 
tend, or are opposite to them, are also equal to one another. 

Let ABC be a triangle having the angle ABC equal to the angle 
ACB ; the side AB is also equal to the side AC. 

For, if AB be not, equal to AC, one of them is greater than the 
other : Let AB be the greater, and from it cut (3. 1.) off DB equal 
to A(J the less, and join DC ; therefore, be- 
cause in the triangles DBC, ACB, DB is 
equal to AC, and BC common to both, the 
two sides DB, BC are equal to the two AC, 
CBy each to each ; but the angle DBC is also 
eqaal to the angle ACB ; therefore the base 
DC is equal to the base AB, and the area 
of the triangle DBC is equal to that of the 
triangle (4. 1.) ACB, the less to the greater ; 
which is absurd. Therefore, AB is not un- 
equal to AC, that is, it is equal to it. Where- 
fore, if two angles, &c. Q^ E. D. !B 

Cor. Hence every equiangular triangle is also equilateral. 

PROP. VII. THEOR. 

G^MMi the same base, and on the same side of it^ t^re cannot be two tri- 
angles, that have their sides which are terminated in one extremity of 
the base equal to one another, and likewise those which are terminaied 
t» t&e other extremity, equal to one another. 

Let there be two triangles ACB, ADB, upon the same base AB, and 
u]pon the same side of it, which have their sides CA, DA, terminated 
ia A equnl to one another ; then their sides, CB, DB, termmated fn 

D 
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B, cannot be equal to one another. 

Join CD, and if possible let CB 
be equal to DB ; then, in the case 
in which the vertex of each of the 
triangles is without the other trian- 
gle, because AC is equal to AD, the 
angle ACD is equal (5. 1.) to the 
angle ADC : But the angle ACD is 
greaterthan the angle BCD ; there- 
fore the angle ADC is greater also- 
than BCD ; much more then is the 
angle BDC greater than the an^e 
BCD. Again, because CB is equal to DB, the an^e BDC is equal 
(5 1 .) to the angle BCD ; but it has been demonstrated to be greater 
than it ; which b impossible. 

But if one of the vertices, as 
D, be within the other triangle 
ACB ; produce AC, AD to E, 
F ; therefore, because AC is 
equal to AD in the triangle 
ACD, the angles ECD, FDC 
upon the other side of the base 
CD are equal (5. 1.) to one ano- 
ther,but the angleECD is greater 
than the angle BCD ; wherefore 
the angle FDC is likewise greater than BCD ; much more then is the 
angle BDC greater than the angle BCD. Again, because CB is equal 
to DB, the angle BDC is equal (6. 1.) to the angle BCD ; but BDC 
has been proved to be greater than the same BCD ; which is impossi- 
ble. The case in which the vertex of one triangle is upon a side of 
the other, needs no demonstration. 

Therefore, upon the same base, and on the same side of it, there 
cannot be two triangles that have their sides which are terminated in 
one extremity of the base equal to one another, and likewise those 
which are teminated in the other extremity equal to one another 
Q,E. D. 




PROP. Vlll. THEOR. 

If two triangles have two sides of the one equal to trsH) slides of the oilier^ 
each to each, and have likeTxnse their bases eqvxil ; the angle which is 
contained by the two sides of the one shall be equal to the angle con- 
tained by the two sides of the other. 

Let ABC,' DEF be two triangles having the two sides AB, AC, 
equal to the; two sides D£, DF, each to each, viz. AB to D£, and AC 
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to DF ; and also the base BC equal to the base EF. The angle BAG 
is equal to the angle EDF. 

For, if the trianirle ABC be applied to the triangle DEF, so that 
the point B be on E, and the straight line BC upon EF ; the point G 
shall also coincide with the point F, because BC is equal to EF : 
therefore BC coinciding with EF, BA and AC shall coincide with ED, 
and DF ; for, if BA, and CA do not coincide with ED, and FD, but 
have a different situation as EG and FG ; then, upon the same base 
£F, and upon the same side of it, there can be two triangles^.EDF, 
£GF, that have their sides which are terminated in one extremity of 
the base equal to one another, and likewise their sides terminated 
in the other extremity ; but this is impossible (7. 1.) ; therefore, if 
the base BC coincides with the base EF, the sides BA, AC cannot 
but coiiy:ide with the sides ED, DF ; wherefore likewise the angle 
BAC coincides with the angle EDF, and is equal (8. Ax.) to it. 
Therefore if two trian^es, &c. Q^ E. D. 

PROP. IX. PROB. 

To bisect a given rectilineal angle, that is, to divide it into two equal 

angles. 

Let BAC be the given rectilineal angle, it is required to bisect it. 

Take any point D in AB, and from AC cut (3. 1.) off AE equal to 
AD ; join DE, and upon it describe 
(1. 1.) an equilateral triangle DEF ; 
then join AF ; the straight line AF bi- 
sects the angle BAC. 

Because AD is equal to AE, and AF 
is common to the two triangles DAF, 
EAF ; the two sides DA, AF, are equal 
to the two sides EA, AF, each to each ; 
but the base DF is also equal to the 
base EF ; therefore the an^e DAF is 
equal (8. 1.) to the angle EAF : where- 
fore the given rectilineal angle BAC 
is bisected by the straight Une AF. 
Wljich w^B to be done. 




'.'« 



£L£M£NTS 



PROP. X. PROB. 



To bisect a given finite straight line, thai is, to divide it into two equo(l 

parts. 

Let.AB be the given straight line ; it is required to divide it into 
two equal parts. 

Describe (1. 1.) upon it an equilateral triangle ABC, and bisect 
(9. 1.) the angle ACB by the straight line CD. AB is cut into two 
equal parts in the point D. 

Because AC is equal to CB, and CD common to the two triangles 
ACD, BCD : the two sides AC, CD, are q 

equal to tne two BC, CD, each to each ; ^ 

but the angle ACD is also equal to the an- 
gle BCD ; therefore the base AD is equal 
to the base (4. 1.) DB, and the straight 
line AB is divided into two equal parts in 
tlje point D. Which was to be done. 




PROP. XL PROB! 



> . 



To draw a siraigki line at right angles to a given straight linCy from 

a given point in that line. 

Let AB be a given straight line, and C a point given in it ; it is re- 
quired to draw a straight line from the point C at right an^es to AB. 

Take any point D in AC, and (3« 1.) make C£ equal to CD, an^ 
upon DE describe (!• !•) the -rp 

equilateral triangle DF£, and 
join FC ; the straight line FC, 
drawn from the given point C, 
is at right angles to the given 
straight line AB. 

Because DC is equal to C£, 
and FC common to the two tri- 
angles DCF, ECF, the two sides 
DC, CF are equal to the two £C, CF, each to each ; but the base 
DF is also equal to the base £F ; therefore the angle DCF is equal 
8. 1.) to the angle £CF ; and they are adjacent angles. But, when 

e adjacent angles which one straight line makes with another straight 
line are equal to one another, each of them is called a right (7. def.) 
angle ; therefore each of the angles DCF, £CF, is a right angle. 
Wherefore, from the given point C, in the given straight line AB. 
FC, has been drawn at right angles lo AB. Which was to be done. 
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To draw a straight line perpendicular to a given straight line^ of an 
unlimited length, from a given point withpUlt it, 'v. 

Let AB be a giFen straight line, wbfcb may be pfDduce^ to any 
leogtb both ways, and let C be a poiniC ^without it. it is i^^ired in 
draw a straight line perpendi- 
eular to AB fro«i the point C. 

Take any point D upon the 
other side of AB, and from the 
centre C, at the distance CD, 
describe (3. Pbst.)* the circle 
EGF meeting AB in F, G ; and 
bisect (10. 1.) FG in H, and 
join CF, CH, CG ; the straight 
line CH, drawn from the giyen point C, is perpendicular to the give^ 
strtaght line AB. 

Because FH is equal to HG, and HC conunon to the two triangles 
FHC, GHC, the two sides FH, HC are equal to the two GH, HC, 
each to each ; but the base CF is also equal (11. Def. 1.) to the base 
CG ; therefore the angle CHF is equal (8. 1.) to the angle CHG ; 
and th<>y are adjacent angles ; now when a straight lina standing on a 
straight line msdces the adjacent angles equal to one another, each of 
them is a right angle, and the straight line which stands upon the other 
is called a perpendicul^. to it ; therefore from the gi^en point C a 
pendicular CH has been drawn to the given straight line AB. Which 
was to be done. 

PROP. XIII. THEOR. 

^ The angles which one straight line makes with another upon one side of 
itf are either two right angles, or are together equal to two right an- 
gles. 

Let the straight line AB make with CD, upon one side of it, the 
angles CBA, ABD ; these are either two right angles, or are together 
equal tobtwo right angles. 

For, if the angle CBA be equal to ABD, each of them is sf right 
angle (Def. 7.) ; but, if not, from the point B draw BE at right an- 
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gles (11. 1.) to CD ; therefore the an^s CBE, EBD are two right 
angles. Now, the angle CBE is equal to the two angles CBA, ABE 
together ; add the angle EBD to each of these equals, and the two 
angles CBE, BBD, will he equal (2. Ax.) to the three CBA, ABE, 
EBD. Again, ^he angle DBA is equal to the two angles DBE, EBA ; 
« add to eabh of these equaiis the angle ABC ; then will the two angles 
DBA, AIBC he equal to the three angles DBE, EBA, ABC ; hut the 
angles pBE, EBD have been demonstrated to be equal to the same 
three jangles ; and things that are equal to the same are equal (1. Ax.)' 
to one another ; therefore the angles CBE, EBD are equal to the an- 
gles DBA, ABC ; but CBE, EBD, are two right angles ; therefore 
DBA, ABC Sre together equal to two right an^es. Wherefore, 
'when a straight Une, &c. Q. £. D. 

PROP. XIV. THEOR. 

ij\ ai a point in a straight line^ two other straight lines ^ upon the -oppo- 
site sides of it^ make the adjacent angles together equal to two right 
angles, these two straight lines are in one and the same straight line. 

At the point B in the straight 
line AB, let the two straight lines 
BC, BD upon the opposite sides 
of AB, make the adjacent' an- 
gles ABC, ABD equal together 
to two right angles. BD is in 
the same straight line with CB. 

For, if BD be not in the same 

straight line with CB, let BE be 

in the same straight line with it ; Q B D 

therefore, because the straight 

line AB makes angles Ttrith the straight line CBE, upon one side of 
it, the angles ABC, ABE are together equal (13. 1.) to two right an- 
gles ; but the angles ABC, ABD are likewise together equal to two 
right angles ; therefore the angles CBA, ABE are equal to the an- 
gles CBA, ABD : Take aw^y the common angle ABC, and the remain- 
ing angle ABE is equal (3. Ax.) to the remaining angle ABD, the less 
to the greater, which is impossible ; therefore BE is not in the same 
straight line with BC. And in like manner, it may be demonstrated, 
that no other can be in the same straight line with it but BD, which 
therefore is in the same straight line with CB. Wherefore, if at a 
point, &c. Q. E. D. 

PROP. XV. THEOR. 

' If two straight lines cut one another, the vertical^ or opposite angles are 

equal. 

Let the two straight lines AB, CD cut one another in the point E : 
the angle AEC shall be equd to the angle DEB, and CEB to AED. 
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For the angles CEA, AED, which the straight line AE makes with 
the straight line CD, are together equal (13. 1.) to two right angles : 
and the angles AED, DtB, — 

which the straight line DE ^ 
niHkes with tlie straight line / 
AB, are also together equal 
(13. 1.) to two right angles ; 
ttierefore the two angles 
CEA, AED are equal to the 
two AED, DEB. Take a- 
way the common angle AED, 
and the rem-aining angle CEA 
is equal (3. Ax.) to the remaining an^e DEB. In thf same manner 
it may he demonstrated that the angles CEB, AED are equal. There- 
fore, if two straight lines, &c. Q^ E. D. 

Cor. 1 . From this it is manifest, that if two straight lines cut one 
another, the angles which they make at the point pf their intersec- 
tion, are together equal to four right angles. 

CoR. 2. And hence, all the angles made hy any numher of straight 
Knes meeting in one point, are together equal to four right angles-. 

PROP. XVI. THEOR. 

If one side of a triangle he produced^ ike exterior angle is greater than 
cither of the interior^ ana opposite angles. 

Let ABC be a triangle, and let its side BC be produced to D, the 
exterior angle ACD is greater than either of the interior opposite 
angles CB A, B AC. 

Bisect (10. 1.) AC in £, join 
BE and produce it to F, and 
make EF equal to BE ; join al- 
so FC, and produce AC to G. 

Because AE is equal to EC, 
and BE to EF ; AE, EB are e- 
qual to CE, EF, each to each ; 
and the angle AEB is equal (15. 
1.) to the angle CEF, because 
they are vertical angles ; there- 
fore the base AB is equal (4. 1.) 
to the base CF, and the triangle 
AEB to the triangle CEF, and. 
the remaining angles to the Ye-^ 
maining angles, each to each, to 
which the equal sides are oppo- 
site ; wherefore the angle BAE is equal to the angle ECF ; but the 
angle ECD is greater than the angle ECF ; therefore the angle ECD, 
ttiat is ACD, is greater thau BAS : la the same manner, if the sid^ 
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BC be l^isected, it may be demonstrated that the angfe BCG, that is 
(15. 1.), the ai^e ACD, i% greater than the angle ABC. Therefore, 
if one side, &c. Q^ E. D. 

PROP. XVII. THEOR. 

. Any two angles of a triangle are together less than' two right angles. 

Let ABC be any triangle ; any 
two t)f ' its angles together are 
less than two right angles. 

Produce BC to D ; and be- 
cause ACD is the exterior angle 
of the triangle ABC, ACD is 
greater (16. 1 .) than the interior 
and opposite angle ABC ; to each 
of these add the angle ACB ; 
therefore the angles ACD, ACB 
are greater than the angles ABC, 
ACB ; but ACD, ACB are to- 
gether equal (13. 1.) to two right angles ; therefore the angles ABC, 
BC \ are less than two right angles. In like manner, it may be de- 
monstrated, that BAC, ACB, as also, CAB, ABC, are less than two 
right angles. Therefore, any two angles, &c. Q- Jp. D. 

. PROP. XVIII. THEOR. 

7%c greater side of every triangle has the greater angle opposite to it. 

« . 

Let ABC be a triangle of which 
the side AC is greater than the side 
AB ; the angle ABC is also greater 
than the an^e BCA. 

From AC, which is greater than 
AB, cut off (3. i:) AD equal to AB,- 
and join BD ; ind because ADB is 
the exterior angle of the triangle 
BDC, it is greater (16. 1.) than the 
interior and opposite angle DCB ; but ADB is e^QsO (5. 1.) to ABD, 
because the side AB is equal to the sid^ AD ; therefore the angle 
ABD is likewise greater than the angle ACB ; wherefore much more 
is the angle ABC greater than ACB. Therefore the greater side. &c,. 
Qp E. D. 
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'Fke grecUer aligle of every triangle is subtended by the greater side, or 

has the greater side opposite to it. 

Let' ABC be a triangle, of which the angle ABC is igreater than the 
ai^ BCA ; the side AC is likewise greater than the side AB. 

For, if it be not greater, AC must 
either be equal to AB, or less than it ; 
it is net equal, because then the an- 
gle ABC would be equal (5. 1.) to the 
angle ACB ; but it is not ; therefore 
AC is not equal to AB ; neither is it 
less ; because then the angle ABC 
would be less (18. 1.) than the angle 
ACB ; but it is not ; therefore the 
side AC is not less than AB ; and it has been shewn that it is not equal 
to AB ; therefore AC is greater than AB. Wherefore the greater 
angle, &c. Q.. E. D. 



PROP. XX. TPEOR. 

JUiy two sides of a triangle are together greater than the third side. 

Let ABC be a triangle ; any two sides of it together are greater 
dian the third side, viz. the sides BA, AC greater than the side BC ; 
«nd AB, BC greater than AC ; and BC, CA greater than AB. 

Produce BA tp the point D, 
and make (3. 1.) AD equal to 
AC ; and join DC. 

Because^DA is equal to AC, 
the angle ADC is likewise equal 

i5. 1.) to ACD ; but the angle 
\CD ift greater than the angle 
ACD; therefore the angle BCD 
is greater than the ailgte ADC ; 
and because the .angle BCD of the triangle DCB is grieater than its 
an^ BDC, and that the greater (19. 1.) side is opposite to the greater 
ai^e :' therefore the side DB is greater than the side BC ; but DB 
is equal to BA and AC together ; therefore BA and AC together are 
greater than BC. In the same manner it may be demonstrated, that 
the sides AB, BC are greater than CA, and BC, CA greater than AB. 
Therefore any t>vo sides, &c. Q^ E. D. 

E 




34 ' ELEMENTS 



PROP. XXI. THEOR. 

If from the ends of one side of a triangle^ there he drdncn tzco straight 
lines to a point within the t ri angle y' these two lines shall be less than the 
other two sides of the triangle^ hvlt ikall contain a greater angle. 

Let the two straight lines BD, CD be drawn from B, C, the ends 
of the side BC of the triangle ABC, to the point D within it ; BD 
and DC are less than the other two sides BA, AC of the triangle, but 
contain an angle BDC greater than the angle BAC. 

Produce BD to E ; and because two sides of a triangle (20. 1.) are 
greater than the third side, the two 
sides BA, AE of the triangle ABE 
are greater than BE. To each of 
these add EC ; therefore the sides 
BA, AC are greater than BE, EC : 
Again, because the two sides CE, 
ED, of the triangle CED are greater 
than CD, if DB be added to each, 
the sides CE, EB, will be greater 
than CD, DB ; but it has been shewn 
that BA, AC are greater than BE, 
EC ; much more then are BA, AC 
greater than BD, DC. 

Again, because the exterior angle of a triangle (16. 1.) is greater 
than the interior and opposite anj^le, the exterior angle BDC of the 
triangle CDE is greater than CRD ; for the same refison, the exterior 
angle CEB of the triangle ABE is greater than BAC ; and it ha.^ bocn 
demonstrated that the angle BDC is greater than the angle CEB ; 
inuch more then is the angle BDC greater than the angle BAC. 
Therefore, if from the ends of, &c. Q.. E. D. 



PROP. XXII. PROB. 

To construct a triangle of which the sides shall he equal to three given 
straight lines ; hut any two whatever of them lines must be greater 
tJianthe third (20. 1.). 

Let A, B, C be the three given straight lines, of which any two 
whatever are greater than the third, viz. A and B greater than C ; 
A and, C greater than B ; and B and C than A. It is required to 
make a triangle of wh^ch the sides sliall be equal to A, B, C, each 
to each. ' . 
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Take a straight line DE 
terminated at the point D, 
but unlimited towards E, 
and make (3. 1.) DF equal 
to A, FG to B, and GH 
equal to C ; and from the 
centre F, at the distance 
FD, describe (3. Post.) 
the circle DKL ; and from 
the centre G, at the dis- 
tance GH, describe (3. 
PosL)another circleHLK; 
and join KF, KG ; the tri- 
angle KFG has its sides 
equal to the three straight 
lines, A, B, C. 

Because the point F is the centre of the circle DKL, FD is equal 
(11. Def.) to FK ; but FD is equal to the straight line A ; therefore 
FK is equal to A : Again, because G is the centre of the circle 
LKH,€H is equal (11. Def.) to GK ; but GH is equal to C ; there- 
fore, also GK is equal to C ; and FG is equal to B ; therefore the 
three straight lines KF, FG, GK, are equal to the three A, B, C : 
And therefore the triangle KFG has its three sides KF, FG, GK 
equal to the three given straight 4ines, A, B, C Which was to be 
^one. 

PROP. XXm. PROB. 




At a given 



point in a given straight linc^ to make a rectilineal angle 
cqwil to a given rcctilimdl angle. 

Let AB be the given straight line, and A the given point in it, and 
DCE the given rectihneal angle ; it is required to make an angle at 
the given point A in the given ' 
straight line AB, that shall be n 

equal to the given rectilineal 
angle DCE. 

Take in CD, CE any points 
D,E, and join DE ; and make 



(22. 1.) the triangle AFG, 
thi 




16 sides of which shall be 
eqaal to the three straight 
lines, CD, DE, CE, so that 
CD be equal to AF,.C£ to 
AG, and DE to FG ; and be- 
cause DC^ CE are equd to 
FA, AG, each to each, and the 
ha«c DE to the base FG ; the angle DCE i*? equal (8. 1.) to the angle 
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FAG. Therefore, at the giFen point A in the given straight line A6, 
the angle FAG is made equal to the given rectilineal angle DC£. 
Which was to be done. 

PROP. XXIV. THEOR. 

If two triangles have two sides of ikt one equuffl to two sides of the other, 
each to each, ^tut the angle coniaifmiL hy the two sides of the one great- 
er than the angle contained by the two sides of the other ; the ioM of 
that which ha^ the greater angle shall be greater than the ba^e of the 
other. 

Let ABC, DEF be two triangles which have the two sides AB, AC 
equal to the two DE, DF, each to each, viz. AB equal to DE, and 
AC to DF ; but the angle BAC greater than the angle EDF ; the base 
BC is also greater than the base £F. 

Of the two sides DE, DF, let DE be the side which is not greater 
than the other, and at the point D, in the straight line DE, make 
23. 1.) the angje EDG equal to the angle BAC : and make DG equal 

3. 1.) to AC or DF, and join EG, GF. 
Because AB is equal to DE, and AC to DG, the two sides BA, AC 

are equal to the two ED, DG, each to each, and the angle BAC i.« 
equal to the angle 
EDG, therefore the 
base BC is equal 

4, 1.), to the base 
G ; and because 

DG is equal to DF, 
the angle DFG is 
equal (5. 1.) to the 
angle DGF ; but the 
angle DGF is great- 
er than the angle 
EGF; therefore the 
angle DFG is great- 
er than EGF ; and much more is the angle EFG greater than the an- 
gle EGF ; and because the angle EFG of the triangle EFG is greater 
than its angle EGF, and because the greatei: (9. 1.) side is opposite 
to the greater angle, the side EG is greater than the side EF ; but 
EG is equal to BC ; and therefore also BC is greater than EF. There- 
fore, if two triangles, &c. Q^. E. D. 

PROP. XXV. THEOR. 

If two triangles have two sides of the one equal to, two sides of the other, 
each to each, but the base of the one greater than the base of the other ; 
'the angle contained by the sides of that which has the greater base^ 
shall be greater than ihe angle contained by the sides of the other. 

Let ABC, DEF be two triangles which hiwe the two sides AB, AC, 
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equal to the two sides D£, DF, each to each, viz. AB equal to DE, 
and AC to DF : but let the base CB be greater than the base £F, 
the angle BAG is likewise greater than the angle EDF. 

For, if it be not greater, it most either be equal to it, or less ; but 
the angle BAG is not equal to the angle EDF, because then the base , 
BC would be equal (4, ^O • A 15 

te BF ; but it is not ; there- ^-^ 

ftfftt the angle BAG is not 
eq«al to the angle EDF ; 
neither is it less ; because 
then the base BC would be 
less (24. 1.) than the base 
EF ; but it is not ; there- 
fore the angle BAG is not 
less than the angle EDF; 
and it was shewn that it is 
not equal to it : therefore 
the angle BAG is greater than the angle EDF. Wherefore, if two 
triangles, &c. Q. £. D. 

PROP. XXVI. THEOR. 

If two triangles have two angles of the one equal to two^ngles of the other, 
each to.each; and one side equal to one side^ viz, either the sides adja- 
cent to the equal angles, or the sides opposite to the equal angles in each ; 
then shall the other sides be equal, each to each ; and also the third an- 
gle of the one to the Hhird angle of the other. 

Let ABC, DEF be two 
triangles which hare the 
angles ABC, BGA equal 
to the angles DEF, EFD, 
viz. ABC to DEF, and 
BGA to EFD ; also one 
side equal to one side ; 
and first let, those sides 
be equal which are adja- 
cent to the angles that 
are equal in the two tri- 
angles, yiz. BC to £F ; 
the other sides shall be equal, each to each, viz. AB to DE, and AC 
to DF ; and the third angle BAG to the third angle EDF. 

For, if AB be not equal to DE, one of them must be the greater. 
Let AB be the gjreater of the ^wo, and make BG equal to DE, and join 
GC ; therefore, because BG is equal to DE, and BG to EF, the two 
sides GB, BG are equal to the two DE, EF, each to each ; and the 
angle GBC is equal to the angle DEF ; therefore the base GC is 
equal (4. 1.) to the baise DF., and the triangle GBC to the triangle 
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DEF, and the olner angles to the other angles, each to each,. to which 
the equal sides are opposite ; therefore the angle GCB is eqnal to 
the angle DFE ; hut DFE is, by the hypothesis, equal to the angle 
BCA ; wherefore also the angle BCG is equal to the angle BCA, the 
less to the greater, which is impossible ; therefore AB is not unequsd 
to DE, that is, it is equal to it ; and BC is equal to EF ; therefore 
the two AB, BC are equal to the twft DE, EF, each to each ; and the 
angle ABC is equal to the angle DEF ; therefore the base AC is 
equal (4. 1.) to the base DF, and the angle BAC to the angle EDF. 

Next, let the sides 
which are opposite to 
equal angles in each tri- 
angle be equal to one an- 
other, viz. AB to DE ; 
likewise in this case, the 
other sides shall be e- 
qual, AC to DF, and BC 
to EF ; and also the 

third angle BAC to the 

third EDF. . B H C E 1* 

For, if BC be not equal to EF, let BC be the greater of them, and 
make BH equal to EF, and join AH ; and because BH is equal to EF, 
and AB to DE ; the two AB, By are equal to the two DE, EF, each 
to each ; and they contain equal angles^ ; therefore (4. 1 .) the base 
AH is equal to the base DF, and the triangle ABH to the triangle DEF, 
and the other angles are equal, each to each, to which the equal sides 
are opposite ; therefore the angle BHA is equal to the angle EFD ; 
but EFD is equal to the angle BCA ; therefore also the angle BHA is 
equal to the angle BCA, that is, the exterior angle BHA of the trian- 
gle AHC is equal to its interior and opposite angle BCA : which is im-. 
possible (16. 1.) wherefore BC is not unequal to EF, that is, it is 
equal to it ; and AB is equal to DE ; therefore the two AB, BC, arc 
equal to the two DE, EF, each to each ; and they contain equal an- 
gles ; wherefore the base AC is equal to the base DF, and the third 
angle BAC. to the third angle EDF. Therefore, if two triangles, 
&c. Q. e! D. , ^ 

PROP. XXVII. THEOR. 

If a straight Kne falling upon two other straight lines makes the alternate 
angles equal to one anotlier^ these two straight lines are parallel. 

Let the straight hne EF, which falls upon the two straight lines AB. 
CD make the alternate angles AEF, EFD equal to one another ; AB 
is parallel to CD. 

For, if it be not parallel, AB and CD being produced shall meet 
oither towards B, D, or towards A, C ; let them be produced and 
meet towards B, D in the point G ; therefore GEF is a triangle, an4 
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its exterior angle AEF is greater (16. 1.) than the interior and oppo- 
site angle EFG ; but it is 
also equal to it, which is 
impossible ; thcrfefore, AB 
and CD being produced, 
do not meet towards B,~ 
D. Ib like manner it may ' 
be demonstrated that they 
do not meet towai^ds A, 
C ; but those straight lines 
which meet neither lyay, though produced ever so far, are parallel 
(30. Pef.) to one another. AB therefore is parallel to CD. Where- 
fore, if a straight line, &:c. Q,. E. D. 

PROP. XXVIII. THEOR. 

If a straight line falling upon two other straight lilies makes the exterior 
angle equal to the interior and opposite upon the same side of the line; 
or makef the interior angles upon the same [side together eqiml to two 
right angles ; the two straight lines are parallel to one another. 

Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the exterior angle EGB equal to GHD, the interior 
and opposite angle upon the 
same side ; or let it make the 
interior angles o'n the same side 
BGH, GHD together equal to 
two right angles ; AB is paral- 
lel to CD. 

Because the angle EGB is 
equal to the angle GHD, and 
also (15. 1.) to the angle AGH, 
the angle AGH is equal to the 
angle GHD ; and they are the 
alternate angles ; therefore AB is parallel {27. 1.) to CD. AS^n> 
because the angles BGH, GHD are equal (By Hyp.) to two right an- 
f^es, and AGH, BGH, are also equal (13. 1.) to two right angles, the 
angles AGH,' BGH are equal to the angles BGH, GHD : Take away 
the common angle BGH ; therefore the remaining angle AGH is equal 
to the remjuning angle GHD ; and they are alternate angles ; there- 
fore AB is parallel to CD. Wherefore, if a straight line, &,c. % E. D. 

PROP. XXIX. THEOR. 

IJ a straight line fall upon two parallel straight lines , it makes the alter- 
nate angles equal to one another ; and the exterior angle eqwd to the 
interior and opposite upon the same side ; and likermse the two inie- 
rior angles upon ike same side together equal to two right atigles. 

Let the straight line EF fall upon the parallel straight lines AB, 
CD ; the alternate angles AGH, GHD are equal to one ianother ; and 
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the exterior angle EGB is equal to the interior and opposite, upon 
the same side, GHD ; and the two interior angles BOH, GHD upon 
the same side are together equal to two right angles. 

For if AGH be not equal to GHD, let KG be drawn making the 
angle KGH equal to GHD, and produce KG to L ; then KL will be 
paraUel to CD (27. 1.) ; but . "" 

AB is also parallel to CD ; N. -j^ 

therefore two straight lines . >vO- ^.^-^•"""■'"^ — 

are drawn through the same -^ ^^_,;J3^ — ' B 

point G, parallel to CD, and -^ 
yet not coinciding with one an- 
other, which is impossible p. 
(11. Ax.). The angles AGH, ^ 
GHD therefore are not un- 
equal, that is, they are equal 
to one another. Now, the 
angle EGB is equal to AGH (15. 1.) ; and AGH is proved to be 
equal to GHD ; therefore EGB is likewise equal to GHD ; add to 
each of diese the angle BGH ; therefore the angles EGB, BGH are 
equal to the angles BGH, GHD ; but EGB, BGH are equal (13. 1.) 
to two right angles ; therefore also BGH, GHD are equal to two 
right angles. Wherefore, if a straight line, &c. Q,. E. D. 

CoR. If two lines KL and CD make, with EF, the two angles KGH, 
GHC together less than two right angles, KG and CH will meet on 
the side of EF on which the two angles are that are less than two 
right angles. 

For, if not, KL and CD are either parallel, or they meet on the 
other side of EF ; but they are not parallel ; for the angles KGH, 
GHC would then be equal to two right angles. Neither do they meet 
©n the other side of EF ; for the angles LGH, GHD would then b^ 
two angles of a triangle, and less than two right angles ; but this is 
impossible ; for the four angles KGH, HGL, CHG, GHD are together 
equal to four right angles (13. 1.), of which the two, KGH, CHG are 
by supposition less than two right angles ; therefore the other two, 
HGL, GHD are greater than two right angles. Therefore since KL 
and CD are not parallel, and since they do not meet towards L and D, 
they must meet if produced towards K and C. 



PROP. XXX. THEOR. 

Straight lines ncliich are parallel to the same straight line are parallel to 

*■ one another. 

Let AB, CD, be each of them parallel to EF ; AB is also parallel 
to CD. 

Let the straight line GHK cut AB, EF, CD ; and because GHK 
cuts the parallel straight lines AC, EF, the angle AGH is equal 
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(29. 1.) to the angle GHF. ^ A- 
gain, because the straight line 
GK cuts the parallel straight 
lines EF, CD, the angle GHF 
19 equal (29. 1.) to the angle 
GKD ; and it was shewn that 
the angle AGK is equal to the 
angle GHF ; therefore also AGK 
is equal to GKD ; and they are 
alternate angles ; therefore AB 
i8paraliel(27.1.)toCD. Where- 
fore straight lines, &c. i^ E. D. 




PROP. XXXI. PROB. 

To draw a>£iraight line through a given point parallel to a giveji 
' straight line. 

Let A be the given pointy and BC the giren straight line ; it is re*- 
^ired to draw a straight line 
through the point A, parallel t^ 
the straight line BC. 

In BC take any point D, and 
join AD ; and at the point A, 
in the straight line AD, make 





the. 



B 1J 

J 1.) the angle^AE equal to the angle ADC ; and produce 
strsQght line EA toV. 

Because the straight line AD, which meets the two straight lines 
Be, EF, makes the alternate angles EAD, ADC equal to one another, 
EF is parallel (27. 1.) to BC. Therefoi'e the straight line EAF is 
drawa through the given point A parallel to the given straight line 
BC. Which was to be done. 

PROP. XXXn. THEOR. 

if a side of any triangle he produdcd, the extisrior angle is iqual to the 
two interior and opposite angles ; and the three interior angles of evert^ 
triangle are equal to two right angles. 

Let ABC be a triangle, and let one of its sides BC be produced to 
D ; the exterior angle ACD is equal to the two interior and opposite 
angles CAB, ABC ; and the three interior angles of the triangle^ viz. 
ABC, BCA, CAB^ are together equal to two right angles. 

Through the point C draw 
GE parallel (31. 1.) to the 
straight line AB ; and because 
AB is parallel to CE and AC 
me^ts theih, tbe alternate an< 
glea BAC, ACE are equal (29. 
1.). Again, because Ab is 
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parallel to CE, and 6D falls upon them, the exterior angle ECD in 
equal to the interior and opposite angle ABC ; but the angle ACB 

r\ shewn to be equal to the angle BAG ; therefore the whole cxteri- 
angle ACD is equal to the two interior and opposite angles CAB, 
ABC ; to these angles add the angle ACB, and the angles ACD, ACB 
are equal to thJ three angles CBA, BAG, ACB ; but the angles ACD, 
ACB are equal (13. 1.) to two right angles ; therefore also th^ angles 
CBA, BAG^ AuB are equal to two ri^t angles. Wherefore, if a 
side of a triangle, &6. Q^ E. D. 

CoR. 1. All the interior angles of any rectilineal figure are equal 
to twice as many right angles as the figure has sides, wanting four 
right angles. 

For any rectilineal figure ABGDE can be divided into as many tri- 
angles as the figure has sides, by drawing straight lines from a point 
F within the figure to each of its angles.' And, by the preceding 
proposition, all the angles of these trji- 
angles are equal to twice as many right 
angles as there are triangles, ^at is, as 

there are sides of the figure ? and the X l ^^il 

same angles are equal to the angles of ^y/^ ijf^ 

the figure, together with the angles at ^ 

the point F, which is the common ver- 
tex of the tri^gles : that is, (2. Cor. 
IB, 1.) together w^h four Hght angles. 

Therefore, twice S many right angles .^ 

as the figure has sides, are equal to all •%. W 

the angles of the figure, together with four right angles, that is, the 
angles of the figure are equal to twice as many right angles as the fi- 
gure has sides, wanting four. 

Cor. 2. All the exterior angles of any rectilineal figure are to- 
gether equal to four right angles. 

Because every interior 
angle ABC, with its adja- 
cent exterior ABD, is e- 
qual (13. 1.) to two right 
angles ; therefore all the 
interior, together with all 
the exterior angles of the 
figure, are equal to twice 
as many right angles as 
there are sides of the fi- 
gure ; that is, by the fore- 
going corollary, they are 
equal to all the interior 
angles of tbe figure, to- 
gether with four right angles ; tlierefore all the exterior angles af« f ^ 
equal to four right angles. 
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PROP, XXXIII. THEOR. 

The straight lines i^hichjoin the extremities of two equal and parallel 
straight lineSy toxg>ards the same partSj are also themselves equal and 
parallel. 

Let A6, CD, be equal and parallel straight lines, and joined towards 
the same parts by the straight lines AC, BD ; AC, BD are also equal 
and parallel. 

Join BC ; and because AB is pa- 
rallel to CD, and BC meets them, 
the alternate angles ABC, BCD are 
equal (29. 1.) ; and because AB is 
equal to CD, and BC common to the 
two triangles ABC, DCB, the two 
flides AB, BC are equal to the two C D 

DC, CB ; and the angle ABC is equal to the angle BCD ; therefore 
the base AC is equal (4. 1.) to the base BD, and the triangle ABC to 
the triangle BCD, and the other angles to the other angles (4. 1.), 
each to each, to which the equal sides are opposite ; therefore the 
angle ACB is equal to the angle CBD ; and because the straight line 
BC meets the two straight lines AC, BD, and makes the alternate an- 
gles ACB, CBD equal to ojfce another, AC is parallel (27. 1.) to BD ; 
and it was shewn to be "equal to it. Therefore, straight lines, &c. 

q, E. D.^' 

PROP. XXXIV. THEOR. 

The opposite sides and angles of a parallelogram are equal to one ano- 
ther^ and the diameter bisects it, that is, divides it into two equal 
parts. 






JS, B. A Parallelogram is a four^fiidcd figure, of whicji tlie opposite sides are parallel ; 
* and the diameter is the straight line joining two of its opposite angles. 

Let ACDB be a parallelogram, of which BC is a diameter ; tlie 
' opposite sides and angles of the figure are equal to one another ; and 
the diameter BC bisects it. 

Because AB is parallel to CD, and 
BC meets them, the alternate angles 
ABC, BCD are equal (29. 1.) to one 
another ; and because AC is parallel 
to BD, and BC meets them, the al- 
ternate angles ACB, CBD are equal 
f29. 1.) to one another ; wherefore 

the two triangles ABC, CBD have two angles ABC, BCA in one. 
equal to two angles BCD, CBD in the other, each to each, and the 
side BC, which is adjacent to these equal angles, common to the two 
triangles ; therefo^fc their other sides are equal, each to each., and 
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the third angle of the one to the third angle fiif the other (26. 1.), 
viz. the side AB to the side CD, and AC to BD, and the angle BAC 
equal to the angle BDC. And because the. angle ABC is equal to the 
angle BCD, and the angle CBD to the angle ACB, the wholp angle 
ABD is equal to the whole angle ACD : And the angle BAC has been 
shewn to be equal to the angle BDC ; therefore the opposite sides and 
angles of a pantllelogram are equal to one another : also, its diameter 
bisects it ; for AB being equal to CD, and BC common, the two AB, 
BC are equal to the two DC, CB, each to each ; now the angle ABC 
is equal to the angle BCD ; therefore the triangle ABC is equal (4. 1.) 
to the triangle BCD, and the diameter BC divides the parallelogram 
ACDB into two equal parts. Therefore, &c. Q. E. D. 

PROP. XXXV. THEOR. 

Parallelograms upon the same base and between the same parallels, are 

equal to one another, 

"^(SEE THE 2d AND 3d FIGURES.) 

Let the parallelograms ABCD, EBCF be upon the same base BC, 
and between the same parallels AF, BC ; the parallelogram ABCD is 
equal to the parallclognun EBCF. '■ 

If the sides AD, DF of the paral- 
lelograms ABCD, DBCF opposite to 
the base BC be terminated in the 
fiame point D ; it is plain that each 
of the parallelograms is double (34. 

1.) of the triangle BDC ; and they 

are therefore equal to one another. B C 

But, if the sides AD, EF, opposite to the base BC of the parallelo- 
grams ABCD, EBCF, be not terminated in the same point ; then, 
because ABCD is a parallelogram, AD is eoual (34. 1.) to BC ; for 
the same rejison EF is equal to BC ; whereroro AD is equal (1. Ax.) 
to EF ; and DE is common ; therefore the whole, or the remainder, 
AE is equal (2. or 3. Ax.) to the whole, or the remainder DF ; now AB 
is also equal to DC ; therefore the two EA, AB are equal to the two 

A D E p A :K J) ^ 
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Fl). DC;, each toettch ; but the exicnor ftngle FDC is equal (29. 1.) 
\o the i\Mn(ir EAii, wherefore the base EB is ccnjal to the base FC, 
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and the triangle EAB (4. 1.) to the triangle FDC. Take the trian^ 
FDC from the trapezium ABCF, and from the same trapezium t^e 
the triangle EAB ; the remainders will then .be equal (3. Ax.), that 
is, the parallelogram ABCD is equal to the par^lelogram £BCF. 
Therefore, parallelograims upon the same base, &.c. ^ E^D. 

PROP. XXXVI. THEOR. 

Parallelograms upon equal hoses, and between the same parallels, are 

" equal to one another* 

Let ABCD, EFGH be parallelograms upon equal bases BC, FG, 
and between the same paral- 
lels AH, BG ; the parallelo- 
gram ABCD is equal to 
EFGH. 

Join BE, CH ; and be- 
cause BC is equal to FG, 
and FG to (34. 1.) EH, BC 
is equal to EH ; and they 
are parallels, and joined to- 
wards the same parts by the straight lines BE, CH : But straight lines 
ti^hich join equal and parallel straight lines towards the same parts, 
are themselves equal and parallel (33. 1.); therefore EB, CH are both 
equal and parallel, and EBCH is a parallelogram ; and it is equal 
(36. 1.) to ABCD, because it is upon the same base.BC, and between 
the same parallels BC, AH : For the like reason, the parallelogram 
EFGH is equal to the same EBCH : Therefore also the prirnllelo- 
gram ABCD is equal to EFGH. Wherefore, parallelograms, &c. 
Q, E. D. 

PROP. XXXVn. THEOR. 

* 

Triangles upon the same base, and between the sartie parallels, are equal 

to one another. 

Let the triangles ABC, DBC be upon the same base BC, and be- 
tween the same parallels AD, 
BC : The triangle ABC, is e- 
qual to the triangle DBC. 

Produce AD both ways to the 
points E, F, and through B draw 
(31. 1.) BE parallel to CA ; and 
tiirough C draw CF parallel to 
BD : Therefore, each of the 
figures EBCA, DBCF is a paral- 
lelogram ; and EBCA is equal (35. 1.) to DBCF, because they are 
upon, the same base BC, and between the satoe parallels BC, EF ; 
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btit the triangle ABC is the half of the parallelogram E6CA, because 
the diameter AB bisects (34. 1 .) it ; and the triangle DBC is the half 
of the parallelogram DBCF, because the diameter DC bisects it : And 
the halves of equal things are equal (7. Ax.) ; therefore the triangle 
ABC is e(|pal to the triangle DBC. Wherefore triangles, &c. Ct E. D. 

PROP. XXXVIII. THEOR. 

Triangles upon equal bases, and between the same parallels, are equal to 

one another. 

Let the triangles ABC, DEF be upon equal base§ BC, EF, and be- 
tween the same parallels BF, AD : The triangle ABC is equal to the 
triangle DEF. 

Produce AD both ways to the points G, H, and through B draw BG 

Parallel (31. 1.) to CA, and through F draw FH parallel to ED : 
'hen each of the figures ^^ a i^ ir 

GBCA, DEFH is a paral- ^ Ji. 4* _fl. 

lelogram ; and they are 
equd to (36. 1.) one an- 
other, because they are 
upon equal bases BC,EF, 
and between the same pa- 
rallels BF, GH ; and the _, ^ ^ -«. 
triangle ABC is the half * ^ M F 
(34. 1.) of the parallelogram GBCA, because the diameter AB bisects 
it; and the triangle DEF is the half (34. 1.) of the parallelogram 
DEFH, because the diameter DF bisects it : But the halves of equal 
things 4re equal (7, Ax.) ; therefore the triangle ABC is equal to the 
triangle DEF. Wherefore triangles, &c. Q. E. D. 

PROP. XXXIX. THEOR. 

Equal triangles up9n the same base, and upon the same side of it, are be- 
tween the same parallels. 

Let the equal triangles ABC, DBC be upon the same base BC, and 
upon the same side of it ; they are between the same parallels. 

Join AD ; AD is parallel to BC ; for, if it is not, through the point 
A draw f31. 1.) AE parallel to BC, and join EC : The triangle ABC, 
is equal (37. 1.) to the triangle EBC, because it is upon the same base 
BC, and^ between the same parallels BC, 
AE : But the triangle ABC is equal to the 
triangle BDC ; therefore also the triangle 
BDC is equal to the triangle EBC, the great- 
er to the less, which is impossible : There- 
fore AE is not parallel to BC. In the same 
manner, it may be demonstrated that no 
other line but AD is parallel to BC ; AD 
is therefore parallel to it. Wherefore 
equal triangles upon, &c. Q^ E. D. 
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.PROP. XL. THEOR. 

Equal triangles on the same side of bases^ winch are equal and in ihs 
same straight line, are between the same parallels. 

Let the equal triangles ABC, DEF fee upon equal bases BC, EF, 
in the same straight line BF, \ J) 

and towards the same parts ; 
they are between the same pa- 
rallels. 




Join AD ; AD is parallel to 
BJf ; For, if it is not, through A 

draw (3 1 . 1 ) AG parallel to BF, l 1- ^ ^ 

and join GF. The triangle ABC B C E ^ 

is equal (38. 1.) to the triangle GEF, because they are upon equisJ 
bases BC, EF, and between the same parallels BF, AG : But the tri- 
angle ABC is equal to the triangle DEF ; therefore also the triangle 
DEF is equal to the triangle G£F, the greater to the less, which is 
impossible : Therefore AG is not parallel to BF ; and in the same 
manner it may be demonstrated that there is no other parallel to it 
but AD ; AD is therefore parallel to BF. Wherefore equal trianglei?^ 
kc. Q^ E. D. 

PROP. XLI. THEOR. 

If a parallelogram and a triangle be upon the sams base, and between 
the same parallels ; the parallelogram is double of the triangle. 

Let the parallelogram ABCD and the triangle EBC be upon the 
^ame base BC, and between^e same pa- 
i^lels BC, AE ; the parallelogram ABCD 
is double of the triangle EBC. 

Join AC; then the triangle ABC is equal 
(37. 1 .) to the triangle EBC, because they 
are upon the same base BC, and between 
the same parallels BC, AE. But the paral- 
lelogram ABCD is doubk(34. 1.) of the 
triangle ABC, because the diameter AC 
divides it into two equal parts ; where- . -^ 
fore ABCD is also double of the trian- ^ 

t 

gle EBC. Therefore, if a parallelogram, &c. Q, E. D. 

PROP. XLII. PROB. 

To describe a parallelogram that shall be equal to a given triangle, arid 
have one of its angles equal to a given rectilineal angle. 

Let ABC be the given triangle, and D the given rectilineal angle* 
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It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles*equal to D. 

Bisect (10. 1.) BC in E, join AE, and at the point E in the straight 
line EC make (23. 1.) the angle CEF equal to D ; and through A 
draw (31. 1.) AG parallel to BC, and through C draw CG (31. 1.) 
parallel to EF : Therefore FECG 

is a parallelogram : And because -A^ ^] Gr 

BE is equal to EC, the triangle 
ABE is likewise equal (38f 1.) to 
the triangle AEC, since they are 
upon equal bases BE,: EC, and 
between the same parallels BC, 
AG ; therefore the triangle ABC 
is double of the triangle AEC. 
And the parallelogram FECG is 
likewise doable (41. 1.) of the 
triangle AEC, because it is upon the same base, and between the- 
same parallels : Therefore the parallelogram FECG is equal to the 
triangle ABC, and it has one of its angles CEF equal to the given an- 
gle D : Wherefore there has been described a parallelogram FECG 
equal to a given triangle ABC, having one of it» an^es CEF equal td 
the given angle D. Which was to be done. 

PROP. XLIII. THEOR* 

The complements of the parallelograms 'which are about the diameter of 
of any parallelogram^ are equal to one another. 

Let ABCD be a parallelogram, of which the diameter is AC ; let 
EH, FG be the parallelograms about AC, that is, through which AC 
passes, and let BK, KD be the other 
parallelograms, which make up the 
whole figure ABCD, and are there- 
fore called the complements : The <» -g 
complement BK is equal to the com- 
plement KD. 

Because ABCD is a parallelogram, 
and AC its diameter, the triangle 
ABC is equal (34. 1.) to the triangle 
ADC \ And, because EKHA is a pa- 
rallelogram and AK its diam'eter, the 
triangle AEK is equal to the triangle AHK : For the same reason, the 
triangle KGC is equal to the triangle KFC. Then, because the tri- 
angle AEK is equal to the triangle AHK, and the triangle KGC to 
the triangle KFC ; the triangle AEK, together with the triangle KG(? 
is equal to the triangle AHK, together with the triangle KFC : But 
the whole triangle ABC is equal to the whole ADC ; therefore the re- 
maining complement BK is equal to the remaining complement KD. 
Wherefore, the complements, &c. Q. E. D. 
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PROP. XLIV. PROB. 

To a given straight line to apply a parallelogram^ "which shall he equal 
to a given triangle^ and have one of its angles equal to a given recti- 

' lineal angle j 

Let AB be the given straight line, and C the given triangle, and D 
the given rectilineal angle. It is required to apply to the straight line 
AB a parallelogram equal to the triangle C, ai^d having an angle equal 
to D. Make (42. 1.) the parallelogram BEFG equal to the triangle 





C, having the angle EBG equal to the angle D, and the side BE in the 
same straight line with AB : produce FG to H, and through A draw 
(81. 1.) AH parallel to BG or EF, and join fc. Then because the 
straight line HF falls upon the parallels AH, EF, the angles AHF, 
HFE, are together equal (29. 1.) to two right angles ; wherefore the 
angles BHF, HFE are less than two right angles ; But straight lines 
. which with another straight line make the interior angles, upon the 
lame side, less than two right angles, do meet if produced (Cor. 29. 1.) : 
Therefore HB, FE will meet, if produced ; let them meet in K, and 
dirough K draw KL parallel to EA or FH, and produce HA, GBn to 
the points L, M : Then HLKF is a parallelogram, of which the diame- 
ter is HK, and AG, ME are the parallelograms about HK ; and LB, 
BF arc the complements ; therefore LB is equal (43. 1.) to BF : But 
BF b equal to the triangle C; wherefore LB is equal to the triangle 
C ; and because the angle GBE is equal Ho. 1.) to the. angle ABM, 
and likewise to the angle D ; the angle ABM is equal to the angle D : 
Therefore the parallelogram LB, which is applied to the straight line 
AB, is equal to the triangle C, and has the angle ABM equal to the 
angle D : Which was to be done. ** 

• PROP. XLV; PROB. 

To describe a parallelogram equal to a given rectilineal figure, and hav- 
ing an angle equal to a given rectilineal angle. 

Let ABCD be the given rectilineal figure, and E the given rectili- 
neal angle. It is required to describe a parallelogram equal to ABCD, 
and having an angle equal to E. 

G 
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Join DB, and describe (42. 1.) the parallelogram FH equal to the 
triangle ADB, and having the angle HKF equal to the angle E ; Jthd to 
the straight line GH (44. 1.) apply the parallelogram GM equal to the 
triangle DBC, having the angle GHM equal to the angle E. And be- 
cause the angle E is equal to each of the angles FKH, GHM, the angle 
FKHis equal to GHM ; add to each of these the angle KHG ; there- 
fore the angles FKH, KJIG are equal to the angles KHG, GHM ; but 
FKH, KHG are equal (29. 1.) to t«vo right angles ; therefore also 
KHG, GHM are equal to two right angles : and because at the point 

D 5 6 

^ C 




A. 15 K H M 

II in the straight line GH, the two straight lines KH, HM, upon the 
opposite sides of GH, make the adjacent angles equal to two right an- 
gles, KH is in the saflp straight line (14. 1.) with HM. And be- 
cause the straight line HG meets the parallels KM, FG, the alternate 
angles MHG, HGF are equal (29. 1.) ; add to each of these the an- 
gle HGL ; therefore the angles MHG, HGL, are equal to the angles 
HGF, HGL : But the angles MHG; HGL, are equal (29. 1 .) to two right 
angles ; wherefore also the angles HGF, HGL are equal to two right an- 
gles, and FG is therefore in the same stnilifht lino with GL. And be- 
cause KF is parallel to HG, and HG to MU KF is parallel (30. 1.) to 
!ML ; but KM, FL are parallels : wherefore KFLM is a parallelogram. 
And because the triangle ABD is equal to the parallelogram HF and 
the triangle DBC to the parallelogram GM, the whole rectilineal figure 
ABCD is equal to the whole parallelogram KFLM ; therefore the pa- 
rallelogram KFLM has been described equal to the given rectilineal 
fig:ure ABCD, having the angle FKM equal to the given angle E. 
Which was to be done. 

Cor. From this it is manifest how to a given straight line to apply 
a parallelogram, which shall have an angle equal to a given rectili- 
neal angle, and shall be equal to a given rectilineal figure, viz, by 
applying ^14. 1.) to the given straight line a parallelogram equal to 
the first triangle ABD, and having an angle equal to the given angle, 

PROP. XLVI. PROB. 

To describe a square upon a given straight line. 

Let AB be the given straight line ; it is required to desc|ribe a 
square upon AB. 

From the point A draw (il. 1.) AC at right angles to AI^ ; and 
make (3. 1.) AD equal to AB, and through the point D draw DIE pa- 
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rallel (31. 1.) to AB, and through B draw BE parallel to AD ; there- 
fore ADEB id a parHllelogram : Whence AB is equal (34. 1.) to DE, 
and AD to BE : but BA is equal to AD ; ^ 
therefore the four straight lines BA, AD, 
DE, EB are equal to one another, and 
the parallelogram ADEB is equilateral ; 
it is likewise rectangular ; for the straight 
line AD meeting the parallels, AB, DE, 
makes the angles BAD, ADE equal (29.1.) 
to two right angles ; but BAD is a right 
angle ; therefore also ADE is a right angle; 
now the opposite angles of parallelograms 
ai)fe equal (34. 1.) ; therefore each of the 
opposite angles ABE, BED is a right an- 
gle ; wherefore the figure ADEB is rect- 
angular, and it has been demonstrated that it is equilateral ; it is 
therefore a square, and it is described upon the given straight line' 
AB ; Which was to be done. 

' CoR. Hence every parallelogram that has one right angle has all 
its angles right angles. 

PROP. XLVU. TH^.OR. 

In any right angled triangle, the square hvhich is described upon the sidt 
subtending the right angle, is equal to the squares described upon the 
sides which contain the right angle. 

Let ABC be a right angled triangle having the right angle BAC ; 
the square described upon the side BC is equal to the squares de- 
scribed upon BA, AC. 

On BC describe (46. 1.) the square BDEC, and on BA, AC the 
squares GB, HC ; and through A draw (31. 1.) AL parallel to BD or 
CE, and join AD, FC ; then, because each of the angles BAC, BACI 
is a right angle (25. def ), the 
two straight lines AC, AG upon 
the opposite sides of AB, make 
with it at the point A the adja- 
cent angles equal to tw(^ right an- 
. gles ; therefore C A is in the same 
straight line (Hi' 1.) wftji AG ; 
ibr the same reason, ^B and All 
are in the same straight line. 
Now because the angle DBC is 
equal to the angle F13A, each of 
them being a right angle, adding 
to each the angle ABC, the whole 
angle DBA will be equal (2. Ax.) 
to the whole ¥VtC ; and because 
the two sides AB, BD, are oqunl 
to the two FB, BC each to each, 
and the. antrle DB \ rqnal to th** 




•- I 



52 ELEMENTS * 

an^e F6C, therefore the base AD is equal (4. 1.) to the bjase FC, 
and the triangle ABD to the triangle FB€. But the parallelogram 
BL is double (41. 1.) of the triangle ABD, because they are upon 
the same base BD, and^between the same parallels, BD, AL ; and the 
square GB is double of the triangle BFC, because these also are upon 
the same base FB, and between the same parallels FB, GC. Now 
the doubles oftsquaktore equal (6. Ax.) to one another ; therc^fore the 
parallelogram BL is equal to the square GB : And, in the same man- 
ner, by joining A£, BK, it is demonstrated that the parallelogram CL 
is equal to the square HC. Therefore, the whole square BDEC is 
equal to the two squares GB, HC ; and the square BDEC is de- 
scribed upon the straight line BC, and the squares GB, HC upon 
^A, AC : wherefore the square upon the side BC is equal to the 
squares upon the sides BA, AC. Therefore, in any right angled tri- 
angle, &c. Q^ E. D. 

^« 

PROP. XLVIIL THEOR. 

If the square described upon one of the sides of. a trtangle, be equcd to 
tJie squares described upon the other two sides of it ; the angle' con.- 
tained by these two side f is a righi angle. 

If the square described upon BC, one of the sides of the trian^e 
ABC, be equal to the squares upon the other sides BA, AC, the an- 
gle BAC is a right angle. 

From the point A draw (11. 1.) AD at right angles to AC, and 
make AD equal to BA, and join DC. Then because DA is equal to 
AB, the square of DA is equal to the square 
of AB : To each of these add the square of 
AC ; therefore the squares of DA, AC are 
equal to the squares of BA, AC. But the 
square of DC is equal (47. 1.) to the squares 
of DA, AC, because I) AC is a right angle ; 
and the squaril of BC, by hypothesis, is equal 
to the squares of BA, AG ; therefore, the 
square of DC is equal to the square of BC; and 
therefore also the side DC is equal to the 
side BC. And because the side DA is equal to AB, and AC commoM 
to the two triangles DAC?, BAC, and the base DC Ukewise equal to 
the base BC, the angle DAC is equal (8. 1.) to the angle BAC : But 
DAC is a right angle ; therefore also BAC is a right angle. There- 
fore, if the square, &c. Q. E. D. 
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EVERY right angled parallelogram, or rectangle, is said to be con- 
tained by any two of the straight lines which are about one of 
the right angles. 

" Thus the right angled parallelogram AC is called the rectangle 
" contained by A© and DG, or by AD and AB, &c. For the sake of 
" brevity, instead of the rectangle contained by AD and D€, we shall 
" simply say the rectangle AP.90, placing a point between the twe 
" sides of the rectangle. Also, instead of the square of a line, for 
'* instance of AD, we shall frequently in what follows write A®«." 

" The sign + placed between the names of two magnitudes, signi- 
** iies that those magnitudes are to be added together : and the sign 
<« _ placed between them, signi^ps that the latter is to be taken away 
"Mrom the former." 

" The sign = signifies, that the things between which it is placed 
" are equal to one another." 



O^ 



Ih erery parallelogram, any of 
the parallelograms about a di- 
ameter, together with the two 
complements, is called a Gno- 
mon. *' Thus the parallelo- 
** gram HG, together with the 
" complements AF, FC, is the 
" gnomon of the parallelogram 
AC. This gtiomon may also, 
for the sake of brevity, be 
called the gnomon AGK or 
•« EHC." 
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PROP. I. THEOR. 



If there he two straight lines y one of which is divided into any number 
of parts ; the rectangle contained by the two straight lines is equal to 
the rectangles contained by the undivided line, and the several parts 
of the divided lint. 

Let A and BC be two straight lines ; and let BC be divided into 
any parts in the points D, £ ; the rectangle A.BC is equal to the 
several rectangles A.BD, A.DE, A.EC: 

From the point B draw (11. 1.) 
BF at right angles to BC, and 
make BG equal (3. 1.) to A ; and 
through G draw (31. 1.) GH pa- 
rallel to BC ; and througkD, E, C, 
draw (31. 1.) DK, EL, CH paral- 
1^1 to BG ; then BH, BK, DL, and 
EH are rectangles, and BH = BK 
+ DL + EH. 

But BH = BG.BC = A.BC, be- 
cause BG = A : Also BK = BG. 
BD = A.BD, because BG = A ; 
and DL = DK.DE = A.DE, because (3^4. 1.) DK = BG = A. Im 
like manner, EH = A.EC. Therefore A.BC = A.BD + A.DE + 
A.EC ; that is, the rectangle A.BC is e(]ual to the several rectangles 
A.BD, A.DE, A.EC. Therefore, if there bo two straight lines, &c 
Q, E. D. 

PROP. II. THEOR. 

ffa straight line be divided into any two parts, the rectangles contained 
by the whole and each ofthepartSf are together equal to the square of the 
whole line. 




.A- 
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Let the straight line AB be divided into any two parts in the point C \ 
the rectangle AB.BC, together with the rect- 
angle AB.AC, is equal to the square of AB ; 
or AB.AC + AB.BC = AB^ . 

On AB describe (46. 1.) the square ADEB, 
and through C draw CF (31. 1.) parallel to 
AD or BE ; then AF + CE = AE. But AF 
=r AD. AC = AB.AC, because AD = AB ; 
CE = BE.BC = AB.BC ; and AE = AB^. 

Therefore AB.AC + AB.BC =^AB3 . There- 

forp, if a straight line, ^c. Q. E. D. J) J\' K 
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PROP. III. THEOR. 



If a straight line be divided ipto any two parts ^ the rectangle contained by 
the whole and one of the parts^ is equal to the rectangle contained by 
the two parts, together with the square of the foresaid part. 

Let the straight line AB be divided into two parts m the point C ; 
the rectangle AB.BC is equal to the rectangle AC.BC, together with 
BC3. 

Upon BC describe (46. 1.) the 
square CDEB, and produce ED to 
F, and through A draw (31. 1.) AF 
parallel to CD or BE ; then AE = 
AD + CE. 

But AE = AB.BE = AB.BC, 
because BE = BC. So also AD= 
AC.CD = AC.CB ; and CE = 
BC3 ; therefore AB.BC ==^AC.CB 
+ BC^. Therefore, if a straight 
line, &c. Q;. E. D. 




PROP. IV. THEOR. 

Jjf a straight line be divided into any t'odo parts, the square (f the whole 
line is equal to the squares of the two parts, together with twice the 
rectangle contained by the parts. 

Let the stratight line AB be divided into any two parts in C ; the 
square of AB is equal to the squares of AC, CB, and to twice the rect- 
angle contained by AC, CB, that is, AB^ = AC* + CB^ + 2AC.CB. 

Upon AB describe (46. 1.) the square ADEB, and join BD, and 
through C draw (31. 1.) CGF parallel to AD or<BE, and through G 
draw HK parallel to AB or DE. And because CF is parallel to AD, 
and BD falls upon them, the exterior an- 
gle BGC is equal ,29. 1.) to the interior 
and opposite angle ADB ; but ADB is e- 
qual (5. 1.) to the angle ABD, because 
BA is equal to AD, being sides of a square; 
wherefore the angle CGB is equal to the 
angle GBC ; and therefore the side BC is 
equal (6. 1.) to the side CG*: but CB is 
equal (34. 1.) also to GK, and CG to BK ; 
wherefore the figure CGKB is equilateral. 
It is likewise rectangular ; for the angle 
CBK being a right angle, the other angles of the parallelogram CGKB 
are also right addles (Cor. 46. 1.), Wherefore CGKB is a square, and 
it is upon the side CB. For the same reason HF also is a square, and 
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it is upon the side ^G» which is equal to AC ; therefore HF, CK are 
the squares of AC, CB. And because the complement AG is equal 
(43. 1.) to the complement GE ; and because AG=AC.CG=AC.CB, 
therefore also GE=AC.CB, and AG+GE=.2AC.CB. Now, HF = 
AC3 and CK=CB2 ; therefore, HF+CK+AG+GE=AC8+CBa + 
2AC.CB. 

But HF+CK+AG+GE=the figure AE, or AB^ ; therefore AB^ 
=ACa +CB3 +2AC.CB. Wherefore, if a straight Hne be divided kc. 
Q, E. D. 

Cor. From the demonstration, it is manifest that the parallelograms 
about the diameter of a square are likewise squares. 

PROP. V. THEOR. 

If a straight line he divided into two equal parts, and also itUo two nn- 
equal parts ; the rectangle contained by the ur^efual parts, together imth 
the square of the line between the points of section, is equal to the square 
of half the line. 

Let the straight line AB be divided into^two equal parts in the point 
C^ and into two unequal parts in the point D ; the rectangle AD.DB, 
together with the square of CD, is equal to the square of CB, pr 
AD.DB+CD3=CB2. 

Upon CB describe (46. 1.) the square CEFB, join BE, and through 
. D draw (31. 1.) DHG parallel to CE or BF ; and through H draw 
KLM parallel to CB or EF ; and 
also through A draw AK parallel 
to CL or BM : And because CH 
=HF, if DM be added to both, 
CM=DF. But AL:^ (36. 1 .) CM, 
therefore AL^^^DF, and adding 
CH to both, AH=gnoman CMG. 

But AH «= AD.DH = AD.DB, 

because DH = DB (Cor. 4. 2.) ; ' -^ & W 

therefore gnomon CMG = AD.DB. To each add LG = CD«, then 
gnoman CMG + LG = AD.DB + CD^ ,But CMG + LG = Be*.' 
therefore AD.DB + CD2= BC^ . Wherefore, if a straight line, &c.' 
Q. E. D. ^ 

** CoR. From this proposition it is manifest, that the difference of 
" the squares of two unequal lines, AC, CD, is equal to the rectangle 
" contained by their sum and difference, or that AC^ — CD3 = (AC+ 
CD)(AC-CD)." 

PROP. VI. THEOR. 

Jf a straight line be bisected, and produced to any point ; the rectangle 
contained by the whole line thus produced^ and the part of it produced, 
together with tJie square of half the line bisected, is equal to the square 
of the straight line which is made up of the half and the part produced. 

Let the straight line AB be bisected in C, and prodticed to the point 
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¥> ; the rectangle AD.DB, together with the square of CB, is equal to 
the square of CD. 

Upon CD describe (46. 1.) the square CEFD, join DE^and through 

B draw (^1 . 1 .) BHG parallel to CE or DF, and through H draw KLM 

parallel to AD or EF, and also through A draw AK parallel to CL or 

DM. And because AC is equal to CB, the rectungle AL is equal (36. 1.) 

to CH ; but CH is equal (43. 1.) 

to HF ; therefore also AL is equal 

to HF : To each of these ^dd 

CM ; therefore the whole AM is 

equal to the gnomon CMG. Now 

AM=Al>.DM=AD.DB,because 

DM = DB. Therefore gnomon 

CMG=AD.DB, and CMG+LG 

=AD.DB + CBa . But CMG+ 

LG= CF = CD3 , therefore AD. 

pB + CB3=g'D3. Therefore, 

tf a straight line, &c. Q. E. D. 

Pf«P. VII. Tf HI. 

If a straight line he -divided into any two parts ^ the squares of the whoJ^ 
line, and of one of the parts, are equal to twice the rectangle con^ 
tained by the Tsahole and^that part, together with the square of the othisr 
part, w , 

* 

Let the straight fine AB be divided into any two parts in the point 
C ; the squares of AB, BC, are equal to twice the rectangle AB.BC, 
together with the square of AC, or AB»+BC3=2AB.BC+ACa. 
. Upon AB descab© (46. 1.) the square ADEB, Hud construct the 
figure as in the preceding propositions : Because AG=GE, AG+CK 
=GE+CK,.that is, AK=CE, and there- 
fore AK+CE = 2AK. But AK + CE= 
gnomon AKF+CK ; and therefore, AKF 
+CK = 2AK = 2AB.BK=2AB.BC, be- 
cause BK = (Cor. 4. 2.) BC. Since then, 
AKF-^CK=2AB.BC, AKF + CK -f HF 
= 2AB.BC + HF ; and because AKF + 
HP=AE=AB2, AB3-I-CK = 2AB.BC-f 
HF, that is, (since CK = CB3, and HF 



= AC^) AB3+CB« = 2AB.BCrj-ACa. 
Wherefore, if a straight 1H|, &c. %> E. D. 




Otherwise, 



« Because AB«^AC«+ BCa+2AC.BC (4. 2.), adding BC^ to 
"both, AB3+BC«|lCa+2BC«+2AC.BC. 
" But BCa + AC.BC = AB.BC (3. 2.) ; and . 
" therefore, 2BCa+2AC.BC=2 AB.BC ; and ^ 
"therefore ABa+BC2«ACa+2AB.BC." 



C 

4. 
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" CoR. Hence, the Hum of the sqnares of Ray ttro lines is equal 
" to twioe the rectaugle contained by the lines together with the 
" square of the difference of the lines." 

PROP. VIII. THEOR. 

If a itraight line be divided into any taro parts, fovg tima the rectangle 
eoMaintd by the whoic lint, and one of Ike part*, together xuiC'i tkf 
t^uare nf (Ac othtr part, it equal to Ike aqmire of the straight Unf 
which II made vp of the v^tole and (/|< firtt-metUioTied part. 

Let the straight line AB be dirided into any Itvo pnrts in jjie point 
C ; four times the rectangle AB.BC, tt^ether with the square of AC, 
is equal to tb« square of the straight line made up of AU and BC to- 
gether. 

Produce AB to D, so that BD be equal to CB, and npon AD de- 
scribe the square aEFD ; and construct two 6g«ress'bch as in the 
preceding. Because GK is equal (34. 1.) to CB, and'«B to BD, and 
BD to KN, GK is equal to RN. For the same reason, PR is equal to 
RO ; and because CB iafcM4 to BD, and tf to KN, the rectangles 
CK and BN are equal, as also the rectao^es Gf. artSi^N : But CK 
is equal (43. IJ to RN, because ttieyare the complements of the 
parallelogram CO ; therefore also BTf is equal to GK : and the four 
rectangles BN, CK, OR, RN are therefore e^al to one anothu-, and 
80 CK+BN+GR+RN=4CK. Again, because CB if equal to BD, 
B&d BD equal (Cor. 4. 2.) to BK, that '.-■ , 

is, to CG ; and CB equal to GK, that '^ ' r t- n 

(Cor. 4. 2.) is, to GP ; therefore CG 
is .equal to GP ; and because CG is 
equal to OP, and PR to RO, the rect- 
an^e AG is equal to MP, and PL to 
RF : But MP is equ^ (43. I.) to PL, 
hecause tbey are the complements of 
the parallelogram ML ; nberefore 
AG is equal also to RF : Therefore 
the four rectanp;Ies AG, MP, PL, RF, 
are equal to one another, and fO A6 
+MP+PL+RF=4AG. And it was 
deraonstPHtcd, that CK-4-BN+GR+RN=4CK ; wherefore, addii* 
equals to equ ils, the whole gnomon A0H=x4AK. Now AK=AB.BK 
=AB.BC, Hiid 4 4K=4AB.BC ; tlierefare.lhtnnon A0H=>4 AB.BC ; 
and adding XH, or (Cor. 4. 2.) AC», to both, gnomon AOH+XH= 
4AB.BC-fAC'. But AOH + XH = AF = AD» ; therefore AD«= 
4A.BBC-t-AC». Now AD is the line'that is made up of AB and BC, 
added together into one line : Wherefore, if^etraight Lne, tc. 

q, E. D. S9 

" CoR. 1. Hence, because AD is the sum, and AC the difference of 
*' the lines AB and BC, four times the rectangle contained by any tw* 
" lines together with the square of their diSarcace, is equal to tbc 
" sqtiA^ of the aum of the Unas." 
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^^ wk, z. From the demonstration it is manifest, that sincfls the 
.^ square of CD is quadruple of the square of CB, the square of any 

* ' hne is quadruple of the square of half that line. " 

I. ' 

Otherwise ; 

'« Because AD is divided any howin<: (4. 2.), AD2=ACa+CD3 
'' +2CD.AC. But CD=2CB; and therefore CD2=CB»+BDa + 
'' 2CB.BD (4. 2.) =4CB2, and also 2CD.AC = 4CB.AC ; therefore, 
*' AD3 =AC^ +4BC3 +4BC.AC. Now BC« +BC.AC=AB.BC(3. 2); 
** and therefore AD^ =AC3 +4AB.BC. Q. E. D. " 

PROP. IX. THEOR, 

If^^a straight line be divided into two equals a/nd also into two unequai 
parts ; the squares of the two unequal parts are together double of the 
square of half the line^ ahdofthe square of the line between Ike points 
of section. 



* f 



- . . • v. 

Let the straight line AB he divided at the point C into two equals 

ind at T) into two unequal parts : T]^ squares of AD, DB are toge- 

thtfl'AouMe of the squares of AC, ClT 

* From tibe point C draw (11. 1.) CE at right angles to AB, and make 

it equal to AC or CB, and join EA, EB ; through D draw (31. 1.; DF 

parallel to C£, i^ through F draw FG parallel to AB ; and join AF : 

Theuf because AC is equal to CE, the angle EAC is equal (5. 1.) to the 

angle AEC ; and because the angle ACE is a right angle, the two 

others AEC, EAC together make one right angle (32. 1.) ; and they 

are equal to one another ; each of them therefore is half of a right 

angle, f^r the same reason each of 

the angles CEB, EBC is half a right an- 

gle : bSA therefore the whole AEB is 

a right^angle : And because the angle 

GEF is half a right angle, and EGF a 

r^ht angle, fqr it is equal (29. 1.) to 

the interior and opposite angle ECB, 

the remaining kngk EPCjt is half a right 

angle ; therefore the angle GEF is equal to the angle EFG, and the 

side EG equal (6/1 .} to th^,side GF : Again, because the angle at B is 

half a right angle ; and FDB a right an^e, for it is equal (29. 1.) to the 

interior and opposite angl% ECB, the remaining angle! BFD is half a 

right angle ; therefore the angle at B is equal to the angle BFD, and the 

side DF to (6. 1.) the side DB. Now, because AC=CE, AC»=CEa, 

and AC3+CE3=2AC3. But (47. 1.) AE^^ACa+CE* ; therefore 

/ AE3 =2 AC2 .IjVgpin, because EG=GF, EG« =«:GF« , and EG^ +GF^ 

5=:2GFa. But EFa=EG2+GF3 ; therefore, EFa=2GF««=2CD«, 

,- because (34. 1.) CD=GF. And it was shown that AE^^2\C^ ; 

*' therefore AE^ -f EF» = 2 AC^ + 2CD? . But (47. 1 .) AF^ = AE» + 
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EF» , and AD^ + 6P« = AF* , or ADa + DB« = AFa ; thefelWre, also 
AD2 + DB* = 2AC3 + 2CD2. Therefore, if a straight line, &c. 
Q,E. D. ' . . 

Otherwise : 

" Because AD3= (4. 2.) ACa'+CD2+2AC.CD, and DBa+SBC. 
'« CD= (7. 2.) BCa+CDa=ACa+CD3, by adding equals to equaJ& 
" AD3+BDa-t-2BC.CD=2ACa + 2CD^+2AC.CD ; and therefore 
" taking away the equal rectangles 2BC.CD and 2AC.CD, there re- 
<* mains AD3 + DB3=2ACa+2CD3." 

PROP. X. THEOR. 

If a straight line be bisected, and produced to any point, the square of the 
whole line thus produced, and the square of the part of it produced, are 
together doMe of the square of half the line bisected, and of the sq ^LL e 
of the line made up of the half and the part produced. ^" 

Let the straight line AB be bisected in C, and produced to the point 
D ; the squares of AD, DB are double ^f the squares of AC, CD. 

From the point C draw (11. 1.) CE atjright angles to ABy and piake 
it equal to AC or CB ; join AE, EB ; through E draw (31. 1.) EF pa- 
rallel to AB, and through D ^aw PF parallel to CE. AndlO^e^dna* 
the straight line EF meets the parallels EC, FD, the angles CE* • EFJ) 
are equal (29. 1.) to two right angles ; and therefore the angles BEF, 
EFD are less. than two right angles : But straight lines, lyhich with 
another straight line make the interior angles, upon the same side, less 
than two right angles, do meet (Cor. 29. 1.) if produced far enough : 
Therefore EB, FD will meet, if produced towards, B, D ; let them 
meet in 6, and join AG : Then, because AC is equal to CE, the angle 
CEA is equal (5. 1.) to the angle EAC ; fjnd the angle ACE is a right 
angle ; therefore each of the angles CEA, EAC is half a right angle 
(32. 1.) : For the same reason, each of the angles CEB, 6BC is half 
a right angle ; therefore AEB is a right angle : And because EBC is 
half a right angle, DBG is also (16. 1.) half a right angle, for they are 
vertically opposite ; but BDG is a right angle, because it is equal (29. 1.) 
to the alternate angle DCE ; therefore the remaining angle DGB is 
half a nght angle, and is therefore equal to the angle DBG ; where- ' 
fore also the side DB is equal (6. 1.) to the side DG. Again, because 
EGF is half a right angle, and the angle at F a right angle, being equal 
(34. 1.) to the opposite angle 
ECD, the remaining angle FEG 
is hall a right angle, and equal to 
the angle EGF ; wherefore also 
the side GF is equal (6. 1.) to 
the side FE. And because EC 
= CA, EC3 + CA2 = 2CA3. 
NowAE2=(47. l.)AC2+CE2; 
therefore, AK^ =r-2AC2 . Again, 
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because EF=FG, EF^ =FGa , and EF^ +FG2 =:2EF2 . But EG^ =: 
(47. 1.) EFa'+ FGa ; therefore EG^ = SEF^ ; and since EF = CD, 
EG^ =2CD3 . And it was demonstrated, that AE^ =^2AC^ ; therefore, 
AE2 + EG * = 2 AC2 +2CD2 . Now, AG^ =AE« + EG^ , wherefore 
AGa=2AC2+2CD2. ButAG^ (47. 1.) = AD«-hDG3=AD3+DBa, 
because DG=DB: Therefore, AD2+DB3=2AC3+2CD3. Where- 
fore, if a sti:aight Une, &c. Q. E. D. 



PROP. XI. PROB. 



To divide a given straight line into two parts, so that the rectangle con- 
tained by the whole, and one of the parts, may be equal to the square 
of the other part. 

Let AB be the given straight line ; it is required to divide it into 
tiro parts,* so that the rectangle contaiaed by the whole, and dne of 
the parts, shall be equal to the square of the other part. 

Upon AB describe (46. 1.) the square ABDC ; bisect (10. 1.) AC 
in E, and join BE ; produce CA to F, and make^. 1.) EF equsfl to 
EB, and upon AF describe (46. 1.) the square FGHA ; AB is divided 
inH, so that the rectangle AB, BH ft equal to tEe square of AH. 

Produce GH to K : Because the straight line AC is bisected in E, 
and produced to the poiatT, the rectangle CF.FA, together with the 
square of AE, is equal (6. 2.) to the square of EF : But EF is equal 
to EB ; therefore the rectaogl^ CF.FA together with the square of 
AE, is equal to the square of EB : And the squares of BA,/ AE are 
equal (47. 1.) to the square of EB, be- 
cause the angle EAB is a right angle ; 
therefore the rectangle CF.FA, toge- 
ther with the sgusgre of AE, is eqoalto 
the squares of BA, AE : take away the 
square of AE, which is commou to both, 
therefore the remaining rectangle CF.FA 
is equal to the square of AB. Now the 
%ure FK is the rectangle CF.FA, for AF 
is equal to FG ; and AD is the square of 
AB ; therefore FK is equal to AD : take 
away the* common part AK, and the re- 
mainder FH is equal to the remainder 
flD. But HD is the rectangle AB.BH, 
for AB is equal to BD • and FH is the 
square of AH ; therefore the rectangle 
AB.BH is equal to the square of AH : 
Wherefore the straight line a\B is divided in H so, that the rectangle 
AB.BH is equal to the square of All. Which wa« to be done. 
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PROP. XII. THEOR. 

In obtuse angled triangles, if a perpendicular be drawn from any of 
the acute angles to die opposite side produced, the square of the side 
* subtending the obtuse angle is greater than the squares of the sides con- 
taining the obtuse angle, by twice the rectangle contained by the side 
upon which, when produced, the perpendicular fails, and the straight 
line intercepted between the perpendicular and the obtuse angle. 

Let ABC be an obtuse angled triangle, having the obtase angle ACB, 
and from the point A let AD be drawn (12. 1.) perpendicular to B6 
produced : The square of AB is greater than the squares of AC, 
CB, by twice the rectangle BC.CD. 

Because the straight line BD is divided into two parts in the point 
C, BD^ = (4. 2.) BC3+CD2 + 
2BC.CD ; add AD^ to both : Then 
BD3+ AD3= BC3+CD3 + AD* 
+ 2BC.CD. But ABa = BD* + 
ADa (47. 1.), and AC3 = CD'-f- 
AD* (47. 1.); therefore, AB*«: 
BC» + AC* + 2BC.CD ; that is, 
AB* is greater than BC* + AC* 

by 2BC.CD. Therefore, in ob- 

tusc angled triangles, &c. Q. E. D. -" Q JJ. 




PROP. XIII. THEOR. 

In every triangle, the square of the side subtending any of the acute an- 
gles, is less than the squares of the sides containing that angle, by 
txaice the rectangle contained by either of these sides, and the straight 
line intercepted bctrveen the perpendicular, let fall upon it from the 
opposite angle, and the acute angle. 

Let ABC be any triangle, and the angle at B one of its acute an- 
gles, and upon BCf, one of the sides containing it, let fall the perpen* 
dicular (12, 1.) AD from the opposite angle : The square of AC, 
opposite to the angle 13, is less than the squares of CB, BA by twice 
the rectangle CB.BD. 

First let AD fall within. the trian- 
gle ABC ; and because the straight 
line CB is divided into two parts in 
the point D (7. 2.), BC* + BD* = 
2BC.BD+CD*. Add to each AD*; 
then BC3 + BD*+AD*=2BC.BD 
+ CD* + AD*. But Bb* + AD* 
= AB*, and CD* + DA* = AC* 
(47. 1.) ; therefore BC* + AB* = 
2BC.BD+AC*; that is, AC^* is less 
than BC* + AB« by 2BC.BD. 
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^ Secondly, Let AD fall without fne. triangle ABC* : Then because 
the angle at D is a right angl^, the angle ACB ^s greater (16. 1.) than 

A right angle, fed AB«= (12. 2.) AC^+BC'+gBCCD. Add BC« 
to each ; then ABa+BCa=^AC»+ 2BC> + 2BC.CD. But because 
BD is divided into two parts in C, BC« + BC.CD = (3. 2.) BC.BD, 
and 2BC3 + 2BC.CD = 2BC.BD : therefore AB^ + BC^ = ACa + 
2BC.BD ; and AC^ is less than AB^+BC*, by 2BD.BC. 

Lastly, Let the side AC be perpen- 
dicular to BC ; then is BC the straight jy^ 
line between the perpendicular and the 
acute angle at B ; and it is manifest that 

• (47. 1.) AB3 4.BC3=AC2 4.2BC2=:AC2 
4-2BC.BC. Therefore in every triangle, 
k&. Q, E. p. — 




PROP. xiy. Vrob. 

To describe a square that shall he equal to a given rectilineal figure. 

Let A be the given rectilineal figure ; it is required to describe a 
4(quare that shall be equal to A. 

Describe (45. 1.) the rectangular parallelogram BCDE equal to the 
rectilineal figure A. If then the sides of it, BE, ED are equal to one 
another, it is a square, and what was required is done ; but if they are 
..not equal, produce one of them, BE to F, and make EF equal to ED, 
and bisect BF in G : and from the centre G, at the distance GB, or GF^ 
describe the semicircle BHF and produce D£ to H, and join GH. 
Therefore, because the straight hne BF is divided into two equal 
parts in the point G, and into two unequal in the point E, the rect- 
angle fiE.EF, together with the square of E6, is equal (5. 2.) to 
the square of GF : but GF is equal to GH ; therefore the rectangle 
BE.EF, together with the square of EG, is equal to the square of 
GH : But the squares of HE and EG are equal (47. 1.) to the square! 
ot GH : Therefore also 
the rectangle BE.EF to- 
gether with the square of 
EG,is equal to the squares 
of HE and EG. Take 
away the square of EG, 
which is common to both, 
and the remaining rect- 
angle BE.EF is equal to 
the square of EH : But 
BD is the rectangle con- 




* See figwe «f the lut Propotttioih 
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tained by BE and EF, because EF^s equal to ED ; therefore BD itf 
equal to the square of EH ; and BD is also equal to the rectilineal 
figure A ; therefore the rectilineal figure A is equal teethe square of 
EH : Wherefore a square has been made equal to the given rectili- 
neal figure A, viz. the square described upon EH. Which was to be 
dpne, 

PROP. A. THEOR. 

If one side of a triangle be bisected, the sum of the squares of the other 
two sides is double of the square of half the side bisected, and of the 
square of the line drawn from the point of bisection to the opposite an- 

• §^^ of the triangle, . • 

Let ABC be a triangle, of which the side BC is bisected in D, and 
DA drawn to the opposite angle ; the squares of BA and AC are toge- 
ther double of tke squares of BD and DA. 

^roin A draw AE perpendicular to BC, and because BEA is a right 
ansile, AB2= (47. 1.) BE^-f AE* and 
AC2 =CE2 + AE*; wherefore AB^ + 
ACS =:BE3 +CE2 +2AE3 . But be- 
cause the line BC is cut equally in D, 
and unequally in E, BE^ -f CE^ = 
{9. 2.) 2BD2 +2DE3 ; therefore AB» 
+AC3 = 2BD2 +2DEa +2AEa . 

Now DEa+AE2 = (47. 1.) AD«, 
and 2DE3 + 2AE3i=2AD3 ; where- 
fore AB3 + ACa = 2BD2+ 2AD3. 
Therefore,, &c. Q, E. D. 

PROP. B. THEOR. 

The sum of the squares of the diameters of any parallelogram is equal to 
the sum of the squares of the sides of the parallelogram. 

Let ABCD be a parallelogram, of which the diameters are AC and 
BD ; the sum of the squares of AC and BD is equal to the sum of 
the squares of AB, BC, CD, DA. 

Let AC and BD intersect one another in E : and because the ver- 
tical angles AED, CEB are equal (15. 1.), and also the alternate an- 
gles EAD, ECB (29. 1.), the triangles ADE, CEB have two angles in 
the one equal to two angles in the other, each to each : but the sides 
AD and BC, which are oppo- ^ 

site to equal angles in these - 

triangles, are also equal (34. 
1.) ; therefore the other sides 
which are opposite to the e- 
qual angles are also equal 
26. 1.), viz. AE to EC, and 

D to EB. ;g 
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Since, therefore, BD is bisected in E, AB«4-AD2= (A, 2.) SBE* 
+2AEa ; and for the same reason, CD> +BCa =2BEa +2ECa =2BEa 
4- 2AE« , because EC=AE. Therefore AB* + AD^ +DCa +BCa = 
4BEa +4AE». But 4BEa =BD2 , and 4AE2 =AC« (2. Cor. 8. 2.) be- 
cause BD and AC are both bisected in E ; therefore AB^ + AD*+ 
CDa + BC2 = BDa + ACa. Therefore the sum of the squares &c. 
Q. E. D, 

Cor. From this demonstration, it is manifest that the diameters •f 
every parallflogram bis^t •ne another. 
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DEFINITIONS. 

A. # 

HE radius of a circle is the straight line drawn from the centre 
to the circumference. ^ 
• I. 




A straight line is said to touch 
a circle, when it meets the 
circle, and being produced 
does not cut it. 

II. 
Circles arc said to touch one 
another, which meet, but 
do not cut one another. 

III. 

-Straight lines are said to be equally dis- 
tant from the centre of a circle, when 
the perpendiculars drawn to them from 
the centre are equal. 

IV. 

And the straight line on which the great- 
er perpendicular falls, is said to be 
farther from the centre. 

B. 
An arch of a circle is any part of the circumference. 

A segn^ent of a circle is the tigure cen- 
tained by a straight line, and the arch 
which it cuU^if. 
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A a angle in a s^egment is the angle contain- 
ed by two straight lines drawn from any 
point in the circumference of the seg- 
ment, to the axtremities of the straight 
line which is the base of the segment. 

vn. 

And an angle is said to insist or stand upon 
the arch intercepted between the 
straight hnes which contain the angle. 

VIII. 

The sector of a circle is the*figure con- 
tained by two straight lines drawn from 
the centre i and the afch of the circum- 
ference between them. 



IX. 

^I^imilar seginents of a circle, 
are those in which the an- 
gles are equal, or which 
contain equal angles. 



PROP. I. PROB. 

To find the centre of a given circle. 

Let ABC be the given circle ; it is required to find its centre. 

Draw witbih it any straight line AB, and bisect (10. 1.) it in D ; 
from the point D draw (11. I.) DC at right angles to AB, and produce 
it to E, and bisect CE m F : the point F is Uie centre of ithe circle 
ABC. 

For, if it be not, let, if possible, G be the centre, and join GA, 
GD, GB : Then, because DA is equal to DB, and DG common to 
the two triangles ADG, BDG, the two ^ides AD, DG are equa) to the 
two BD, DG, each to each ; and the base 
GA is equal to the base GB, because they 
are radii of the same circle : therefore the 
angle ADG is equal (8. 1.) to the angle 
GDB : But when a straight line standing up- 
on aof^ther straight line makes the adjacent 
angl^^qual to one another, each of the an- 
gles ^H right angle (7. def. 1.). Therefore 
the angle GDB is a right angle: But FDB is 
likewise a right angl^ ; wherefore the angle 
FDB is equ^ to the angle GDB, the greater 
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to the less^ which is impossible : Therefore G is not the centre of the 
circle ABC : In the same manner, it can be shown, that no otlier point 
but F is the centre : that is^ F is the centre of the circle ABC.: 
Which was to be found. 

Cor. From this it is manifest that if in a circle a strai^t line bi-* 
sect another at right angles, the centre of the circle is in the line 
which l)isects the other. 

PROP. 11. TttEOR. 

[f any iw6 points he taken in the circumference of a circle^ the straight 
line which joins them shall fall within the circle. 

Let ABC be a circle, and A, B any two points in the circumfer- 
ence : the straight line drawn from A to 
B shall fall' within the circle. 

Take any point in AB as E ; find D the 
centre of the circle ABC ; join AD, DB and 
D£,and let DE meet the drcumference inF. 
Then, because DA is equal to DB, the an- 
gle DAB is equal (d. 1.) to the angle DBA ; 
and because AE, a side of the triangle 
DAE, is produced to B, the angle DEB is 
greater (16. 1.) than the angle DAE ; but 
DAE is equal to the angle DBE ; therefore 
the angle DEB is greater than the angle DBE : Now to the greater 
angle the greater side is opposite (19. 1.) ; DB is therefore greater 
than DE ; but BD is equal ^o DF ; wherefore DF is greater than 
DE, and the point E is therefore within the circle. The same may 
be demonstrated of any other point between A and B, therefore AB 
is within the circle. Wherefore, if any two points, &c. Qp E. D. 

PROP. III. THEOR. 

if a straight line drawn through the centre of a circle bisect a straight 
linedn^e circle, which does not pass through the centre, it will cut 
that line at right angles ; and if it cut it at right angles y it will bi- 
sect it. 




Let ABC be a circle, and let CD, a straight line drawn thr^jh the 
centre, bisect any straight line AB, which does not pass thi^Hi the 
centre, in th^e point F : It cuts it also at right angles. ^^^ 

Take ^1. 3.) E the centre of the circle, and join EA, EB. Then 
because AF is equal to FB, and FE common to the two trianglf>s AFE, 
RFE. there are twe sides in the one equal to two pides in the other ; 
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but the base EA is equal to the base EB ; 

therefore the angle AF£ i» equal (8. 1.) to 

the BB^e BFE. And when a straight Une 

itanding upon another makes the adjacent 

angles equal to on^ another, each of them 

is a rieht (7. De£. 1.) angle : Therefore 

each of the angles AF£, BFE is a right an- 
gle ; wherefore the straight line CD, 

drawn through the centre bisecting AB, 

which does not pi^s through the centre, 
cuts AB at right angles. 

Again, let CD cut AB at right angles ; CD also bisects AB, that is, 
AF is equal to FB. . 

t The same construction being made, because the radii EA, £B are 
equal to one another, the angle EAF is equal (5. 1.) to the angle EBF ; 
and the right angle AFE is equal to the right angle BFE : Therefore, 
in the two triangles EAF, EBF, there are two angles in one equal to 
two angles in the other ; now the side EF, which is opposite to one of 
the equal angles in each, is common to both ; therefore the other sides 
are equal (26. 1.) ; AF therefore is equal to FB. Wherefore, if a 
straight hne, &c. Q,. E. D. 




PROP. IV. THEOR. 



If in a circle two straight lines cut one another y which do not both pas$ 
through the centre^ they do not bisect each other. 

Let ABCD be a circle, and AC, BD two straight lines in it, whieh 
cut one another in the point E, and do not both pass through the cen- 
tre : AC, BD do not bisect one another. 

For if it is possible, let AE be equal to EC, and BE to ED : If one 
of the lines pass through the centre, it is 
plain that it cannot be bisected by the other, 
which does not pass throughthecentre. But 
if neither of them pass through the centre, 

take (1. 3.) F the centre of the circle, and f\ ii^ z!^^^ 

join EF : and because FE, a straight line 
through the centre, bisects another AC, 
vtrhich does not pass through the centre, it 
must cut it at right (3. 3.) angles ; where- 
fore FEA is a r^ht angle. Again, because 
the straight line FE bisects the straight line BD, which does not pass 
through the centre, it must cut it at right (3. 3.) angles ; wbcTefore 
FEB is a right an^e : and FEA ws^ shown to be a right angle : .there- 
fore FEA is equal to the angle FEB, the less to the greater, which is 
impossible : therefore AC, BD do not bisect one another. Where- 
fore, if in a circle, &g. Q,« £• ^« 
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If two circles cut one anoihery they canfwt have Hie same centre. 

Let the two circles ABC, CDG cut one another in the points B, C ; 
they have not the same centre. 

loTf if it be possible, let E be their centre : join EC, and draw anj 
straight line EFG meeting the circles 
in F and G : and because E is the cen- 
tre of the circle ABC, C£ i^ equal to 
£F : Again, because E is the centre 
of the circle CDG, CE is equal to 
EG : but, CE was shewn to be equal 
to EF, therefore EF is equal to EG, 
the less to the gi'eater, which is im* 
possible : tJberefore E is not the 
centre of the circles ABC, CDG. 
Wherefore,iftwo circ1es,&c. Q, E. D. 

PROP. VI. THEQR. 

jftwo circles touch one another internally y they cannot have the same cen* 

tre. 

Let the two circles ABC, CDE, touch one another internally in the 
point C : they have not the same centre. 

For, if they have, let it be F ; join FC, and draw any straight line 
FEB meeting the circle^ in £ and B ; and 
because F is the centre of the circle ABC, 
CF is equ^^l to FB ; also, because F is the 
centre of the circle CDE, CF is equal to 
FE : but CF was shown to be equal to FB ; 
therefore FE is equal to FB, the less to the 
greater, which is impossible ; wherefore F 
is not the centre of the circles ABC, CDE. 
Thersfore, if two circles, kc. Q,. E. D. 

PROP. VII. THEOR. 

ff any point be taken in the diameter of a circle which is not the centre, of 
all the straight lines which can be drawn from it to the circumference^ 
the greatest is that in whmh the centre is, and the other part of that di- 
ameter is the least ; and^f any others, that which is^nearer to the line 
passing through the ce^ntn is always greater than one more remote from 
it : Jlndfrom the same pMnt thfire can be drawn only two straight lines 
that are equal to one anWier, one upon each side of the shortest line. 

Let ABCD be a circle, afltt AD its diameter, in which let any point 
F be taken which is not the centre : let the centre be E ; of all the 
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straight lines FB, FC, FG, &c. that can be drawn from F to the cir- 
cumference, F^ it the greatest, and FD, the other part of the diame- 
t^AD, is th«ea8t : and of the others, FB is ^eater than FC, and 
FC^han FG, 

Join BE, GfE, GE ; and because two si^s of a'triangle are greater 
(20. 1.) thaif the third, BE, EF are greater than BF ; but AE is equal 
to EB ; therefore AE and EF, that is, AE|ms greater than BF : again, 
because BE is equal to CE, and FE common to the triangles BEF. 
CEF, the two sides BE, EF are equal to 
the two CE, EF ; but the angle BEF is 
greater than the angle CEF ; therefore the 
base BF is greatec (S4. 1.) than the base 
FC ; for the same reason, CF is greater 
than GF. Again, because GF, FE are 
giteater (SO. 1.) than EG, and EG is equal 
to ED ; GF, FE are greater than ED : take 
airay the contmon part FE, and the re- 
mainder GF is greater than the remainder 
FD : therefore FA is the greatest, and FD 
the least of all the straight lines from F to the circumference ; and BF 
is greater than CF, and CF than GF. 

Also there can be drawn only two equal straight lines from the point 
F to' the circumference, one upon each side of the shortest line l D : 
at the point E in the straight line EF, make (23. 1.) the angle FKK 
equal to the angle GEF, and join FH : Then, because GE is equal to 
EH, and EF conunon to the two triangles GEF, HEF ; the two sides 
GE, EF are equal to the two HE, EF ; and the angle GEF is equal to 
angle HEF ; therefore the base FG is equal (4. 1.) to the base FH : 
bat besides FH, no straight line can be drawn from F to the circumfer- 
ence equal to FG : for, if there can, let it be.FK ; and because FK 
' is equal to FG and FG to FH, FK is equal to FH ; that is, a line near- 
er to that which passes through the centre, is equal to one more re- 
mote, which is impossiUe. Therefore, if any point be taken, &c. 
(t E. D. 

PROP. VIII. th?j:or. 

{jTaity point be taken without a circle, and straight lines be drawn from it 
U> ike circumference, whereof one passes through the centre ; of those 
fl^ch fall upon the concave circumference f Hie greatest is that which 
passes through the centre ; and of &e rest^ that which is nearer to thai 
through the centre it always greater than the more remote : But of those 
which feUl upon the convex circumference, the hast is that betuee7i the 
point Tinthout the circle, and the diameter ; and of the rest, that which 
is nearer to the least is always less than the m^re remote : And only fmo 
equal straight lines can be drawn frwn the point unto the circumfer- 
ence^ one. upon each side of the least* 

• 

Let ABC be a circle, and D any point without it, from which let the 
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itnugbt lines 0A, D£, UF, DC be drawn to the circumfereoce, 
whereof DA passes through the centre. Of thoae^^ch fall opoa 
the concave part of the circumference AEFC, th^Veateat is ^> 
which passes through the centre ; aod the line nearet'l^lD is alH^i 
greater (has the more remote, viz. DE than DF, ani^MF than DC.: 
bat Qf those which faU apSn the convex circumferencetHLKG, Ifae 
least is DG, between the {^t D apd the diameter AG ; and the nearer 
to it is always less than thnoore remote, viz. DK thaa DL, and DL 
thanDH. 

Take (1.3.) H the centre of the cirele ABC, and join ME, HF, 
HC, MK, HL, MH : And because AH is equal to HE, if UD be add- 
ed to each, AD is equal to EU and UD ; but EH aad MD are greater 
(20. I .) than ED ; therefore also AD is greater than ED. Again, be- 
canse HE is equal to HF, and HD common to the triangles EHD, 
FMD ; EU, UD are equal to FM, UD ; but the an^e EMD is gresd- 
er tlian the angle FMD ; therefore 
the base ED is greater (24. 1.) than 
tiie base FD. In Uhe manner it may 
be shewn that FD is greater than 
CD. Therefore DA is the greatest ; 
and DE greater than DF, and DP 
than DC. 

And because HK, ED are greater 
(20. 1.) than HD, and MK is equal 
to MG, the remainder KO is greater 
|[5.Ax.) than the remainder GD, that 
is (3D is less than KD : And because 
HK, DK ere drawn to the point K 
within the triangle ULD from H, 
D, the extremities of its side MD ; 
MK. KD are less (21. 1.) than HL, 
LD, whereof MK is equal to ML ; 
therefore the remainder DK is leas 
than the remainder DL : In tike 
manner, it may be shewn that DL is less than DH : Therefore DG 
is the least, and DK less than DL, and DL than DH. 

Also there can be drawM only two equal straight Unes from the 
point D to the circumference, one upon each side of the least : it 
the point M, in the stnight line HD, make the angle DMB equal to 
the angle DHK, and join DB ; and because in the triangles KHD, 
BUD, the side KM is equal to the side BM, and HD common to both, 
and also the angle KMD equal to the angle BMD, the base DK is equal 
(4. 1 .) to the bate DB. But, besides DB, no straight line can be draws 
from D to the circumference, equal to DK r for, if there can, let it be 
DN ; then, because DN is equal to DK. and DK equal to DB, DB is 
• equal to DN ; that is, the line nearer to DG, the least, eqnal to the 
more remote, whid) hasVcn sh«wn to be impoiiible. If, Iberefon, 
a^ pei«t, &c. (^ £. t). 
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PROP. IX. THEOR. 

If a point he taken 'within a circle^ from which there fall more than two 
equal straight lines upon the circumference, that point is the centre of 
the circle. 

Let the point D be taken within the circle ABC, from which there 
fall on the circumference more than two equal straight lines, viss. 
DA, DB, DC, the point D is the centre of the circle. 

For, if not, let E be the centre, join DE, and produce it to the cir- 
cumference in F, G ; then FG is a diame- 
ter of the circle ABC : And because in 
FG, the diameter of the circle ABC, there 
is taken the point D which is not the cen- 
tre, DG is the greatest line from it to the 
circumference, and DC greater (7. 3.) 
than DB, and DB than DA ; but they 
are likewise equal, which is impossible : 
Therefore E is not the centre of the cir- 
cle ABC : In like manner, it may be de- 
monstrated, that no other point but D is 
the centre ; D therefore is the centre. 
Wherefore, if a point be taken, &c. Q. E. D. 

PROP. X. THEOR. 

One circle cannot cut another in more than two points. 

If it be possible, let the circumference FAB cut the circumfere 
DEF in more than two points, viz. in B, G, F ; take the centre 
the circle ABC, and join KB, KG, KF : and because withiif the 
V DEF there is taken the point K, from which more than two 
straight lines, viz. KB, KG, KF, fall on 
the circumference DEF, the point K is 
(9. 3.) the centre of the circle DEF ; 
out K is also the centre of the circle 
ABC ; therefore the same point is the 
centre of two circles that cut one ano- 
ther, which is impossible (5. 3). There- 
fore one circumference ot a circle can- 
not cut another in more than two points. 
CtE.D. 

« 

PROP. XI. THEOR. 

If two circles touch each other internally, the straight line which joins 
their centres being produced, will puss through the point of contact. 

Let the two circles ABC, ADE, touch each other internally in the 

K 
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point A, and let F be the centre of the circle ABC, and G the centre 
of the circle ADE ; the straight line 
which joins tine centres F, G, being pro- 
duced, passes through the point A. 

For, if not, let it fall otherwise, if 
possible, as FGDH, and join AF, AG : 
And because AG, GF are greater (^. 
1.) than FA, that is, than FH, for FA 
is equal to FH, being radii of the same 
circle ; take away the common part 
FG, and the remainder AG is greater 
than the remainder GH. But AG is 
equal to GD, therefore GD is greater 
than GH ; and it is also less, wshich is impossible. Therefore the 
straight line which joins the poijits F and G cannot fall otherwise than 
on the point A ; that is, it must pass through A. Therefore, if two 
circles, &c. Qp E. D. 

PROP. Xn. THEOR. 

If two circles touch each oilier externally^ the straight line which joins their 
centres will pass through the point of contact. 

Let the. two circles ABC, ADE, touch each other externally in the 
point A ; and let F be the centre of the circle ABC, and G the centre 
of ADE : The straight line which joins the points F, G shall pass 
through the point of contact A. 

For, if nbtjTet it pass oiUierwise, if possible, as FCDG, and join FA, 
AG : and because F is the centre of the circle ABC, AF is equal to 
^^Also because G 
^HL centre of the 
■Pr ADfi, AG is 
equal to GD. There- 
fore FA,AG are equal 
to FC, DG;. where- 
fore the whole FGTis 
greater than FA, AG; V 
but it is also less (20. 
1.), which is impossi- 
ble : Therefore the 
straight line which 

joins the points F, G cannot pass otherwise than through the point ol 
contact A ; that id, it passes through A. Therefore, if two circles, 
&c. Ct E. D. 




PROP. Xin. THEOR. 



V 



One circle cannot touch another in more points than one, vohether n 

touches it on the inside or outside. 

For, if it be possible, let the circle EBF touch the circle ABC i% 



OF GEOMETRY. BOOK III. 



75 



more points thaoi one, and htii on the iiieide, in the points B, D ; join 
BD, and draw (10. 11. 1.) GH, Wsecting BD at ligkt angles : There- 
fore because, the points B, D are in the circumference of each of the 





circles, the straight line BD falls within each (2. 3.) of them ; and 
therefore their centres are (Cor. 1 . 3.) in the straight line GH which 
bisects BD at right angles : Therefore GH passes through the point 
of contact (11.3.); but it does not pass through it, because the points 
D, D are without the straight line GH, which is absurd : Therefore 
one circle cannot touch another in the inside in more points than one. 
Nor can two circles touch one another on the outside in more than 
one point : For, if it be possible, let the circle ACK touch the circle 
ABC in the points A, C, and join AC : 
Therefore, because the two points A,C are 
in the circumference of the circle ACK, 
the straight line AC which joins them 
shall ^1 within the circle ACK : And 
the circle ACK is without the circle ABC ; 
and therefore the straight line AC is also 
without ABC ; but, because the points 
A,C are in the circumference of the cir- 
cle ABC, the straight line AC must be 
within (2. 3.) the same circle, which is 
absurd : Therefore a circle cannot touch / 
another on the outside in more than one 
point : and it has been shewn, that a cir- 
cle cannot touch another on the inside in 
more than one point. Therefore, one circle, &c. C^. E. D. 

PROP. XIV. THEOR. 

Equal stradght lines in a circle are equally distant from Hie centre ; and 
those which are equally distant from the centre, are equal to one ano^ 
ther. 

Let the straight lines AB, CD, in. the circle ABDC, be equal to 
one another ; they are equally distant from the centre. 
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Take E the centre of the circle ABDC, and from it draw EP« ££^9 
perpendiculars to A6, CD ; join AE and EC. Then, because the 
straight line £F passing through the cen*^ 
tre, cuts the straight line AB, which does 
not pass through the centre at right an- 
gles, it also bisects (3. 3.) it : Where- 
fore AF is equal to FB, «nd AB double 
of AF. For the same reason, CD is 
double of Cj& : But AB is iqud to CD ; 
therefore Af is equal to CtG : And be* 
cause AE is equal to EC, the square of 
AE is equal to the square of EC : Now 
the squares of AF, FE are equal (47. 1.) 
to the square of AE, because the angle AFE is a right angle ; and, 
for the like reason, the squares of EG, GC are equal to the square 
of EC : Therefore the squares of AF, FE are equal to the squares of 
CG, GE, of which the square of AF is equal to the square of CG, be- 
cause AF is equal to CG ; therefore the remaining square of FE is 
equal to the remaining square of EG, and the straight line EF is there- 
fore equal to EG : But straight lines in a circle are said to be equally 
distant from the centre when the perpendiculars drawn to them from 
the centre are equal (3. Def 3.) : Therefore AB, CD are equally 
distant from the centre » 

Next, if the straight lines AB, CD be equally distant from the 
centre, that is, if FE be equal to EG, AB is equal to CD. For, the 
same construction being made, it may, as before, be demonstrated, 
that AB is double of AF, and CD double of CG, and that the squares 
of EF, fa are equal to the squares of EG, GC ; of which the square 
of FE is aqual to the square of EG, because FE is equal to EG ^ 
therefore the remaining square of AF is equal to the remaining square 
of CG ; and the straight line AF is therefore equal to CG : But AB 
is double of AF, and CD double of CG ; wherefore AB is equal to 
CD. Therefore equal straight lines, &c. Q^ E. D. .^ 

PROP. XV. THEOR. 

The diameter is the greatest straight line in a circle ; and of all others^ 
that which is nearer to the centre is always greater than one more re- 
mote ; and the greater is nearer to the centre than th^ less. 

Let ABCD be a circle, of which the di- 
ameter is AD, and the centre E ; and let 
BC be nearer to the centre than FG ; AD 
is greater than any straight line BC which 
is not a diameter, and BC greater than FG. 

From the centre draw EH, EK perpen- 
diculars to BC, FG, and join EB, EC, EF ; 
and because AE is equal to EB, and ED to 
EC, AD is equal to EB, EC : But EB, EC 
are greater (20. 1.) than BC ; wherefore, 
isdso AD is greater than BC. 
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And, because BC is nearer to the centre than F6, EH is less 
(4. Def. 3.) than EK : But, as was demonstrated in the preceding, 
BC is doable t>f BH, and F6 double of FK, and the squares of EH, 
HB are equal to the squares of EK, KF, of which the square of EH 
is less than the square of EK, because EH is less than EK ; there- 
fore the square of BH is greater than the square of FK, and the 
straightline BH greater than FK ; and therefi^re BC is greater than 
FG. % 

Next, Let BC be greater than FG ; BC is nearer to the centre than 
FG ; that is, the same construction being made, EH is less than EK : 
Because BC is greater than FG, BH likewise is greater than KF ; but 
the squares of BH, HE are equal to the squares of FK, KE, of which 
the square 6f BH is greater than the square of FK, because BH 
is greater than FK ; therefore the square of EH is less than the 
square of EK, and the straight hne EH less than £K. Wherefore, 
the diameter, &c. Q^ E. D. 



PROP. XVI. THEOR. 



l^ie straight line drawn at right angles to the diameter of a circle^ from 
the extremity of it ^ falls without the circle ; and no straight line can 
ie drawn between that straight line and the circumference , from the 
extremity of the diameter ^ so as not to cut the circle* 

Let ABC be a circle, the centre of which is D, and the diameter 
AB : and let AE be drawn from A perpendicular to AB, AE shall fall 
thvithout the circle. • 

In AE take any point F, join DF, and let DF meet the circle in C. 
Because DAF is a right angle, it is 
greater than the angle AFD ^32, 1.) ; 
but the greater angle of any triangle 
is^subtended by the greater side (19. 
1.), therefore DF is greater than DA; 
now DA is equal to DC, therefore 
DF is greater than DC, and the point 
F is Uierefore without the circle. 
And F is any point whatever in the 
line. AE, therefore AE falls without 
the circle. 

Again, between the straight line 
AE and the circumference, nostraight 
line can be drawn from the point A, 
which does not cut the circle. Let AG be drawn, in the angle DAE : 
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from D draw DH at right angles to AG ; 
and because the angle OH A is a right 
angle, and the angle DAH less than a 
right angle, the side DH of the triangle 
DAH is less than the side DA (19. 1.)- 
The point H, therefore, is within the 
circle, and therefore the straight line 
AG cuts the circle. 

CoK. From this it is manifest, that the 
straight line which is drawn at right an- 
gles to the diameter of a circle from the 
extremity of it, touches the circle ; and 
that it touches it only in one point ; because, if it did ra^et the circle 
in two, it would fall witl>in it (2. 3.). Also it is evident that there can 
be but one straight line which touches the circle in the same point. 




PROP. XVII. PROB. 



To draTs: a straight line from a given point, eiilier without or in tha cir- 
cumference, which shall touch a given circle. 

First, Let A be a given point without the given circle BCD ; it is 
required to draw a straight line from A which shall touch the circle. 

Find (1. 3.) the centre E of the circle^ and join AE ; and from the 
centre E, at the distance EA, describe the circle AFG ; from the 
point D draw (1 1. 1.) DF at right angles to EA, join EBF, and draw 
AB. AB touches the circle BC D. 

Because E is the centre of the cir- 
cles BCD, AFG, EA is equal to EF, y^ ;X/\. 
and ED to EB ; therefore the two 
sides AE, EB arc equal to the two FE, 
ED, and they contidn the angle at E 
common to the two triangles AEB, 
FED ; therefore the base DF is equal 
to the base AB, and the triangle FED 
to the triangle AEB, and the other an- 
gles Jo the other angles (4, 1.) : There- 
fore the angle EBA is equal to the an- 
gle EDF ; but EDF is a right angle, wherefore EBA is a right angle ; 
and EB is a drawn from the centre : but a straight line drawn from 
the extremity of a diameter, at right angles to it, touches the circle 
(Cor. 16. 3.) : Therefore AB touches the circle ; and is drawn from 
the given point A. Which was to be done. 

But if the given point be in the circumference of the circle, as the 
point D, draw DE to the centre E, and DF at right angles to DE : DF 
touches the circle (Cor. 16. 3.) 
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PROP. XVIII. THEOR. 



If a straight line touch a circle^ the straight line drawn from the centre 
to the point of contact, is perpendicular to the line touching the circle. 

Let tbe straight line DE touch the circle ABC in the point C ; take 
the centre F, and draw the straight line FC : FC is perpendicular to 
DE. 

For, if it he not, fromtl^ point F draw FBG perpendicular to DE ; 
afid because FGC is a right angle, GOF must be (17. 1.) an acute an. 
I^e ; and to the greater angle the great- 
er (19. 1.) side is opposite : Therefore 
FC is greater than FG ; but FC is equal 
to FB ; therefore FB is greater than FG, 
the less than the greater, which is im- 
possible ; wherefore FG is n«t perpen- 
dicular to DE : In the same manner it 
may be shewn, that no other line but 
rc can be perpendicular to DE^; FC is 
therefore perpendicular to DE. There- 
fore, if a straight line, &c. Q. E. D. 
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PROP. XIX. THEOR. 

If a straight line touch a circle, and from the point of contact a straight 
line be drawn at right angles to the touching line, the centre of the circle 
is in that line. 



Let the straight line DE touch the circle ABC, in.C, and from C 
let CA be drawn at right angles .to DE 5 the centre of the circle is in 
GA. 

For, if not, let F be the centre, if possible, and join CF : Because 
DE touches the circle ABC, and FC is 
^amik from the centre to the point of 
contact, FC is perpendicular (IS. 3.) to 
DE ; therefore FCE is a right angle : 
Bat ACE is also a right angle ; therefore 
the angle FCE is equal to the angle 
ACE, the less to the greater, which is im- 
possible : Wherefore F is not the centre 
of the circle ABC : In the same manner 
it may be shewn, that no other point 
which is not in CA, is the centre; that is, 
tbe centre is in CA. Therefore, if a 
straight line, &c. Q.. £. D, 
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PROP. XX. THEOR. 

The angle at the centre of a circle is double of the angle at the circumfer- 
ence, upon the same base, that is, upon the same part of the circumfer- 
ence. 

Let ABC be a circle, and BDC an angle at the centre, and BAG an 
angle at the circumference, which have the same circumference BC 
for their base ; the angle BDC is double of the angle B AC. 

First, let D, the centre of the cirde, be within the angleBAC, and 
join AD, and produce it to E : Because DA is equal to DB, the angle 
DAB is equal (5. 1.) to the angle DBA ; 
therefore the angles DAB, DBA together 
are double of the angle DAB ; but the an- 
gle BDE is equal (32. l.)to the angles DAB, 
DBA ; therefore also the angle BDE is 
double of the angle DAB : For the same 
reason, the angle EDC is double of the an- 
gle DAC : Therefore the whole an^e BDC 
is double of the whole angle BAC. y 

Again let D, the centre of the circle, 
be without the angle BAC, and join AD 
and produce it to E. It may be demon- 
strated, as in the first case, that the an- 
gle EDC is double of the angle DAC, 
and that EDB a part of the first, is dou- 
ble of DAB, a part of the other ; there- 
fore the remaining angle BDC is double 
of the remaining angle BAC. There- 
fore the angle at the centre, &c. Q, E. D. 

PROP. XXI. THEOR. 

The angles in the same segment of a circle are equal to one another. 

Let ABCD be a circle, and BAD, BED angles in the same segment 
BAED : The angles BAD, BED are equal 
to one another. 

Take F the centre of the circle ABCD : 
And, first, let the segment BAED be great- 
er than a semicircle, and join BF, FD : 
And because the angle BFD is at the cen- 
tre, and the angle BAD at the circumfer- 
ence, both having the same part of the 
circumference, viz. BCD, for their base ; 
therefore the angle BFD is double (20. 
3.) of the imgle BAD : for the same rea- 
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son, the angle BFD is double of the ^f^ie BED : Therefore the an- 
gle BAD is equal to the angle BED. 

B«t, if the segment B AED be not greater 
than a semicircle, let BAD, BED be an- 
gles in it ; these also are equal to one ano- 
ther. Draw AF to the centre, and produce 
to C, and join C?fe : Therefore the seg- 
ment BADC is greater than a semicircle ; 
and the angles in it BAG, BEG are equal, 
by the iirst case : For the sudq^ reason, 
because GBED is greater than a semicir* 
cle, the angles GAD, CED are equal : 
Therefore the whole angle BAD is equal 
to the whole angle BED. Wherefore the aqgles in the same seg- 
ment, &:c. % £. D. 

PROP. XXII. THEOR. 




Tke opposite angles of any quadrilateral Jigure described in a circle^ are 

together equal to two right angles. 

Let ABCD be a quadrilateral figure in the circle ABCD ; any two 
of its opposite angles are together equal to two right angles. 

Join AG, BD. The angle GAB is equal (21. 3.) to the angle 
CDB, because they are in the same seg- 
ment BADG^^nd the angle AGB is equal 
to the angle ADB, because they are ip 
the same segment ADGB ; therefore the 
whole angle ADG is equal to the angles 
CAB,^ AGB : To each of these equals 
add the kngle ABG ; and the angles ABG, 
Abe, are equal to the angles ABG, GAB, 
BCA. But ABG, GAB, BGA are equal 
to two right angles (32. 1.); tKerefore 
also the angles ABC, ADG are equal to 

two right angles : In the same manner, the angles BAD, DGB may 
be shewn to be equal to two right angles. Therefore the opposite 
angles, &c. % E. D. 

PROP. XXIII. THEOR. 

Upon the same straight line^ and upon the same side of it, there cannot 
be two similar segments of circles, not coinciding with one another, 

K it be possible, let the two similar segments of circles, vie. AGB, 
ADB, be Uj^on the same side of the same straight line AB, not coin- 
ciding with one another ; then, because the circles AGB, ADB, cut 
one another in the two points A, B, they cannot cut one another in 

L 
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aiiy other point (10. 3.) : one^of the seg- 
ments must therefore fall withiA the other : 
let ACB fall within ADB, draw the straight 
line BCD, and join CA, DA : and because 
the segment ACB is similar to the segment 
ADB, and similar segments of circles con- 
tain (9. def. 3.) equal angles, the angle 
ACB is equal to the angle ADB, the exte- 
rior to the interior, which is impossible (16. 1.). Therefore, there 
cannot be two similar segments of pircles upon the same side of the 
same line, which do not coincide. Q^ E. D. 

PROP. XXIV. THEOR. 

Similar segments of circles upon equal straight lines are equal to one 

another. 

« 

Let AEB, CFD be similar segments of circles upon the equal 
straight lines AB, CD ; the segment AEB is equal to the segment CFD. 

For, if the segment AEB be applied to the segment CFD, so as the 
point A be on C, and 
the straight line AB 
upon CD, the point 
Bshall coincide with 
the point D,l|ecause 

AB is equal to CD : A B C D 

Therefore the straight line AB coinciding with CD, the segment AEB 
must (23. 3.) coincide with the segment CFD, and therefore is equal 
to it. Wherefore, similar segments, &c. Q,. E. D. 

PROP. XXV. PROB. 

Jl segment of a circle being given, to describe the circle of which it is 

the segment. 

Let ABC be the given segment of a circle ; it is. required to de- 
scribe the circle of which it is the segment. 

Bisect (10. 1.) AC in D,and from the point D draw (11. 1.) DB at 
right angles to AC, and join AB : First, let the anglesABD, BAD Jje 
equal to one another ; then the straight line BD is equal (6. 1.) to DA, 
and therefore to DC ; and because the three straight lines DA, DB, 
DC, are all equal ; D is the centre of the circle (9. 3.) : from the 
centre D, at the distance of any of the three DA, DB, DC, describe a 
circle ; this shall pass through the other points ; and the circle of 
which ABC is a segment is described : and because the centre D is 
in AC, the segment ABC is a semicircle. Next let the angles ABD, 
BAD be unequal ; at the point A, in the straight line AB make (23^ 
1 .) the angle BA£ equal to the angle ABD, and produce BD if neces- 





OF GEOMETRY. BOOK III. 



do 




sary, to E, and join EC : and b^ausc the angle ABE is equul to the 
aogle BAE, the straight line BE is equal (6. 1.) to EA : and because 
AD is equal to DC, and DE common to the triangles ADE, CDE, the 
twro sides AD, DE are equal to the two CD, DE, eachio each ; and th/e 
angle ADE is equal to the angle CDE, for oach of them is a right an- 
gle ; therefore the base AE is equal (4. 1.) to the base EC : biit AE 
was shewn to be equal to EB, wherefore also BE is equal to EC : and 
the three straight lines AE, EB, EC are therefore equal to one ano- 
ther ; wherefore (9. 3.) E is the centre of the circle. From the 
centre E, at' the distance of any of the three AE, EB, EC, describe 
a circle, this shall pass through the other points ; and the circle of 
which ABC is a segment is described : also, it is evident, that if the 
angle ABD be'greater than the angle BAD, the centre E falls withoi^t 
the segment ABC, which therefore is less than a semicircle ; but if 
the angle ABD be less than BAD, the centre E falls within the seg- 
ment ABC, which is therefore greater than a semicircle : Wherefore, 
a segment of a circle being given, the circle is described of which it 
is a segment. Which was to be done. 

PROP. XXVI. THEOR. 



/■•■ 



In equal circles, equal angles stand upon equal arches, whether they he at 

the centres.or circumferences. 

Let ABC, DEF be equal circles, and the equal angles BGC, EHF 
at their centres, and BAC^ EDF at their circumferences : the arch 
BKC is equal to the arch ELF. 

Join BC, EF ; and because the circles ABC, DEF are equal, the 
straight lines drawn from their centres are equal : therefore the two 
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sides BG, GC, are equal to the tfro EH, HF ; and the angle at G is equal 
to the angle at l\ ; therefore the hase BC is equal (4. 1.) to the base... 
EF : and because the angle at A is equal to the angle at D, the s^ 
ment BAC is similar (9. def. 3.) to the segment EDF ; and theylsare 
upon equal straight lines BC, EF ; but similar segments of circles 
upon equal straight lines are equal (24. 3:) to one another, therefore 
the segment BAG is equal to the segment EDF : but the whole circle ^ 
ABC is equal to the whole DEF ; therefore the remaining segment 
BKC is equal to the remaining segment ELF, and the arch BKC to the 
arch ELF. Wherefore in equal circles, &c. Q,. E. D. 

PROP. XXVII. THEOR. 

hi equal circles, ike angles z:^hich stand upon equal arcltes are equal to one 
another, whether they be at the centres or circumferences. 

Let the angles BGC, EHF at the centres, and BAC, EDF at the cir- 
cumferences #f the equal circles ABC, DEF stand upon the equal 
arches BC, EF : the angle BGC is equal to the angle EHF, and the 
angle BAC to the angle EDF. 

If the angle BGC be equal to the angle EHF, it is manif<^st (20. 3.) 
that the angle BAC ia also equal to EDF. But, if not, one of them is 
the greater : let BGC be the greater, and at the point G, in the straight 
line BG, make the angle (23. 1.) BGK equal to the angle EHF. And 
because equal aog^ stand upon equal arches (26. 3.), whenf thej are 
vX th6 centre, the arch BK is equal to the arch EF : but EF is equal 
to BC ; therefore also BK is equal to BC, the less to the greater, 
which is impossible. Therefore the angle BGC is not unequal to the 
angle EHF j that is, it is equal to it : and the angle at A is half of the 





angle BGC, and the angle at D half of the angle EHF : therefore iho 
angle at A is equal to the angle at D. Wherefore, in equal circles, &c. 
Q. E. D. 

PROP. XXVIII. THEOR. 

In equal circles, equal straight lines cut off^ equal arches, the greater equal 

to the greater, and the less to the less. 

Let ABC, DEF be equal circles, and BC, EF equal straight lines in 
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them, which cut off the two greater inches BAC, EDF, and the two 
less BGC, EHF : the greater BAC is equal to the greater EDF, and 
the less BGC to the less EHF. 

Take (1. 3.) K, L, the centres of the circles, and join BK, KC, EL, 
LFi: and because the circles are equal, the straight lines from their 





centres are fiqual ; therefore BK, KC are equal to Et, LF ; but the 
base BC is also equal to the base EF ; therefore the angle BKC is equal 
(JB. 1.) to the angle ELF : and equal angles stand upon equal (26. 3.) 
ajrches, when they are at the centres ; therefore the arch BGC is equal 
to the arch EHF. But the whole circle ABC is equal to the whole 
EDF ; the remaining part, therefore, of the circumference, viz. BAC, 
is equal to the remaining part EDF. Therefore, ijn equal circles, &c. 
Q. E. D. 

PROP. XXIX. THEOR. 

In equal circles equal arches are subtended by equal straight lines. 

Let ABC, DEF be equal circles, and let th^ arches BGC, EHF 
also be equal ; and join BC, EF : the straight line BC is equal to 
the straight line EF. 

Take (1. 3.) K, L the centres of the circles, and join BK, KC, EL. 
LF : and because the arch BGC is equal to the arch EHF, the angle 
BKC is equal (27. 3.) to the angle ELF : also because the circles 
ABC, DEF are equal, their radii are equal : therefore BK, KC are 
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equal to EL, LF ; and they contain equal angles : therefore the base 
BC is ^qual (4. 1.) to the base EF. Therefore, in equal circles, &c. 
Q,. E.D. 

PROP. XXX. PROB. 

To biseei a given arcf^that is, to divide it into two equal parts. 

Let ADB be the given arch ; it is required to bisect it. 
, Join AB, and bisect (10. 1.) it in C ; from the point C draw CD 
at right angles tq AB, and join AD, DB : the arch ADB is bisected in 
the point D. . 

Because AC is equal to CB, and CD common to the triangles ACD, 
BCD, the two sides AC, CD are equal to 
the two BC, CD ; and the angle ACD is 
equal to the' angle BCD, because each of 
them is a right angle ; therefore the base 
AD is equal (4. 1.) to the base BD. But 
equal straight lines cut off equal (28. 3.) 
arches, the greater equal to the greater, 
and the less^ to the less ; and AD, DB are each of them less than a 
semicircle,, because DC passes through the centre (Cor. 1. 3.) : 
Wherefore the arch AD is equal to the arch DB : and therefore the 
given arch ADB is bisected in D. Which was to be done. 

" PROP. XXXI. THEOR. 

In a circle^ the angle in a semicircle is a right angle ; hut the angle in a 
segment greater than a semicircle is less than a right angle ; and th^ 
angle in a segment less than a semicircle is greater than a right angle. 

Let ABCD be a citcle, of which the diameter is BC, and centre 
E ; draw CA dividing the circle into the segments ABC, ADC, and 
join BA, AD, DC ; the angle in the semicircle BAC is a right angle ; 
and the angle in the segment ABC, which is greater than a semicir- 
cle, is less than a right angle ; and the angle in fte segment ADC, 
which is less than a seihicircle, is greater than a right angle. 

Join AE, and produce BA to F ; and because BE is equal to TSjL 
the angle EAB is equal (6. 1 ,) to EBA ; ' 

also, because AE is equal to EC, , the 
angle EAC is equal to EC A ; where- 
fore the whole angle BAC is equal to 
the two angles ABC, ACB. But FAC, 
the exterior angle of the triangle ABC, 
is also equal (32. 1.) to the two angles 
ABC, ACB ; therefore the angle BAC 
is equal to the angle FAC, and each of 
them is therefore a right (7. def. 1.) 
angle : wherefore the angle BAC in a 
semicircle is a right angle. 




OF GEOMETRY. BOOK III. .87 

And because the two angles ABC, BAC of the triangle ABC are 
together less (17. 1.) than two right angles, and BAC is a right angle, 
ABQ must be less than a right angle ; and ther^ore the angle in a 
segment ABC-, greater than a semicircle, is less than a right angle. 

Also because ABCD is a quadrilateral figure in a circle, any two 
of its opposite angles are equal (22. 3.) to two right angles ; therC" 
fore the angles ABC, ADC are equal to two right angles ; and ABC 
is less than a right ^ngle ; wherefore the other ADC is greater than 
a right angle. Therefore, in a circle, &c. Q. E. D. 

CoR. From tttis it is manifest, that if one angle of a triangle be 
equal to the other two, it is a right angle,^ because the ang^e adjacent 
to it is equal to the same two ; and when i^e adjacent angles are equal, 
they are right angles. 

PROP. XXXII. TH^OR. 

If a straight line touch a circle, and from thepbi/it of contact a straight 
line be drawn cutting the circle, the angles made l^y this line with the 
line which touches the circle, shall he equal to the angles in the alter- 
nate segments of the circle. 

Let the straight line EF touch the circle ABCD in B, and from the 
point B let the straight line BE) be drawn cutting the circle : The 
angles which BD makes with thfe touching line BF shall be equal to 
the angles in the" alternate segments of the circle : that is, the angle 
FBD is. equal to the angle wl^ioh is in the segment DAB, and the an- 
^ gle DBE to the angle in the segment BCD. 

From the point B draw (11. 1.) BA at right angles to EF, and take 
any point C in the arch BD, and join AD, DC, CB ; and because the 
straight line KF touches the circle ABCD in the point B, and BA is 
drawn at right angles to the touching line, from the point of contact 
B, the centre of the circle is (19. 3.) 
in BA ; therefore the angle ADB, in 
a semicircle, is a right (31. 3.) angle, 
and consequently the other two angles 
BAD, ABD are equal (32. 1.) to a 
ri^t angle : but ABF is likewise a 
right angle ; therefore the angle ABF . 
is equal to the angles BAD, ABD : 
take from these equals the comrooh 
angle ABD ; and there will remain 

the angle DBF equal to the angl^ ^j^ ^*^^^ y^ 

BAD,*which is in the alternate seg- --i X> X 

ment of the circle. And because ABCD is a quadrilateral figure in a 
drcle, the opposite angles BAD, BCD are equal (22. 3.) to two right 
aD^es ; therefore the angles DBF, DBE, being lil^wisc equ«d (13. 1.) 
to two right augles, are equal to the angles BAD, jftCD ; and DBF ha«? 
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been proved equall to BAD : therefore the remaining angle DBE is 
equal to the aagle BCD in the aiterbate segment of the circle. 
Wherefore, if a stratget line, &c. Q,. E. D. ^ \-. 

PROP. XXXni. PROB. / . " 

Upon agh^en straig^it line to describe a segment of a circle, containing 
an angle equal to a given rectilineal ^ngle. 

Let AB be the given straight line, and the angle ^ C the given rec- 
tilineal angle ; it is required to describe upon the given straight line 
AB a segment of a circle, containing an angle equal to the angle C. 

First, let the angle at C be a right angle ; bisect (10. 1.) AB in F, 
and from the centre F, at the dis- 
tance FB, describe the semicircle 
AHB ; the angle AHB being in a se- 
micircle is (31. 3.) equal to the 
right angle at C 

Bat if the s^^e C be not a right 
angle at tile point A, in the straight 
line AB, make (23. 1,) the angle BAD equdi to the angle C, and from 
the point A draw (11. 1 .) AE 
at right angles to AD ; bi- 
sect (10. 1.) AB in F, and , 
fromF draw (H.i.) FG «t 
right angles to AB, and join 
GrB : Then because AF is 
equal to FB, atid FG com- 
mon to the triangles AFG, C 
BFG, the two sides AF, FG 
are equal to the two BF, 
FG ; but the angle AFO is 
also equal to the angle BFG ; 
therefoife the base AG is er 
qual (4. 1.) to the base GB ; and the circle described from the cen- 
tre G, at the distance GA, shall pass through the point B ; let this he 
the circle AHB : And because from the point A the extremity of the 
diameter AE, AD is drawn at right 
angles to AE, therefore AD (Cor. 
16. 3.) touches the circle ; and 
because AB, -drawn from the point 
of contact A, cuts the circle, the 
angle DAB is e(iual to the angle 
in the alternate segment AHB 
(32. 3.) ; but the angle DAB is 
equal to the aiigle C, therefore 
also the angle C is equal to the 
angle in the segment AHB : 
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Wherefore, upoa the gi^en straight line AB the segment AHB of a 
circle is described whicli contains an angle equal to the given angle 
at C. Which was to be done. 

PROP. :^XXIV. PROB. 

To cut off* a segment from a given circle which shall contain an angle 

equal to a given rectilineal angle. 

Let ABC be the given circle, and D the given rectilineal angle ; it 
is required to cut off a segment from the circle ABC that shsdl con- 
tain an angle equal to the angle D. 

t>raw (17. 3.) the straight line EF touching the circle ABC in the 
point B, and at the point*B, in the 
straight line BF make (23. 1.) 
the angle FBC equal to the angl^ 
D ; therefore, because the straigHjl'* ''^r* '-* * 
Une EF touches the circle ABC, 
and BC is drawn from the point 
* of contact B, the angle FBC is 
equal (32. 3.) to the angle in the 
aUernate segment BAC : but the 
angle FBC is equal to the angle 
D ; therefore the angle in the 
segment BAC is equal to the angle D : wherefore the segment BAC 
is cut off from the given circle ABC containing an angle equal to the 
given angle D. Which was to be done. 




PROP. XXXV. THEOR. 



If two straight lines within a circle €ut one another, the rectangle contain-' 
ed by the segments of one of them is equal to the rectangle contained by 
the segments of the ether. 

Let the two straight lines AC, BD, within the circle ABCD, out one 
another in the point E : the rectangle contained by AE, EC is eqnal. 
to the rectangle contained by BE,. ED. 

If AC, BD pass each of them through the 

centre, so that £ is the centre, it is evident, 

* that AE, EC, BE, ED, being all equal, the 

rectangle AE.EC is likewise equal to the rect- 

ai^le BE.ED. 

But let one of them BD pass through the 
centre, and eut the other AC, which does not 
pass through the centre, at right angles in the 
point E : then, if BD be biserted in F, F i? Ihe centre of the circle 
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ABCD ; join AF : and because BD, which passes through the cefttre, 

cuts the straight line AC, which does not 

pass through the centre at right angles in 

£, AE, EC are equal (3. 3.) to one anoll^ : 

and because the straight line BD is/^yfiiio 

two equal parts in the point F, aiysinto two 

unequal, in the point E, BE.ED (6. 2.)+ 

EF2 = FB3 = AF«. But AF2= AE^ -f 

(47. 1.) EFa, therefore BE.ED + EF^ = 

AEa +EFa , and taking EF^ from each, BE. 

ED=AEa =AE.EC. 

Next, Let BD, which passes through the centre, cut the other AC> 
which does not pass through the centre, 
in E, but not at right angles : then, as be- 
fore, if BD be bisected in F,F is the centre 
of the circle, ^in AF, and from F draw 

ri2. l.)FGpe ' " " 

^ore AG is equ 
AE.EC + (5. 
GFa to both, A 
+ GF« . Now 
AGa+GF3=A 
=BE.ED+ (5. 
taking £F* from 



endicular to AC 





li 




re- 

3. 3.f to €H Bii^* ^ gfe re 

EGa = AtJ« , tod adding 

"C+EGa+GF3=AGs 

+ GF3 =EFa, and 

therefore AE.EC+EF»=AF2 =FB» . But FB« 
F^ , therefore AE.EC+EF» =:BE.ED+EF« , and 
th, AE.EC.=BE.ED. 

Lastly, Let neither of the strai^t lines "^ ^ 

AC, BD pass through the centre : take the 
centre F, and through £, the intersection 
of the straight lines AC, DB, draw the di- 
ameter GErtI Vand because, as has been 
shown, AE.EC = GE.EH, and BE.ED = 
GE.EH; therefore AE.EC = BE.ED. 
Wherefore, if two straight lines,^ &c. 

q. E. D. 




PROP. XXXVL THEOR. 



If from any point mthout a circle izsro straight lines be drawn, one of 
which cuts the circle, and the other touches it ; the rectangle contained 
by the whole line which cuts the circle, and the part of it Tmthont the cir- 
cle, is equal to the square of the line which touches it. 

Let D be any point without the circle ABC, and DCA, DB two 
straight lines drawn from it, of which DCA cuts the circle, and DB 
touches it : the rectangle AD.DC is equal to the square of DB. 
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Either DCA passes through the centre, or 
it does Dot ; first, Let it pass through the cen- 
tre £, and join EB ; therefore the angle 
£BD is a right (18. 3.) angle : and because 
the straight line AC is bisected in E, and pro- 
duced to the point D, AD. DC + EC^ = 
EDa (6. 2.). But EC = EB, therefore AD. 
DC -f EBa = ED«. Now ED^ = (47. 1.) 
£B3 -f. BDa , because EBD is a right angle ; 
thereibre AD.DC+EB»=EB3 +BD3, and 
taking EB^ from each, AD. DC = BDa. 

But, if DCA does not pass through the 
centre of the circle ABC, take (1. 3.)^ the 
centre E, and draw £F perpendicular (12. 
1.) to AC, and join EB, EC, ED : and be- 
cause the straight line EF, which uasses 
through the centre, cuts the strs^^ line 
AC, which does not pass through the cen- 
tre, at right angles, it likewise l;nsects (3. 3.) 
it ; therefore AF is equal to' FC ; and be- 
cause the straight line AC i/bisected in F, 
•and produced to D (6. 2.), AP.DC+FG3= ig 
FD2 ; add FEa to both, thfnj AD.DC-^iFCa 
i+FE«=FD»4-FE3. But(A*l l.)EC3=FCa 
+FEa, and ED^ = FD^-lFEa, because 
DFE ik a right angle , thlrlfore AD.DC-f 
ECa 5=BD« . Now, becair^e EBD is a right 
angle, ED^ esEB^ ,+ BD> 
therefore, AD.DC + EC^ 
AD.DC=BD3. ^ . 

Wherefore, if from anj^oint, &c. Q^ E. 
CoR. If from any point ^thont a circle, 
there be drawn two straight.l^nes catting it, 
^ AB, AC, the rectangles toiiiiaiined by the 
. whole lines %nd^e parts of them without 
the circle, are ^^^ to oni another, viz. 
BA.AE=CA-AE.; ror each of these rect- 
angles is equal to tiie«^guare of the straight 
line AD, which touches the circle. 



:ECa+BDa,and 
:lSi:C3+BDa, and 
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PROP. XXXVU. THEOR. 

If from a point milhouta circle there be drawn two straight lines j one of 
which cuts the circle ^ and ihe other meets it ; if the rectangle contained 
Jfv the whole line, which cnts the circle ^ and the part of it vtithout the 
cttclcy be equal to the square of ihe line which meets ity ihe line which 
meets shall totkch the circle. 

Let any point D be taken without .the circle ABC, and from it let 
two straight lines DCA and DB be drawn, of which DCA cuts the cir- 
cle, and DB meets it ; if the rectangle AD. DC, be equal to the square 
of DB, DB touches the circle. 

Draw (17. 3.) the straight line DE touching the circle ABC ; find 
thfi centre F, and join FE, FB, FD ; then FED is aright (IS. 3.) an- 
gle : and because DE touches the circle ABC, and DCA cuts it, the 
rectangle AD. DC is equal (36. 3.) to the square of DE ; but the rect- 
angle AD. DC is, by hypothesis, equal to the square of DB : therefore 



the square of DE is equal to the square of DB 
DE equal to the straight line DB : but FE is 
equal to FB, wherefore DE, £F are equal to 
DB, BF ; and the base FD is common to the 
two triangles DEF, DBF ; therefore the an- 
gle DEF is equal (8. 1.) to the angle DBF ; 
and DEF is a right angle, therefore also IfB^ 
is a right angle : but FB, if produced, is a 
diameter, and the straight line which is draifn 
at right angles to a diameter, from the extre- 
mity of it, touches (16. 3*) the circle : there- 
fore DB touches the circle ABC. Where- 
fore, if from a point, &c. Q. E. D. 



and ^e straight Une 
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DEFINITIONS. 
I. 

A Rectilineal figure is said to be inscribed in another rectilineal 
figure, when all the angles of the inscribed 
figure are upon the sides of the figure in which it 
is inscribed, each upon each. 

vll. 

In like manner, a . figure is said to be described 
about another figure, when all the sides of the 
circumscribed figure pass through the angular 
points of the figure about which it is described, each through each. 




,.^;^i , r.-y^ " *■*■ 



III. 



A rectilineal figure is said to be inscribed in 
a circle, when all the angles of the inscrib- 
ed figure are upon the circumference of 
the circle. 

IV. 

A rectilineal figure is said to be described 
about a circle, when each side of the cir- 
ctnnscribed figure touches the circumfer- 
ence of the circle. 

V. 

In like manner, a circle is said to be inscribed 
in a rectilineal figure, when the circumfer- 
ence of the circle touches each side of the 
fifure. 
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VI. 

A circle is said to be described about a recti- 
lineal figure, when the circumference of 
the circle passes through all the angular 
points of the figure about which it is de- 
scribed. ^ 

VII. 

A straight line is said to be placed in a circle, when the extremities of 

it are in the circumference of the circle. 

> ^- 

PROP. I. PROB. 

r 

In a given circle to place a straight line, equal to a given straight line, 
not greater than the diameter (^ the circle. 

Let ABC be the given circle, and D the given straight line, not 
greater than the diameter of the circle. 

Draw BC the diameter of the cir- 
cle ABC ; then, if BC is equal to 
D, the thing required is done ; for in 
the circle ABC a straight line BC 
is placed equal to D : But, if it is 
not, BC is greater than D ; make 
CE equal ^. 1.) to D, and from 
the centre C, at the distance CE, 
describe the circle AEF, and join 

CA : Therefore, because C is the J) = — 

centre ^of the circle AEF, CA is 

€qual to CE ; but D is equal to CE ; therefore D is equal to CA : 
Wherefore, in the circle ABC, a straight line is placed, equal to the 
given straight line D, which is not greater than the diameter of the 
circle. Which was to be done. 

PROP. II. PROB. 

Jn a given circle to inscribe a triangle equiangular to a given triangle. 

Let ABC be the given circle, and DEF the given triangle ; it is re- 
quired to inscribe in the circle ABC a triangle equiangular to the tri- 
angle DEF. 

Draw (17. 3.) the straight line GAH touching the circle in the point 
A, and at the point A, in the straight line AH, make (23. 1.) the angle 
HAC equal to the angle DEF ; and at the point A, in the straight line 
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AG, make the angle GAB e- 
qual to the angle DFE^and join 
BC. Therefore, because 
HAG touches the circle ABC 
and AC is drawn from the 
point of contact, 'the angle 
HAC is equal (32. 3.) to the 
angle ABC in the alternate 
segment of the circle : But 
HAC is equal to the angle 
DEF ; therefore also the an- 
gle ABC is equal to DEF : 

"for the same reason, the angle ACB is equal to the'ahgle DFE ; there- 
fore the remaining angle 6AC is equal (32. 1.) to the remaining angle 
EDF : Wherefore the triangle ABC is equiangular to the triangle DEF, 
and it is inscribed ia the circle ABC. Which was to be done. 





PROP. III. PROB. 

About a given circle to describe a triangle equiangular to a given tri- 
angle. 

» - ^ 

Let ABC be the given circle, and DEF the given triangle ; it is re- 
quired to describe a triangle about the circle ABC equiangular to the 
triangle DEF. 

Produce EF both ways to the points G, H, and find the centra 
K of the circle ABC, and from it draw any straight line KB ; at the 
point K in the straight line KB, make (23. 1.) the angle BKA equal 
to the angle DEG, and the angle BKC equal to the angle DFH ; and 
through the points A, B, C, draw the straight lines LAM, MBN, NCL 
touching (17. 3.) the circle ABC : Therefore, because LM, MN, NL 
touch the circle ABC in the points A, B, C, to which from the centre 
are drawn KA, KB, KC, the angles at the points A, B, C, are right 
(18. 3.) angles. And because the four angles of the quadrilateral 
hgure AMBK are equal to four right angles, for it can be divided into 
two triangles ; and because two of them, KAM, KBM are right ang1e.«, 
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the other two AKB, AMB are equal to two right aii^es : but the ab- 
g^es D£G, DEF are likewise equal (13. 1.) to two ri^t angles ; there- 
fore the angles AKB, AMB are equal to the angles D£G, DEF, of 
which AKB is equal to DEG ; wherefore the remaining angle AMB is 
equal to the remaining angle DEF. In like manner, ttie angle LNM 
may he demonstrated to be equal to DFE ; and therefore the remain- 
ing az^le MLN is equal (32. 1.) to the remaining angle EDF : Where- 
fore the trian^e LMN is equiangular to the triangle DEF : And it is 
described about the circle ABC. Which was to l^ done. 

PROP. IV. PROB. 
To inscribe a circle in a given triangle. 

Let the given triangle be ABC ; it is required to inscribe a circle ia 
ABC. 

Bisect (9. 1.) the angles ABC, BCA by the straight lines BD, CD 
meeting one another in the point D, from which draw (12. 1 .) DE, DF, 
DG perpendiculars, to AB, BC, CA. 
Then because the angle EBD is ^qual 
to the angle FBD, the angle ABC be- 
ing bisected by BD ; and because the 
right angle BED, is equal to the right 
angle BFD, the two trian^es EBD, 
FBD have two angles of the one equal 
to two angles of the other ; and the side 
BD, which is opposite to one of the 
equal angles in each, is common to 
both ; therefore their other sides are 
equal (26. 1.) ; wherefore DE is equal 
to DF. For the same reason, DG is equal to DF ; therefore the three 
straight lines DE, DF, DG are equal to one another, and the circle 
described from the centre D, at the distance of any of them, will 
pass through the extremities of the other two, and will touch the 
straight lines AB, BC, CA, because the angles at the points E, F, G 
are right angles, and the straight line which is drawn from the extre- 
mity of a diameter at right angles to it, touches (Cor. 16. 3.) thfe cir- 
cle. Therefore the straight lines AB, BC, CA, do each of them touch 
the circle, and the circle EFG is inscribed in the triangle ABC. Which 
was to be done. 

PROP. V. PROB. 

To describe a circle about a given triangle. 

Let the given triangle be ABC ; it is required to describe a circle 
about ABC. 

Bisect (10. 1.) AB, AC in the points D, E, and from these points 
draw DF, EF at right angles (11. 1.) to AB, AC ; DF, EF produced 
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will meet one another ; for, if tbey do not meet, they are parallel, 
wherefore AB, AC, which are at right angles to them, are parallel, 
which is absurd : Let them meet in F, and join FA ; also, if the point 
F be not in BC, join BF, CF : then, because AD is equal to DB, and 
DF coiximon, and at right angles to AB, the base AF is equal (4. 1.) 
to the base FB. In like manner, it may be shewn that CF is equal to 
FA ; and therefore BF is equal to FC ; and FA, FB, FC are equal to 
one another ; wherefore the circle described from the centre F, at the 
distance of one of them, will pass through the extremities of the other 
two, and be described about the triangle ABC, which was to be done. 
Cor. When the centre of the circle falls within the triangle, each' 
of its angles is less than a right angle, each of them being in a seg- 
ment greater than a semicircle ; but, when the centre is in one of 
the sides of the triangle, the angle opposite to this side, being in a se- 
micircle, is a right angle : and if the centre falls without the triangle, 
the angle opposite to the side beyond which it is, being in a segment 
less than a semicircle, is greater Uian a right angle Wherefore, if the 
given triangle be acute angled, the centre of the circle falls within 
it : if it be a right angled triangle, the centre is in the side opposite 
to the right angle ; and if it be an obtuse angled triangle, the centre 
fsjls without the triangle, beyond the side opposite to ihe obtuse angle. 

PROP. VI. PROB. 

To inscribe a square in a given circle. 

Let ABCDbe the given circle ; it is required to inscribe a square 
inABCD. 

Draw the diameters AC, BD at right angles to one another, and join 
AB, BC, CD, DA ; because BE is equal to ED, E being the centre, 
and because EA is at right angles to BD, 
and common to the triangles ABE, ADE ; 
the base BA is equal (4. 1.) to the base 
AD ; and, for the same reason, BC, CD 
are each of them equal to BA or AD ; 
therefore the quadrilateral figure ABCD 
is equilateral. It is also rectangular ; 
for the straight line BD being a diameter 
of the circle ABCD, BAD is a semicir- 
cle ; wherefore the angle BAD is a right 
(31. 3.) angle ; for the sapie reason each 

N 
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of the angles ABC, BCD, CDA is a right angle ; therefore the quad- 
rilateral %ttre ABCD is rectangular, and it has heen shewn to be equi- 
lateral ; therefore it is a square ; and it is inscribed in the circle 
ABCD. Which iras to be done. 



PROP. VH. PROB, 

To describe a square about a given circle. 

Let ABCD be the given circle ; it is required to describe a square 
about it. 

Draw two diameters AC, BD of the circle ABCD, at right angles 
to one another, and through the points A, B, C, D draw (17. 3.) FG; 
GH, HK, KF touchifig the circle ; and because FG touches the cir- 
cle ABCD, and EA is dmwn front the centre £ to the p6int of con- 
tact A, the angles at A are right (18. 3.) angles ; for the same rea- 
son, the angles at the points, B, C, D are right angles ; and because 
the angle AEB is a right angle, as likewise is £BG, GH is parallel 
(28. 1.) to AC ; for the same reason, 
AC is parallel to FK, and in like man* 
ner GF, HK may each of them be de- 
monstrated to be parallel to BED ; 
therefore the figures GK, GC, AK, FB, 
BK are parallelograms^ and GF is 
therefore equal (34. 1.) to HK, and 
GH to FK ; and because AC is equal to 
BD, and also to each of the two GH, 
FK ; and BD to each of the two GF, 
HK : GH, FK are each of them equal 
to GF or HK ; therefore the quadrilateral figure FGHK is equilate- 
ral. It is also rectangular ; for GBEA being a parallelogram, and 
AEB a right angle, AGB (34. 1.) is likewise a right angle : In the 
same manner, it may be shewn that the angles at H, K, F are right 
angles ; therefore the quadrilateral figure FGHK is rectangular ; and 
it was demonstrated to be equilateral ; therefore it is a square ; and 
it is described about the circle ABCD. Which was to be done. 




PROP, VIII. PROB. 

To inscHbe a circle in a given square. 

Let ABCD be the giren square ; it is required to inscribe a circle 
in ABCD. 

Bisect (10. 1.) each of the sides AB, AD, in the points F, E, and 
through E draw (31. 1.) EH parallel to AB or DC, and through F 
draw FK parallel to AD or BC ; therefore each of the figures AK, 
KB, AH, HD, AG, GC, BG, GD is a parallelogram, and their oppo- 
site sides are equal (34. 1.) ; and because that AD is equal to AB, 
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and that AE is the half of AD, and AF the half of AB, AE is equal 
to AF ; wherefore the sides opposite to these are equal, viz. FG to 
GE ; in the same manner, it may he demonstrated, that GH, GK, are 
erfch of them equal to FG or GE ; there- A TT t% 

fore the four straight lines GE, GF, GH, ^ ^ ^ 

GK, are equal to one another ; and the 
circle described from the centre G, at the 
distance of one of them, will pass through 
the extremities of the. other three ; and 
will also touch the straight lines AB, BC, 
CD, DA, because the ai^;les at the points 
E, F, H, K, are right (29. 1.) angles, and 
because the straight line which is drawn 
from the extremity of a diameter, at right 
angles to it, touches the circle (16. 3.) ; therefore each of the straight 
lines AB, BC, CD, DA touches the circle, which is therefore inscrib- 
ed in the square ABCD. Which was to be done. 




PROP. IX. PROB. 



To describe a circle about a given square. 



Let ABCD be the given square ; it is required to describe a cir- 
cle about it. 

Join AC, BD, cutting one another in £ ; and because DA is equal 
to AB, and AC common to the triangles DAC, BAC, the two sides 
DA, AC are equal to the two BA, AC, and the base DC is equal to 
the base BC ; wherefore the angle DAC is 
equal (8. 1.) to the angle BAC, and the an- 
gle DAB is bisected by the straight line AC. 
In the same manner, it may be demonstrat- 
ed, that the angles ABC, BCD, CDA are 
severally bisected by the straight lines BD, 
AC ; therefore, because the angle DAB is 
equal to the angle ABC, and the angle EAB 
h the half of DAB, and EBA the half of 
ABC ; the angle EAB is equal to the angle 
EBA : and the side EA (6. 1 .) to the side EB. In the same manner, it 
may be demonstrated, that the straight lines EC, ED are each of them 
equal to EA, or EB ; therefore the four straight lines EA, EB, EC, 
ED are equal to one another ; and the circle described from the cen- 
tre E, at the distance of one of them, must pass throu^ the extremi- 
ties of the other three ^ and be described about the square ABCD, 
Which was to be deiip. 
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PROP. X. PROB. 

To describe Hn isosceles triangle, having each of the angles at the bosi 

double of the third angle. 

Take any straight line AB, and divide (11. 2.) itin the point C, so 
that the rectangle AB, BC may be equal to the square of AC ; and 
from the centre A, at the distance AB, describe the circle BDE, in 
TThich place (1. 4.) the straight line BD equal to AC, which is not 
greater than the diameter of the circle BDE ; join DA, DC, and 
about the triangle ADC describe (6. 4.) the circle ACD ; the trian- 
gle ABD is such as is required, that is, each of the angles ABD, ADB 
is double of the angle BAD. ^ 

Because the rectangle AB.BC is equal to the square of AC, and 
AC equal to BD, the rectangle 
AB.BC is equal to the square of 
BD ; and because from the point 
B without the circle ACD two 
3traight$>^» I^^A, BD are drawn 
to tb^ circumference, one of 
which (JUts, and the other meets 
the circle, and the rectangle AB. 
BC contiuned by the whole of the 
cutting line, and the part of it 
iirithout the circle, is equal to the 
square of BD which meets it ; 
the straight line BD touches (37. 
3.) the circle ACD. And because 
BD touches the circle, and DC 
is drawn from the point of contact D, the angle BDC is equal 
(32. 3.) to the angle DAC in the alternate segment of the circle ; to 
each, of these add the angle CDA ; therefore the whole angle BDA 
is equal to the two angles CDA, DAC ; but the exterior angle BCD 
is equal (32. 1.) to the angles CDA, DAC ; therefore also BDA is 
equal to BCD ; but BDA is equal (6. 1.) to CDB, because the side 
AD is equal to the side AB ; therefore CBD, or DBA is equal to 
BCD ; and consequently the three angles BDA, DBA, BCD, are 
equal to one another. And because the angle DBC is equal to the an- 
gle BCD,the side BD is equal (6.1.) to the side DC; but BD was made 
equal to CA ; therefore also CA is equal to CD, and the angle CDA 
equal (6. 1.) to the angle DAC ; therefore the angles CDA, DAC to- 
gether, are double of the angle DAC : but BCD is equal to the an- 
gles CDA, DAC (32. 1.; ; therefore also BCD is double of DAC. 
But HCn is equal to each of the angles BDA, DBA, and therefore 
each of the angles FiDA, DBA is double of the angle DAB ; where- 
fore an isosceles triangle ABD is described, having each of the an- 
gles at the base double ©f the third angle. Which wa« to he done. 
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** Cor. 1. The angle BAD is the fifth part of two right angles. 
" For since each of the angles ABD and ADB is equal to twice the 
** angle BAD, they are together equal to four times BAD, and there- 
" fore all the three angles ABD, ADB, BAD, taken together, are 
'• equal to five times the angle BAD. But the three angles ABD, 
♦' ADB, BAD are equal to two right angles, therefore five times the 
^* angle BAD is equal to two right angles ; or BAD is the fifth part of 
'* two right angles." 

" Coa. 2. Because BAD is the fifth part of two, or the tenth part 
*^ of four right angles, all the angles about the centre A are togedier 
"* equal to ten times the angle BAD, and may therefore be divided 
^' into ten parts each equal to BAD. And as these ten equal angles at 
-' the centre, must stand on ten equal arches, therefore the arch BD 
" is one-tenth of the circumference ; and the straight line BD, that is 
'^ AC, is ther^oi*^ equal to the side of an equilateral decagon inscribe 
^« edintheci^B'DE." 

- y PROP. XL PROB. 

To inscribe an equilateral and equiangular pentagon in a gii&C circle » 

Let ABCDE re the git^en circle, it is required to ins^l^e *an equi- 
lateral and equiangular pentagon in the circle ABCDE. 

Describe (10. 4.) an isosceles triangle FGH, having each of the an- 
gles al G, H, double, of the angle at F ; and in the circle ABCDE in- 
scribe (2. 4.) the triangle ACD equiangular to the triangle FGH, so 
that the angle CAD be equal to the angle at F, and each of the angles 
ACD, CD A equal to tKe angle 
at G or H ; wherefore each of 
the angles ACD, CDA is dou- 
ble of the angle CAD. Bisect 
(9. 1.) the angles ACD, CDA 
by the straight lines CE, DB ; 
and join AB, BC, DE, EA. 
ABCDE is the pentagon re- 
quired. 

Because the angles ACD, 
CDA are each of them double 
of CAD, and are bisected by the straight lines. CE, DB, the five angles 
DAC, ACE, ECD, CDB, BDA are equal to one another ; but equal 
angles stand upon equal (26. 3.) arches ; therefore the five arches 
AB, BC, CD, DE, EA are equal to one another : and equal arches 
are subtended by equal (29. 3.) straight lines ; therefore the laye 
straight lines AB, BC, CD, DE, EA are equal to one another. 
Wherefore the pentagon ABCDE is equilateral. It is also equiangu- 
lar ; because the arch AB is equal to the arch DE ; if to each be add- 
ed BCD, the whole ABCD is equal to the whole EDCB : and the angle 
AED stands on the arch ABCD, and the angle BAE on the arch 
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EDCB : therefore the angle 6AE is equal (27. 3.) to the angle AED : 
for the same reason, each of the angles ABC, BCD, CDE is equal to 
the angle BAE, or AhD : therefore the pentagon ABCDE is equinn- 
gular ; and it has heen shown that it is equilateral. Wherefore, in the 
given circle, an equilateral and equiangular pentagon has been inscrib- 
ed. Which was to be done. 

Otherwise. 

^^ Divide the radius of the given circle, so that the rectangle con- 
" tained by the whole and one of the parts may be equal to the square 
'^ of the other (11.2.). Apply in the circle, on each side of a given 
'^ point, a line equal to the greater of these parts ; then (2. Cor. 10, 4.) 
each of the arches cut off will be one-tenth of the circumference, and 
therefore the arch made up of both will be one-fifth of the circumfer- 
ence ; and if the straight line subtending this arch be drawn, it will 
*' be tlie side of an equilateral pentagon inscribed in the circle." 

PROP. XII. PROB. ' ^ 

To describe an equilateral and equiangular pentagon about a given circle. 

Let ABCDE be the given circle, it is required to describe an equi- 
lateral and equiangular pentagon about the circle A^CDE. 

Let the angles of a pentagon, inscribed in die circle, by the last pro- 
position, be in the points, A, B, C, D, E, so that the arches, AB, BC, 
CD, DE, EA are equal (11. 4.) ; and through the points A, B, C, D, 
E draw GH, HK, KL, LM, MG, touching (17. 3.) the circle ; take the 
centre F, and join FB, FK, FC, FL, FD. And because the straight line 
KL touches the circle ABCDE in the point C, to which FC is drawn 
from the centre F, FC is perpendicular (18. 3.) to KL ; therefore each 
of the angles at C is a right angle : for the same reason, the angles at 
the points B, D are right angles ; and because FCK is a right angle, the 
square of FK is equd (47. 1.) to the squares of FC, CK. For the 
same reason, the square of FK is equal to the squares of FB, 
BK : therefore the squares of FC, CK are equal to the squares 
of FB, BK, of which the square of FC is equal to the square 
of FB ; the remaining square of CK is therefore equal to the 
. remaining square of BK, and the straight line CK equal to 
BK : and because FB is equal to FC, and FK common to the trian- 
gles BFK, CFK, the two BF, FK are equal to the two CF, FK ; and 
the base BK is equal to the base KC ; therefore the angle BFK is equal 
(8. 1.) to the angle KFC, and the angle BKF toFKC ; wherefore the 
angle BFC is double of the angle KFC, and BKC double of FKC : for 
the same reason, the angle CFD is double of the angle CFL, and CLD 
double of CLF : and because the arch BC is equal to the arch CD, the 
angle BFC is equal f27. 3.) to the angle CFD ; and BFG is double of 
the angle KFC, and CFD double of CFL ; therefore the angle KFC i'? 
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because KC 



equal to the angle CFL ; bow the 
right angle FCK is equal to the right 
angle FCL ; and therefore in the 
two triangles FKC, FLC, there are 
two angles of one equal to two an- 
gles of the other, each to each, and 
the side FC, which is adjacent to 
the equal angles in each, is common 
to both ; therefore the other sides 
are equal (26. 1 .) to the other sides, 
and the third angle to the third angle : 
therefore the straight line KG is 
equal to CL, and the angle FKC to the angle 
is equal to CL, KL is double of KG : in the same manner, it may be 
shown that HK is double of 6K : and because BK is equal to KC, as 
was demonstrated, and KL is double of KC, and I)K double of BK, HK 
is equal to KL : in like manner, it may be shown that 6H, GM, ML are 
each of them equal to HK or KL : therefore the pentagon GHkLM is 
equilateral. It is also equiangular ; for, since the angle FKC is equal 
to the angle FLC, and the angle HKL double of the angle FKC and 
KLM double of FLC, as was before demonstrated, the angle HKL is 
equal to KLM : and in like manner it may be shown, that each of the 
ai^es KHG, HGM, GML is equal to the angle HKL or KLM : there- 
fore the five angles GHK, HKL, KLM, LMG, MGH being equal to one 
another, the pentagon GHKLM is equiangular : and it is equilateral, 
as was demonstrated ; and it is described about the circle ABCDF*. 
Which was to be done. 



PROP. XIII. PROB. 



To inicribe a circle in a given equilateral and equiangular pentagon. 



Let ABCDE b^ the given equilateral and equiangular pentagon ; it 
is required to inscribe a circle in the pentagon ABCDE. 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, DF, 
and from the point F, in which they meet, draw the straight lines FB. 
FA, FE : therefore, since BC is equal to CD, and CF common to the 
triangles BCF, DCF, the two sides BC, CF are equal to the two DC, 
CF ; and the angle BCF is equal to the angle DCF : therefore the base 
BF is equal ^4. 1.) to the base FD, and the other angles to the other 
angles, to which the equal sides are opposite ; therefore the angle CBF 
Is equal to the angle CDF : and because the angle CDE is double of 
CDF, and CDE equal to CBA, and CDF to CBF : CBA is also double 
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of the angle CBF ; therefore the j^ 

angle ABF is equal to the angle 
CBF ; wherefore the angle ABC is 
bisected hj the straight line BF : In 
the same maner, it may be demon- 
strated, that the angles BAE, Ah-D, 
are bisected by the straight lines 
AF, EF : from the point F draw 
(12. 1.) FG, FH, FK, FL, FM per- 
pendiculars to the straight lines AB, 
BC, CD, DE, EA : and because the 
angle HCF is equal to KCF, and the 
right angle FHC equal to the right angle FKC ; in the triangles FHC, 
FKC there are two angles of one equsd to two angles of the other, and 
the side FC, which is opposite to one of the equal angles in each, is 
common to both ; therefore, the other sides shall be equal (26. 1.), 
each to each ; wherefore the perpendicular FH is equal to the perpen- 
dicular FK : in the same manner it may be demonstrated, that FL, FM, 
FG are each of them equal to FH or FK , therefore the five straight 
lines FG, FH, FK, FL, FM. are equal to one another : wherefore the 
circle described from the centre F, at the distance of one of these five, 
will pass through the extremities of the other four, and touch the 
straight lines AB, BC, CD, DE, EA, because that the angles at the 
points G, H, K, L, M are right angles, and that a straight line drawn 
from the extremity of the diameter of a circle at right angles to it, 
touches (Cor. 16. 3.) the circle : therefore each of the straight lines 
AB, BC, CD, DE, EA touches the circle ; wherefore the circle is in- 
scribed in the pentagon ABCDE. Which was to be done. 

A 

PROP. XIV. PROB. 

To describe a circle about a given equilateral and equiangular penta" 

gon. 

Let ABCDE be the given equilateral and equiangular pentagon ; it 
IS required to describe a circle about it. 

Bisect (9. 1.) the angles BCD, CDE by the straight lines CF, FD, 
and from the point F, in which they 
meet, draw the straight lines FB, FA, 
FE to the points B, A, E. It may be 
demonstrated, in the same manner as in 
the preceding proposition, that the an- 
gles CPA, BAE, AED are bisected by 
the straight hnes FB, FA, FE : and be- 
cause that the angle BCD is equal to 
the angle CDE, and that FCD is the 
half of the angle BCD, and CDF the 
half of CDE ; the angle FCD is equal 
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to FDC ; wherefore the side-CF is equal (6. 1.) to the side FD : In 
like manner it may be demonstrated, that FB, FA, F£ are each of 
them equal to FC or FD : therefore the five straight lines FA, FB, 
FC, FD, FE are equal to one another ; and the circle described from 
the centre F, at the distance of one of them, ^il! pass through th^ 
extremities of the other four, and be described about the equilateral 
and equiangular pentagon ABCDE. Which was to be done. 

PROP. XV. PROB. 

To incribe an equilateral and equiangular hexagon in a given circle. 

Let ABCDEF be the gi^en circle ; it is required to inscribe an 
equilateraJl and equiangular hexagon in it. 

Find the centre G of the circle ABCDEF, and draw the diameter 
AGD ; and from D as a centre, at the distance DG, describe the cir- 
cle EGCH, join EG, CG, and produce them to the points B, F ; and 
join AB, BC, CD, DE, EF, FA : the hexagon ABCDEF is equilate- 
ral and equiangular. * . \ 

Because G is the centre of the circle ABCDEF, GE is equal to 
GD : and because D is the centre of the circle EGCH, DE is equal 
to DG ; wherefore GE is equal to ED, and the triangle EGD is equi- 
lateral ; and therefore its three angles' EGD, GDE, DEG are equal 
to one another (Cor. 5. 1.) ; and the three angles of a triangle are 
equal (32. 1.) to two right angles ; therefore the angle EGD is the 
third part of two right angles : In the 
same manner it may be demonstrated that 
the angle DGC is also the third part of 
two right angles : and because the straight 
line GC makes with EB the adjacent an- 
gles EGC, CGB equal (13. 1.) to two 
right angles : the remaining angle CGB is 
the third part of two i*ight angles : there- 
fore the angles EGD, DGC, CGB, are 
equal to one another : and also the angles 
vertical to them, BGA,AGF, FGE(15. 1.); 
therefore the six angles EGD, DGC, CGB, 
B6A, AGF, FGE are equal to one ano- 
ther. But equal angles at the centre 
stand upon equal (26. 3.) arches ; there- 
fore the six arches AB, BC, CD, DE, EF, 
FA are equal to one another : and equal arches are subtended ^ by 
equal (29. 3.) straight lines ; therefore the six straight lines are 
equal to one another, and the hexagon ABCDEF is equilateral. It 
is also equiangular ; for, since ihe arch AF is equal to ED, to each oi* 
these add the arch ABCD ; therefore the whole arch FABCD shall 
be equal to the whole EDCBA : and the anccle FED stands upon the 
arch FABCD, and the angle AFE upon EDCBA ; therefore the anglo 
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AFE is equal to FED : in the same ms^iner it may be demonstrated, 
that the other an^es of the hexagon ABCDEF are each of them 
equal to the angle AFE or FED ; therefore the hexagon is equiangu- 
lar ; it is also equilateral, as was shown ; and it is inscribed in the 
given circle ABCDEF. VSThich was to be done. 

Cor. From this it is manifest, that the side of the hexagon is equal 
to the straight line from the centre, that is, to the radius of the circle. 

And if through the points A, B, C, D, E, F, there be drawn straight 
.lines touching the circle, an equilateral and equiangular hexagon shall 
be described about it, which may be demonstrated from what has 
been said of the pentagon ; and likewise a circle may be inscribed in 
a given equilateral and equiangular hexagon, and circumscribed about 
it, by a method like to that used for the pentagon. 

r 

PROP. XVI. PROB. 

To inscribe an equilateral aiid equiangular quinHecagon in a givea 

circle. 

Let ABCD be the given circle ; it is required to inscribe an equi- 
lateral and equiangular quindecagon in the circle ABCD. 

Let AC be the side of an equUateral triangle inscribed (2. 4.) in 
the circle, and AB the side of an equi- 
lateral and tquiaDgularpentagon inscrib- 
ed (11. 4.) in the same ; therefore, of 
such equal parts as the whole circum- 
ference ABCDF contains fifteen, the 
arch ABC, being the third part of the 
whole, contains five ; and the arch AB, 
which is the fiAh part of the whole, 
contains three ; therefore BC their dif- 
ference contains two of the same parts : 
bisect (30. 3.) BC in E ; therefore 
BE, EC are, each of them, the fifteenth 
part of the whole circumference ABCD : therefore if the straight 
lines BE, EC be drawn, and straight lines equal to them be placed 
''(1. 4.) around in the whole circle, an equilateral and equiangulai 
quindecagon will be inscribed in it. Which was to be done. 

And in the same manner as was done in the pentagon, if through 
the points of division made by inscribisg the quindecagon, straight 
lines be drawn touching the circle, an equilateral and equiangular 
quindecagOD may be described about it : And likewise, as in the penta- 
gon, a circle may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 







I' 



ELEMENTS 



OF 



GEOMETRY. 



BOOK V. 



IN the demoDstratioas of this book there are certain /^ signs or 
characters which' it has been found convenient to employ. 

'* 1. The letters A^ B, C, &c. are used to denote magnitudes of any 
*^ kind. The letters m, n^ p, q^ are used to denote numbers only. 

*' 2. The sign + (plws), written between two letters, that denote 
*' magnitudes or numbers, signifies the sum of those magnitudes or 
^' numbers. Thus, A + B is the sum of the two ms^itudes denoted 
*^ by the letters A and B ; m+n is the sum of the numbers denoted 
•* by m and n. 

'* 3. The sign— (minus), written between two letters, signifies the 
*< excess of the magnitude denoted by the first of these letters, 
-' which is supposed the greatest, above that which is denoted by the 
'^ other. Thus, A— 6 signifies the excess of the magnitude A above 
" the Magnitude B.. 

'* 4. When a number, or a letter denoting a number, is written 
'* close to another letter denoting a magnitude of any kind, it sig- 
'* nifies that the magnitude is multiplied by the number. Thus, 
" 3A signifies three times A ; mB, m times B, or a multiple of B by 
" m. When the number is intended to multiply two or more mag- 
" nitudes that follow, it is written thus, wi (A 4* B), which signifies 
** the sum of A and B taken m ^imes ; m (A — 6) is m times the ex- 
** cess of A above B. 

" Also, when two letters that denote number^ are written close to 
** one another, they denote the product of those numbers, when 
** multiplied into one another. Thus, m» is the product of m into 
" n ; and mnA is A multiplied by the product of m into n. 

'* 5. The sign = signifies the equality of the magnitudes denoted 
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<' by the letters that stand on the opposite sides of it ; A=B signiiie? 
" that A is ^qual to B : A+B=C— -D signifies that the sum of A and 
" B 18 equal to the excess of C above D. 

" 6. The sign 7 is used to signify that the magnitudes between 
'' liluch it is placed are unequal, and that the magnitude to which the 
'^ opening of the lines is turned is greater than the other. Thus A 
^* 7 B signifies that A is greater than B ; and A ^ B signifies that A 
*' is less than B." 

DEFINITIONS. 

I. 

A less magnitude is said to be a part of a greater magnitude, when 
the less measures the greater, that is, when the less is contained 
a certain number of times, exactly, in the greater. 

II. 

A greater magnitude is said to be a multiple of a less, when the great- 
er is measured by the less, that is, when the greater contains the 
less a certain number of times exactly. 

III. 

Ratio is a mutual relation of two magnitudes, of the same kind, to one 
another, in respect of quantity. 

IV. 

i^agnitudes are said to be of the same kind, when the less can be mul- 
tiplied so as to exceed the greater ; and it is only such magnitudes 
that are said to have a ratio to one anbther. 

V. 

If there be four magnitudes, and If any equimultiples whatsoever be 
taken of the fir«t and third, and any equimultiples whatsoever of the 
second and fourth, and if, according as the multiple of the first is 
greater than the multiple of the second, equal to it, or less, the mul- 
tiple of the third is also greater than the multiple of the fourth, equal 
to it, or less ; then the first of the magnitudes is said to have to the ? 
second the same ratio that the third has to the fourth. 

VI. 

Magnitudes are said to be proportionals, when the first has the Siune 
ratio to the second that the third has to the fourth ; and the third to 
the fourth the same ratio which the fifth has to the sixth, and so on, 
whatever be their number. 

^< When four magnitudes. A, B, C, D are proportionals, it is usual to 
<« say that A is to B as C to D, and to write them thus, A ; B • : 
*< C: D,orthu8,A: B =C: D." 
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VII. 

When of the equimultiples of four magnitudes, taken as in the, fifth 
definition, the multiple of the first is greater than that of the second, 
but the multiple of the third is not greater than the multiple of the 
fourth ; then the first is said to have to the second a greater ,n^o 
than the third magnitude has to the fourth ; and, on the contrary, 
the third is* said to have to the fourth a less ratio than the first has 
to the second. 

Vlll. 

When there is any number of magnitudes greater than two, of wliicU 
the first has to the second the same ratio that the second lias to tl|€ 
the third, and the second to the third the same ratio which the third 
has to the fourth, and so on, the magnitudes are said to be conti- 
nual proportionals. 

IX. 

When three magnitudes are continual proportionals, the second is said 
to be a mean proportional between the other two. 

X. 

When there is any number of magnitudes of the same kind, the first is 
said to have to the last the ratio compounded of the ratio which the. 
first has to the second, and of the ratio which the second has to the 
third, and of the ratio which the third has to the fourth, and so on 
unto the last magnitude. 

For example, if A, B, C, D be four magnitudes of the same kind, the 
first A is said to have to the last D, the jratio compounded of the ratio 
of A to B, and of the ratio of B to C, and of the ratio of C to D ; or, 
the ratio of A to D is said to be compounded of the ratios of A to B, 
B to C, and C to D. 

And if A : B : : E : F ; and B : C : : G : H, andC : D : : K : L, then, 
since by this definition A has to D the ratio compounded of the 
ratios of A to B, B to C, C to D ; A may also be said to have to D 
the ratio compounded of the ratios which are the same with the 
ratios of E to F, G to H, and K to L. 
. In like manner, the same things being supposed, if M has to N the 
same ratio which A has to D, then, for shortness' sake, M is said to 
f^ have to N a ratio compounded of the same ratios, which compound 
the ratio of A to D ; that is, a ratio compounded of the ratios of E 
to F, G to H, and K to L. 

XI. 

If three magnitudes are continual proportionals, the ratio of the first 
to the third is said to be duplicate of the ratio of the first to the 
second 

•* Thus, if A be to B as B to C, the ratio of A to C is said to be dupli- 
" cate of the ratio of A to B. Hence, since by the last definition, 
** the ratio of A to C is compounded of the ratios of A to B, and B 
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'< to C, a ratio, which is compounded of two equal ratios, is dupli- 
'( cate of either of these ratios." 

XII. 

If four magDitudes are continual proportionals, the ratio of the first to 
the four^ is said to be triplicate of the ratio of the first to the setopd, 
or of the ratio of the second to the third, &c. 

'< So also, if there are five continual proportionals ; the ratio of the first 
<< to the fifth is called quadruplicate of the ratio of the first to the 
<< second ; and so on, according to the number«of ratios. Hence, a 
<< ratio compounded of three equal ratios is triplicate of any on^of 

^. <* those ratios ; a ratio compounded of four equal ratios quadmpli- 
" cate," &c. 

XIII. 

In proportionals, the antecedent terms are called homologous to one 
another, as also the consequents to one another. 

Geometers make use of t(|e following technical words to signify certain 
ways of changing either the order or magnitude of proportionals, so 
as that they continue still to be proportionals. 

XIV. 

Fcrmutando, or alternando, by permutation, or alternately ; this word 
is used when there are four proportionals, and it is inferred, that the 
first has the same ratio to the -third which the second has to the 
fourth ; or that the first is to the third as the second to the fourth : 
See Prop. 16. of this Book. 

XV. 

invertendo, by inversion : When there are four proportionals, and it 
is inferred, that the second is to the first, as the fourth to the third. 
Prop. A. Book 5. 

XVI. 

Componendo, by composition : When there are four proportionals, ahd 
it is inferred, that the first, together with the second, is to the second, 
as the third, together with the fourth, is to the fourth. 18th Prop. 
Book 5. 

XVIL 

Oividendo, by division : When there are four proportionals, and it is 
inferred, that the excess of the first above the second, is to the 
second, as the excess of the third ahove the fourth, is to the fourth. 
J 7th Prop- Book 5. 

XVIII. 

Convertendo, by conversion : When there are four proportionals, and 
it is inferred, that the first is to its excess above the second, as th*» 
third to its excess above the fourth. Prop. D. Book 6. 
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XIX. 

Ex asquali (sc. distantia), or ex aequd, from equality of distance ; when 
there is any number of magnitudes more than two, and as many 
others^ so that they are proportionals when taken two and two of 
each rank, and it is inferred, that the first is to the last of the first 
rank of magnitudes, as the first is to the last of the others ; Of this 
there are the two following kinds which arise from the dilTerent 
order in which the. magnitudes are taken two and two. 

XX. 

£x aequali, from equality ; this term is used simply by itself, when the 
first magnitude is to the second of the first rank, as the first to the 
second of the other rank ; and as the second is to the third of the 
first rank, so is the second to the third of the other ; and so on in 
order, and the inference is as mentioned in the preceeding defini- 
tion ; whence this is called ordinate proportion. 

It is deqaonstrated in the 22d Prop. Book 5. 



XXI. 

Ex ^quali, in proportione perturbata, seu inordinata ; from equalit;y , 
in perturbate, or disorderly proportion ; this term is used when the 
first magnitude is to the second of the first rank, as the last but one. 
is to the last of the second rank ; and as the second is to the third 
of the first rank, so is the last but two to the last but one of the se* 
cond rank ; and as the third is to the feurth of the first rank, so is 
the third from the last, to the last but two, of the second rank ; and 
so on in a cross, or inverse^ order ; asd the inference is as in the 
t9th definition. It is demonstrated in the 23d Prop, of Book 5. 



AXIOMJJ. 



I. 

E^utMULTiFLRS of the same, or of* equal magnitude.^, are equal to on< 
another. 

II. 

Those magnitudes of which the same, or equal magnitudes, are equi 
' multiples, are* equal to one another. 

III. 

A multiple of a greater magnitude is greater than the same multipL* 
- of a less. 

IV. 
That magnitude of which a multiple is greater than the same n 
of another,- is greater than that othe^ mag* 
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riiOP. I. THEOR. 

If any number of magnitudes he equimultiples of as many others, each 
of each, w7kW multiple soever any one of the first is of its part, tht 
same multiple is the sum of all the first of the sum of all the rest. 

Let any number of magnitudes A, B, and C be equimultiples of ae 
many others, D, £, and F, each of each ; A+B+C is the same mul- 
tiple of D+E+F, that A is of D. 

Let A contain D, B contain £, and C contain F, each the same num- 
l>er of times, as, for instance, three times. 

Then, because A contains D three times, A=D+DH-D- 

For the same reason, B=E4-E4-E ; 

And also, C=F+F+F, 

Therefore, adding equals to equals (Ax. 2. 1.), A+B+C is equal 
10 D+E+t, taken three times. In thje same manner, if A, B, and O 
were each any other equimultiple of D, E, and F, it would be shewin 
that A+B+C was the same multiple of D+E+F. Therefore, &c- 
Q. E. D. 

CoR. Hence, if m be any number, mD+mE+mF=m( D+E+F) - 
For mD, mE, and mF are multiples of D, E, and F by ?/?, thereforcL- 
their sum is also a multiple of D+E+F by m. 

PROP. 11. THEOR. 

//" (n II tnvhlp/e of a ttyL'.^):f(n(l< by any nutnher, a multiple of the same 
mii^ii.'fudf iif ai))i number be added^ the sum will be the same m,uuiple 
of iliaf iiiagii'ludi' thai the sum of the two numbers is of unity. 

Let A=mG, and B=:nC ; A+B=(/rt+n)C. 

For, since A=7r<C, A=:C+C+C+ &c. C being repeated ?« times. 
For the same reason, B=C+C+ &.c. C being repeated n times. 
Therefore, adding equals to equals, A+B is equal to C taken m+n 
times ; that is, A+B=(m+n)C. Therefore A+B contains C as oft 
as there are units in m+w. Q,. E. D. 

CoR. 1. In the same way, if there be any number of multiples 
whatsoever, as A=mE, B=nE, C=jpE, it is shewn, that A+B+C= 

('7M+/t+2))E. 

CoR. 2. Hence also, since A+B+C=(m+n+/);E, and since A=r 
:.»E, K=wE, and C=pE, rwE+nE+pE= {m+n+p)E. 

FliOP. III. THEOR. 

;/' ihe /ir>t of three magnitudes contain the second as oft as ifiere are 
units in a certain nuhiber, and if the second contain the third also, as 
often as there are units in a certain number, the first will contain the 
third as oft as there are tinits in the product of these two numbers. 

Let A=/rtBj and B=wC ; then A=wi»C. 
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SiDce B=nC, wB=nC4-nC4-&c. repeated m times. But nC+^C 
^. repeated m times is equal to C (9. Cor. 2. 5.), multiplied by n-f h 
+ &c. ri being added to itself m times ; but n added to itself m times, is 
n multiplied by m, or mn. Therefore nC -f- «C + &c. repeated m 
times = 7/1720 ; whence also mB = mnC, and by hypothesis A :=3 mB. 
therefore A =:fii«C. Therefore, &c. Q,. E. D. 

PROP. IV. THEOR. 

If the first of four magnitudes has the same ratio to the second which the 
third has to the fourth, and if any equimvitiples whatever be taken of 
the first and third, and any whatever of the second and fourth ; the 
multiple of the first shall have the same ratio to the multiple of the 
second, that the multiple of the iliird has to the multiple of the fourth. 

Let A : B : : C : D, and let m and n be any two numbers ; mA. : 
nB : : mC : nD. 

Take of mA and mC equimultiples by any number p, and of nB and 
nD equimultiples by any number q. Then the equimultiples of mA, 
and mC hj p, are equimultiples also of A and C, for they contain A 
and C as oil as there are units in pm (3. 6.), and are equal to jimA and 
pmC. For the same reason the multiples of nB and nD by q, are ^nB, 
^nD. Since, therefore, A : B : : C : D, and of A and C there are 
taken any equimultiples, viz. pmA and pmC, and of B and D, any 
equimultiples ^nB, ^nD, if pmA be greater than ^nB, pmC must be 
greater than ^D (def. 5. 5.) ; if equal,' equal ; and if less, less. But 
pmA, pmC are also equimultiples of mA and mC, and ^nB, ^nD are 
equimultiples of nB and nD, therefore (def. 5.5.), mA : nB : : mC : 
nD. Therefore, &c. C^. E. D. 

CoR. In the same manner it may be demonstrated, that if A : B : : 
C : D, and of A and C equimultiples be taken by any number m, viz. 
^A and mC, mA : B : : mC : D. This may also be considered as in • 
eluded in the proposition, and as being the case when n=l. 

PROP. V. .THEOR. 

If one magnitude be the same multiple of another, which a magnitude 
taken from the first is of a magnitude taken from the other ; the re- 
mainder is the same multiple of the remainder, that the whole is of the 
whole. 

Let mA and mB be any equimultiples of the two magnitudes A and 
B, 6f which A is greater than B. ; mA — mB is the same multiple oi' 
A— ^B that mA is of A, that is, mA — mB=m(A — B). 

Let D be the excess of A above B, then A — B=D, and ad 
both, A=D+B. Therefore (f. 5.) mA=mD+mB ; take 
both, and mA — mB=mD ; but D=A — ^B, therefore mA— » 
— B). Therefore, &c. Q. E. D. 

P 
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PROP. VI. THEOR. 

If from a multiple of a magnitude by any number a multiple of the same 
magnitude by a less number be taken away^ the remainder Tvill be the 
same multiple of that magnitude that the difference of the numbers h 
of unity. 

Let mA and nA be multiples of the magnitude A, bj the numbers 
m and n, and let m be greater than n ; mA— nA contains A as ofl as 
m^^n contains unity, or wiA--»Ai=(m-w)A. 

Let m—n=^; then m=n-\'q. Therefore (2. 5.) wA^=nA4-yA ; 
take nA from both, and wiA— nA=^A. Thereiore wA— nA contains 
A as oil as there are units in 9, that is, in m— n, or mA — »A= 
(m-n)A. Therefore, &c. Q^ E. D. 

CoR. When the diflference of the two numbers is equal to unity, 
orm— n=l, then mA— »A=A. 

PROP. A. THEOR. 

If four magnitudes be proportionals, they are proportionals also when 

taken inversely. 

If A : B : : C : D, then also B : A : : D : C. 

Let mA and mC be any equinniltiples of A and C ; nB and nD any 
equimultiples of B and D. Then, because A : B : : C : D, if mA 
be less than nB, mC will be less than nD (def. 5. 5.), that is, if nB 
be greater than mA, nD will be greater than mC. For the same rea- 
son, if nB=mA, nD=mC, and if nB^mA, nD^mC. But nB, nD 
are any equimultiples of B and D, and mA, mC any equimultiples of 
A and C, therefore (def. 6. 5.), B ; A : : D : C. Therefore, &c. 
Q, E. D. 

PROP. B. THEOR. 

// the first be the same multiple of the second, or the sam>e part of it, 
that the third is of the fourth ; Hie first is to the second as the tlUrd 
to the fourth. 

First, if mA, mB be equimultiples of the Biagnitudes A and B, 
mA : A : : mB : B. 

Take of mA and mB equimultiples by any number n ; and of A and 
B equimultiples by any number p ; these will be nmA (3. 5.), pA, 
nmB (3. 6.), />B. Now, if nmA be greater than pA, nm is alio 
greater than p ; and if nm is greater than jp, nmB is greater than pB ; 
therefore, when nmA is greater than. pA, nmB is greater thanpB. 
la the same manner, if nmA=pA, nmB=pB, and if nmA^pA, nmB 
^jpB. Now, nmA, nmB are any eq^imultiple8 of mA and mB ; and 
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^)A, pB are any equimultiples of A and B, therefore mA : A : : 
y/iB : B (def. 5. 5.). 

Next, Let C be the same part of A that D is of B ; then A is the 
same multiple of C that B is of D, and therefore, as has been demon- 
strated, A : C : : B : D, and . inversely ^A. 6.) C : A : : D : B. 
Therefore, &c. Q. E. D. 

PROP. C. THEOR. 

If the first he to the second as the third to the fourth; and if the first be 
a multiple or a part of the second, the third is the same multiple or 
the same part of the fourth. 

Let A : B : : C : D, and first let A be a multiple of B, C is the 
same multiple of D, that is, if A.=:mB, C=mD. 

Take of A and C equimultiples by any number as 2, viz. 2A and 
2C ; and'of B and D, take equimultiples by the number 2m, viz. 
2mB, 2mD (3. 5.) ; then, because A=mB, 2A=2mB ; and since 
A : B ; : C : D, and since 2A=2mB, therefore 2C=2mD (def. 5. 6^, 
and C=mD, that is, C contains D m times, or as oflen as A contains B. 

Next, Let A be a part of B, C is the same part of D. For, since 
A : B : : C : D, inversely (A. 5.), B : A : : D : C. But A being 
a part of B, B is a multiple of A, and therefore, as is shewn above, 
D is the same multiple of C, and therefore C is the same part of D 
that A is of B. Therefore, &c. Q, E. D. 

PROP. Vn. THEOR. 

Equal magnitudes have the same ratio to the same magnitude ; and the 
same has the same ratio to equal magnitudes. 

Let A and B be equal magnitudes, and C any other; A : C : : B : C. 

Let mA, mB, be any equimultiples of A and B ; and nC any multiple 
ofC. 

Because A=B, 7nA=wB (Ax. 1. 6.) 5 wherefore, if mA be greater 
than nC, mB is greater than nC ; and if mA=nC, mB=nC ; or, if 
mA^nC, mBj^nC, But mA and mB are any equimultiples of A and B, 
and »C is any multiple of C, therefore (def. 6. 5.) A : C : : B : C. 

Again, if A=B, C : A*f : C : B ; for, as has been proved, A : 
C : : B : C, and inversely (A. 5.), C : A : : C : B. Therefore. 
kc, Q,. E. D. 

PROP. VIIL THEOR. 

Of unequal mo^itudes,.the greater has a greater ratio to the same than 
the less has ; anfi the same magnitude has a greater ratio to the less 
than it has to the greater,* 

Let A+B^be a magnitude greater than A, and C a third magnitude, 
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A+B has to C a greater ratio than A has to C ; and C has a greater 
ratio to A than it has to A+B. 

Let m he such a numher that m\ and rnB are each of them greatev 
than C ; and let nC he the least multiple of C that exceeds mA-f mB ; 
then nC — C, that is, fn— 1)C (1. 6.) will he less than WiA + «*B, or 
mA + mB, that is, m(A+B) is greater than (»— 1)C. But hecause 
nC is greater than mA+wB, and C less than mB, nC — C is greater 
than mA, or mA id less than nC--C, that is, than (n — 1)C. There- 
fore the multiple of A+B hy m'^xeeeds the multiple of C hy n-a-l, 
but the multiple of A by w does not exceed the multiple of C by n— 1; 
therefore A+B has a greater ratio to C than A hae to C (def 7. 5.). 

Again, because the multiple of C by n— 1, exceeds the multiple of 
A by m but does not exceed the multiple of A+B by m, C has a 
greaterratiotoAthanithasto A+B(def. 7.6.). Therefore,&c. Q,E.D. 

PROP. IX. THEOR. 

Magnitudes 'which have the same ratio to the same magnitude are equal 
to one another ; and those to which the same magnitude has the same 
ratio are equal to one another. 

If A : C : : B : C, A=:B. 

For, if not, let A be greater than B ; then, because A is greater than 
B, two numbers, rn and n, may be found, as in the last proposition, 
such that mA shall exceed nC, while mB does not exceed nC. But 
because A : C : : B : C ; if mA exceed nC, mB must also exceed 
?iC (def. 5. 5.) ; and it is also shewn that mB does not exceed nC, 
which is impossible. Therefore A is not greater than B ; and in the 
same way it is demonstrated that B is not greater than A ; therefore 
A is equal to B. 

Next, let C : A : : C : B, A = B. For by inversion (A. 5.) A : 
C : ; B : C ; and therefore by the first case, A = B. 

PROP. X. THEOR. 

Thai magnitude y which has a greater ratio than another has to the same 
magnitude, is the greatest of the two : And that magnitude, to which 
the same has a greater ratio than it has to another magnitude, is the 
least of the two. 

If the ratio of A to C be greater than that of B to C, A is greater 
than B. 

Because A : C7B : C, two numbers m and n may be found, such 
that mA-^nC, and mBZ«C (def. 7. 6.). Therefore also mA 7mB, and 
A7B (Ax. 4. 5.). 

Again, letC : B7C : A ; B^A. For two numbers, m and n may 
be found, such that mC7nB, and mC^nA (def. 7. 6.). Therefore, 
since nB is lees, and n\ greater than the same magnitude mC, nB^wA, 
and therefore B^/ A. Therefore, &c. Q, E. D. 
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PROP. XI. THEOR. 

Ratios that are eqtud to the same ratio are equal to one another. 

If A : B : : C : D ; and also C : D : : E : F ; then A : B : : E : F. 

Take «iA, fi.C mE, any equimultiples of A, C, and E ; and nB, nD, 
«F any equimultiples of B, D, and F. Because A r B : : C : D, if 
mA7»B, mCynD (def. 6. 5.) ; butif «»C7wD, mE7«F (def. 6. 6.), 
because C : D : : E : F ; therefore if wATnB, mE7nF. In the same 
' manner, if mA=iiB, »nE=:nF ; and if mAZ«B» jiiE^nF. Now, inA, 
mE are any equimultiples whatever of A and E ; and nB, nF any what- 
ever of B and F ; therefore A : B : : E : F (def. 5. 5.). Therefore, 
&c. Q, E. D. 

PROP. XII. THEOR. 

If any nwnber of magnitudes he proportionals ^ as one of the antecedents 
is to its consequent^ so are all the antecedents^ taken together, to all the 
consequents. 

If A : B : : C : D, and C : D : : E : F ; then also, A : B : : A+C 
+E : B+D+F. 

Take mA, mC, mE any equimultiples of A, C, and E ; and nB, nD, 
nF, any equimultiples of B, D, and F. Then, because A : B : : C ; 
D,if mA7wB, mC7nD (def. 6. 5.) ; and when wtC7nD, mE7nF, be- 
cause C : D : : E : F. Therefore, if mA7nIi, fwA+mC+inE7nB+ 
nD+nF : In the same manner, if mA=nB, inA-t-wC+j/»E=nB4-nI) 
+nF ; and if wA^nB, mA+wC+tftEz«B+nD+nF. Now, mA-\. - 
mC+fnE=m(A+C+E) (Cor. 1. 6.), so that wA and wA+mC-f mE 
are any equimultiples of A, and of A+C+E. And for the same reason 
nB, and nB+nD+nF are any equimultiples of B, and of B+D+F ; 
therefore (def. 6. 5.) A : B : : A+C+E : B+D+F. Therefore, 
&c. Q, E. D. 

PROP. XIII. THEOR. 

if the first Jiave to the second the same ratio which the third has to the 
fourth, hut the third to the fourth a greater ratio than thefifUi has to the 
sixtli ; the first has also to the second a greater ratio than the fifth has to 
the sixth. 

If A : B : : C : D ; but C : D7E : F ; then also, A : B7E : F. 

Because C : D7E : F, there are two numbers rr» and n, suqh that 
toC7^D, but iwEz-nF fdef. 7. 6.). Now, if iriCT? nD, mA.TrnB, be- 
cause A : B : : C : D. Therefore mA"7»B, and mE^nF, wherefore, * 
A : B7E : F (def. 7. 6.), Therefore, &r. Q. E. D. 
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PROP. XIV. THEOR. 

If the first have to the second the same ratio which the third has to the 
fourth f and if the first be greater th^n the third, the second shall be 
greater than the fourth ; if equal, equal ; and if less, less. 

If A : B : : C : D ; then if A7C, B7D ; if A = C, B=D ; and 
if AZC,B/.D. 

First, let AvC ; then A : B7C : B (8. 6.), but A : B : : C : D, 
therefore C : VyC : B (^13. 6.),«nd therefore B7D (10. 5.). 

In the same manner, it is proved, that if A = C, B = D ; and if 
Ai^C, B/.D. Therefore, &c. Q, E. D. 

PROP. XV. THEOR. 

Magnitudes have the same ratio to one another which their equimulti- 
ples have, 

I 

If A and B b^ two magnitudes, and m any number, A : B : : mA 
: mB. 

Because A : B :^: A : B (7. 6.) ; A : B : : A+A : B+B (12. 5.), 
or A ; B : : 2A : 2B. And in the same manner, since A : B : : ?A : 
?B, A : B : : A+2A : : B+2B (12. 6.), or A : B : : 3A : 3B ; and , 
so on, for all the equimultiples of A and B. \ Therefore, &c. Q,. E. D. 

PROP. XVI. THEOR. 

ff four magnitudes of the same kind he proportionals, they will also he 

proportionals when taken alternately. 

If A : B : : C : D, then alternately, A : C : : B : D. 

Take mA, mB any equimultiples of A and B, and nC, nD any equi- 
multiples of C and D. Then (16. 6.) A : B : : mA : mB ; now A : 
B : : C : D, therefore (11. 6.) C < D : : mA : mB. But C : D : : 
nQ i. »D (15. 6.J-; therefore mA : mB : : «C : nD (11. 6.) : where- 
fore if mhynC, mB7wD (14. 6.) ; if mA=nC, mB=wD, or if mAZ 
nC, mBZnD ; therefore (def. 6. 6.), A : C : : B : D. Therefore. 
&c. Q.. E. D. 

PROP. XVII. THEOR. 

If magnitudes, taken jointly, he proportionals, they will also he propor- 
tionals when taken separately ; that is, if the first, together with the 
second, have to the secwid the same ratio which the third, together 
with the fourth, has to the fourth, the first will Jiave to the second the 
same ratio which the third has to the fourth, 

Jf A+B : B : : C-fD : D, then by division A : B : : C : D. 
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Take mA and nB any multiples of A and B, by the numbers m and 
21 ; Snd first let mA7nB : to each of them add mB, then iiiA+mB7 
»/iB+nB. But mA+mB=m(A+B) (Cor. 1. 5.), and mB+nB= 
(m+n)B (2. Cor. 2. 6.), therefore m(A+B7(m+«)B. 

And because A+B : B : : C+D : D, if m(A+B;7(m+»^B, 
m{C+l>)7{m+n)D, or mC+mD7mD+nD, that is, taking ^D 
from both, mC7»D. Therefore, when mk is greater than nB, mC 
is greater than nD. In like manner, it is demonstrated, that if 7AA=nB, 
wiC=nD, and if mAZ-wB, that mDz.nD ; therefore A : B : : C : D 
(def. b. 6.). Therefore, &c. Q, E- I>- 

PROP. XVIII. THEOR. 

If magnitudes^ taken separately, he proportionals , they tuill also be pro- 
portionals when taken jointly, that is, if the first he to the second as the 
third to the fourth, the first and second together will be to the second, 
as the third and fourth together to the fourth. 

If A : B : : C : D, then, by composition, A+B : B : \C+D : D. 

Take m(A+B), and nB any oraltiples whatever of A+B and B : and 
irst, let m be greater than n. Then, because A+B is also greater 
than B, iii(A+B)7»B. For the same reason, «i(C+D)7nD. In 
this case, therefore, that is, when myn, m(A+B) is greater than nB, 
and mfC+D) is greater than nD. And in the same manner it may be 
proyea, that when m=^n, m(A+B) is greater than nB, and m(C-|- D) 
greater than nD. 

Next, let mjin, or nym, then m(A+B) may be greater than nB, or 
may be equal to it, or may be less ; first, let m(A+B) be greater than 
nB ; then also, fnA+mB7^B j take mB, which is less than nB, from 
both, andinA7wB~*mB, or mA7(«— w»)B(6. 6.). But if m A 7 (n—m) 
B, fnC"7(«— »»)D, because A : B : : C : D. Now, (n— m)D=nD— 
mD (6. 5.), therefore, wiC7nD— mD, and adding wiD to both, wtC+m 
D7nD, that is (1. 6.),m(C+D)-7n.D. If therefore, m(A+B)7»B, 
m{C+D)7nD. 

In the same manner it will be proved, that if wi(A+B)=nB, «i(C+ 
D)=nD ; ahdifw(A+B-)Z«B,m(C+D)^nD ; therefore (def. 5. 6.), 
A+B : B : : C+D : D. Therefore, &c. Q, E. D. 

PROP. XIX. THEOR. 

If a whole magnitude he to a whole, as a magnitude taken from the first is 
to a magnitude taken from the other; the remainder will he to the re- 
mainder as the whole to the whole, , 

If A : B : : C : D, and if C be less than A, A— C : B— H ; • A : B. 

Because A : B : : C : D, alternately (16. 5.), A : C : I 

therefore by division ri7. 6.) A-C : C : : B-D : D. 
again alternately, A— C : B— D : : €! : D ; but A : B : : 
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fore (11. 5.) A-C : B-D : : A : B. Therefore, kc. Q, E. D. 
Cor. A-C :B-D : : C.: D. 

PROP. D. THEOR. 

If four magnitudes be proportionals^ they are also proportionals by con- 
version, that is, the first is to its excess above the second, as the third 
to its excess above the fourth. 

If A : B : : C : D, by conversion, A : A— B : : C : C — D. 

For, since A : B : : C : D, by division (17. 6.), A— B : B : : C-D i 
P, and inversely (A. 5.), B. : A — B : : D : C — D ; therefore, by com- 
position (18. 6.), A : A— B*: : C : C-D. Therefore, &c. Q,. E. D. 

CoR. In the same way, it may be ptoved that A : A+B : : C : 
C+D. 

PROP. XX THEOR. 

If there be three magnitudes, and other three, which taken two and tzeo, 
have the same ratio ; if the first be greater than the third, the fourth 
is greater than the sixth ; if equal, equal; and if less, less. 

If there be three magnitudes, A, B, and C, and other three D, E, 
and F ; and if A : B : : D : E ; and also B : C 
: : E : F, then if AvC, DyF ; if A = C, 
D=F; andif AZ-C, DZ.F. 

First, let A7C ; then A : B7C ; B (8. 6.). But A : B : : D : E, 
therefore also D : EtC : B (13. 6.). Now B : C : : E : F, and inverse- 
ly (A. 6.), C : B : : F r E ; and it has been shewn that D : E7C : B, 
therefore D : E7F : E (13. 5.), and consequently DtF (10. 5.). 

Next, let A=C ; then A : B : : C : B (7. 5.), but A : B : : D : E ; 
therefore, C : B : : D : E, butC : B : ; F : E, therefore,D : E : : F; 
E(11.5.),andDr=F(9. 5.). Lastly, let A Z.C. Then C -7 A, and be- 
<iause, as was already shewn, C : B : : F : E, and B : A : : E : D ; 
therefore, by the first case, if.CyA, F-7D, that is, if Az.C, D^F, 
Therefore, &c. Q, E. D. 

PROP. XXI. THEOR. 

If there be three magnitudes, and other three, which have the same ratio 
taken two and two, but in a cross order ; if the first magnitude be 
greater than the third, the fourth is greater than the sixth ; if equal, 
equal ; and if less, less. 

If there be three magnitudes, A, B, C, and other three, D, E, and 
F, such that A : B : : E : F, and B : C : : D : E ; if A7C, D7F : 
if A=C, D==:F, and if A/^C, D^lF. 
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A, B, C, 

D, e; F. 



First, let Ay C. Then A : B7C : B (8. 6.), 
but A : B : : E : F, therefore E : F7C : B 

(13.5.). Now, B : C : ; D ; E,and inversely, C : _^^ 

B : : E: D; therefore, E : FyE : D (13. 5.), wheretbre, DyF 
(10. 5.). 

Next, let A=C. Then (7. 5.) A ; B :: C: B; butA: B : : E:F, 
therefore, C ; B : : E : F H 1 . 5.^ ; but B : C : : D : E, and inversely, 
C : B : : £ : D, therefore (11. 5.), E : F : : E : D, and, consequeatiy, 
D=F (9. 5.). 

Lastly, let Az.C. Then C"7 A, and, as was already proved, C : B : : 
E : D ; and B : A : : F : E, therefore, by the first case, since C"7A, 
F7D, that is, D aF. Therefore, &c. Q, E. D. 

PROP. XXII. THEOR. 

Jf there he any number of magnitudes^ and as many others^ which, tak^n 
two and two in order, have th^ same ratio ; the first xanll have to the 
IcLst of the first magnitudes, the same ratio which the first of the others 
ka9 to the last,* 



First, let there be three magnilades, A, B, C, and other three, 
D, E, F, which, taken two and two, in order, have the same ratio, viz. 
A : B : : D : E, and B : C : : E : F ; then A : C : : D : F. 

Take of A and D any equimultiples whatever, mA, mD ; and of B 
and E any whatever, nB, nE ; and of C and F any whntever, 7C, oF, 
Because A : B ; : D : El, mA : nB : : mD : nE '~'" ^^ 

(4. 5. ) ; and for ^e same reason, nB : 9C : : nE : 
^F. Therefore (20. ^^)., according as mA is 
greater than qC^ equal to it, ^r less, mD is great- 
er than ^F, equal to it, or less ; but mA, mD ai*e 



A, B, C, 

O, E, F, 

lA, nB, qC, 

^D, nE, 9F. 



any equimultiples of A and D ; and 9C, 9F are any equimultiples of C 
and.F ; therefore (def. 6. 5.), A : C : : D : F. 

Again, let there be four magnitudes, and other four which, taken 
two and two in order, have the same ratip, viz. A : B : : £ : F ;^ B 
: C : : F : G ; C : D : : G : H, then A : D : : E : H. 

For since A, B, C are three magnitudes, 
and E, F, G other three, which, taken two 
and two, have the same ratio, by the forego- 
ing case, A : C : : E : G. And because also 
D : D : : G : H, by that same case, A : D : : E : R In the same 
cnanner is the demonstration extended to any number of magnitudes. 
Therefore, &c. Q^ E. D. 



* N. B. This propantkm is imiftllj qited by the words *' ex tequaliy* «r ! 
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PROP. XXIII. THEOR. 

If (here be any number of magnitudes, and as many others, which, takeu 
two and two, in a cross order, have the same ratio ; the first will hofoe to 
the last of the first magnitudes the same ratio which iJie first of (he 
others has to the last,* 

First, let there be three magnitudes, A, B, C, and other three, D, 
E, and F, which, taken two and two, in a cross order, have the same 
ratio, viz. A : B : : E : F, and B : C : : D : E, then A : C : : D : F. 

Take of A, B, and D, any equimaltiples mA, mB, mD ; and of C, 
E, F any equimultiples nC, nE, nF. 

Because A : B : : £ : F, and because also A : B : : mA : mB (15. 6.), 
and E : F : : nE : nF ; therefore, inA : mB : : nE : nF (11. 6 
Again, because B : C : : D : E, mB : «C : : mD : 
n£ (4. 5.) ; and it has been just shewn that mA : 
mB : : wE : nF ; therefore, if mA"7»C,mD"7»F 
(21. 6.) ; if mA=»C, mD=nF ; and if mAz.nC, 
mDZ-nF. Now, mA and mD are any equimulti- 



A, B, G, 
D, E, F, 

mA, mB, nC, 
mD, nE, nF, 



A, B, C, 


D,. 


E, F, G, 


H. 



pies of A and D, and nC, nF any equimultiples of C and F ; there- 
fore, A : C : : D : F <[def. 5. 5.J. 

Next, Let there be four magnitudes, A, B, C, and D, and other 
four, E, F, G, and H, which taken two and two, in a cross order, hare 
the same ratio, viz. A:B::G:H; B:C:: 
F : G, and C : D : : E : F, then A : D : : E : 
H. For, since A, B, C are three magnitudes, 
and F, G, H other three, which taken two and 
two, in a cross order, have the same ratio, by the first case, A : C :i 
F : H. But C : D : : E : F, therefore, again, by the first case, A ;' 
D : : E : H. In the same manner, may the demonstration be extend- 
ed to any nufdber of magnitudes. Therefore, &c. Q. E. D. 

PROP. XXIV. THEOR. 

Ifthefirst has to the second the same ratio which the third has to the fourth; 
and the fifth to the second, the same ratio which the sixth has to the 
fourth ; the first and fifth, together, shall have to the second, the same 
ratio which the third and sixth together, have to the fourth. 

Let A : B : : C : D, and also E : B : : F : D, then A+E : B : : C+F : 
t). 

Because E : B : : F : D, by inversion, B : E : : D : F But by hy- 
pothesis, A : B : : C : D, therefore, ex aequali (22. 6.), A : E : : C : F, 
and by composition (18. 6.), A+E : E : :. C+F : F. And again by 
hypothesis, E : B : : F : D, therefore, ex aBquali (22. 6.), A+E : B : : 
C+F : D. Therefore &c. Q, E- D- 



* K. R. This propoHtion is otually cited bj the words *< ex scqqali io proportiont 
« pertarbata i" or« << ex aequo invenefy.*' 
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PROP. E. THEOR. 



fffrnr magnitudes be proportionals, the sum of ^ first two is to their 
^ difference as the sum of the other two to their difference, 

I 

Let A: B : : C: D; Uienif A-7B, 

A+B : A-B : : C+D ; C-D j or if AZ-B 
A+B :B-.A ::C+D : D-C. 

For, if A7B, then because A : B : : C : D, by division (17. 6.), 
A — B : B : : C— D : D, ttnd by inversion (A. 5.), 
B : A— B : : D : C— D. But, by composition (18. 5.), 
A+B : B : : C+B : D, therefore, ex aequali (22. 5.), 
A+B : A-B : : C+D : C-D, 

In the same manner, if B7A, it is proved, that 
A+B : B-A : : C+D : D-C. Therefore, &c. 

<J, E. D. 

PROP. F. THEOR. 

Matios which are compounded of equal ratios^ are equal to one another. 

Let the ratios of A to B, and of B to C, which compound the ratio 
of A to C, be equal, each to each, to the ratios of D to E, and E to 
F, which compound the ratio of D to F, A : C : : D : F. 

For, first, if the ratio of A to B be equal to 
that of D to E, and the Tatio of B to C equal to 
ti^t of E to F, ex squall (22. 5.), A : C : : D : F. 

And next, if the ratio of A to B be equal to that of E to F, and 
the tatio of B to C equal to that of D to E, ex squali inversely (23. 
5.), A : C : : D : F. In the same manner may the proposition be 
demonstrated, whatever be the number of ratios. Therefore. &c. 
Q, £. D. 
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DEFINITIONS, 



I. 



SIMILAR rectilineal figures 
are those which have their 
several angles equals each to 
ea'^h, and the sides ahoat the 
eqaal angles proportionals. 




IL 



Two sides of one figure are said to be reciprocally proportional to tifO 
sides of another, when one of the sides oi the first is to one of the sides 
of the second, as the remaining side of the second is to the remain- 
ing side of the first. 

III. 

A straight line is said to be cut in extreme and mean ratid, when 
the whole is to the greater segment, as the greater segment is to 
the less. 

IV. 

The altitude of any figure is the straight line 
drawn from its vertex perpendicular to the 
base. 

PROP. I. THEOR. 

Triangles and parallelograms^ of the same altitude y are one to another as 

their bases. 

Let the triangles ABC, ACD, and the parallelograms EC, CF have 
the snme altitude, viz. the perpendicular drawn from the point A to 
to BD : Then, as the base BC, is to the base CD, so is the triangle 
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ABC to the Irian^e ACD, and the paralleiogTam EC to the parallelo- 
gram CF. 

Produce BD both ways to the jioints H, L, and take any number o( 
Struight lines BG, GH, each equal to the base fiC ; and DK, KL, any 
number of them, each etjuat to the base CD ; and join AG, AH, AK, 
AL. Then, because CB, BG, GH are all equal, the triangles AHG, 
A6B, ABC are all equal (38. 1.) r Therefore, whatever multiple the 
baw HC is of the base EC, the same multiple is the triangle AHC of 
the triao^e APC. For the same reaeoB, nbatever multiple the base 
LCisofthebaseCD,the 
aame multiple is the tri- £) 

an^e ALC of the triangle 
ADC. But if the base 
HC be equal to the base 
CL, tb« triangle AHC is 
also equal to the triangle 
ALC (38. 1.); and- if 
tile hue HC be greater 
than the base CL, like- 
wise the triangle AHC is 

greater than the triangle ALC : and if lees^ less. Therefore, since 
there are four magnitudes, viz. tbe ttro bases BC, CD, and the tno 
triangles ABC, ACD ; and of the base BC and the triangle ABC, the 
first and third, any equimultiples whaterer have been taken, viz. the 
base HC, and the triangle AHC ; and of the base CD and triangle ACD, 
the second and fourth, hare been taken any equimultiples whatever, 
viz. the base CL and triangle ALC ; and since it has been shown, that 
if the base HC be greater than the base CL, the triangle AHC is great- 
er tbao tlie jangle ALC ; and if equal, equal ; and if less, less : There- 
fore (def. 5.-5.), as the base BC is to tbe base CD, so is tbe triangle 
ABC to the triangle ACD. 

And becau^ the parallelogram CE is double of the triangle ABC 
(41. I.J, and tbe parallelogram CF double of the triangle ACD, and 
because magnitudes hare the same ratio which their equimultiples 
have (15. 5.) ; as the triangle ABC is to the triangle ACD, so is the 
parallel<^Tam EC to the par^lelogram CF. And because it has been 
shown, that, as tbe base BC ja to the base CD, so is tbe triangle A6C 
to the triangle ACD ; and ns the triangle ABC to the triangle ACD, 
so is the parallelogram EC to tbe parallelogram CF ; therefore, as 
tbe base BC is to the base CD, so is (11. 5.) the parallelogram EC 
to the parallelogram CF. Wherefore triai^les, kc. ^ E. D. 

Con. From thii it is plain, that triangles and paraUelograms that 
have equal idtitodes, are to one another as their bases. 

Let tiie figures be placed so as to have their bases in the same 
straight line ; and baviog drawn perpendiculars from the vertices of 
tbe triangles to tbe bases, the straight line which joins the vertices ia 
parallel to that in which their bases are (S3. 1 .), because tbe per- 
peDdiealars are botb eqaat and parallel to one anoth'^r. Then, if thr 
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same construction be made as in the proposition, the demonstratiofi .. ' 
will be the same. 

PROP. II. THEOR. 

If a straight line be drawn parallel to one of the sides of a triangle, it 
will tut the other sides, or the other sides produced, proportionaMy : 
And if the sides, or the sides produced, he cut proportionally, the 
straight like which joins the points of section will he parallel to the 
remadning side of the triangle. 

Let DE be drawn parallel to BC, one of the sides of the triangle 
ABC : BD is to DA, as CE to EA. 

Join BE, CD ; then the triangle BDE is equal to the triangle CDE 
(37. 1.), because they are on the same base DE, and between the 
same parallels DE, BC : but ADE is another triangle, and equal 
magnitudes have, to the same, the same ratio (7. 5.) ; therefore, ai 
the triangle BDE to the triangle ADE, so is the triangle CDE to the 
triangle ADE ; but as the triangle BDE to the triangle ADE, so is 
(1. 6.) BD to DA, because haying the same altitude, viz. the perpes- . 
dicular drawn from the point E to AB. they are to one another as 
their bases ; and for the same reason, as the triangle CDE to the tri* 
an^e ADE, so is CE to EA. Therefore, as BD to DA, so is CE ti 
EA(11. 5.). 

Next, let the sides AB, AC of the triangle ABC, or these sides 





produced, be cut proportionally in the points D, E, that is, so that 
BD be to DA, as CE to EA, and join DE ; DE is parallel to BC. 

The same construction being made, because as BD to DA, so is CE 
to EA ; and as BD to DA, so is the triangle BDE to the triangle ADE 
(1. 6.) ; and as CE to EA, so is the triangle CDE to the triangle 
ADE ; therefore the triangle BDE is to the triangle ADE, as the tri- 
angle CDE to the triangle ADE ; that is, the triangles BDE, CDE 
have the same ratio to the triangle ADE ; and therefore (9. 5.) the 
triangle BDE is equal to the triangle CP£ : And they are on the same 
base DE ; but equal triangles on the same base are between the 



OP GEOMETRY. BOOK VI. 127 

same parallels (39. 1.) ; therefore D£ is parallel to BC. Where- 
fore, if a straight line, &c. Q, E. D. 

PROP. III. THEOR. 

If the angle of a. triangle be bisected by a straight line which also cuts the 
Ifose ; ike segments of the base shall have the same ratio which the other 
sides of the triangle fiave to one another : And if the segments of the base 
have the same ratio which the other sides of the triangle have to one ano- 
ther^ the sraight line drawn from the vertex to the point of section^ 6{- 
sects the vertical angle. 

Let the angle BAG, of any triangle ABC, be divided into two equal 
angles, by the straight line AD : BD is to DC as BA to AC. 

Through the point C draw CE parallel (31. 1.) to DA, and let BA 
produced meet CE in E. Because the straight line AC meets the 
parallels AD, EC, the angle ACE is equal to the alternate angle 
CAD (29. 1.) ; But CAD, by the hypothesis, is equal to the angle 
BAD ; whereiore BAD is equal to the angle ACE. Again, because the 
straight line BAE meets the paral- 
lels AD, EC, the exterior angle J^ 
BAD is equal to the interior and ' 
•pposite angle AEC : But the angle 
ACE has been proved equal to the 
angle BAD ; therefore also ACE is 
equal to the angle AEC, and conse- 
quently the side AE is equal to the 
side (6. 1.) AC. And because AD 
is drawn parallel to one of the sides 

of the triangle BCE, viz. to EC, ^ =^ .-^ 

BD is to DC, as BA to AE (2.6.) ; B -P^ *G 

but AE is equal to AC : therefore, as BD to DC, so is BA to AC 

(7. 5.). 

Next, let BD be to DC, as BA to AC, and join AD ; the angle BAG 
is divided into two equal angles, by the straight line AD. 

The same construction being made ; because, as BD to DC, so is 
BA to AC ; and as BD to DC, so tp 

is BA to AE (2. e.*), because AD yj^^ 

is parallel to EC ; therefore AB 
is to AC, as AB to AE (11. i.) : X 

Consequently AG is equal to AE '^^ 

(9. 6.), and the angle AEC is 
therefore equal to the angle ACE 
(6. 1.). But the angle AEC is 
equal to the exterior and oppo- 
•ite angle BAD ; and the angle _ _ 

ACE is equal to the alternate an- ]^ DC 

gle CAD (29. 1.) : Wherefore ^ the angle BAD is equal to the an^ 
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gle CAD : Therefore (he angle BAG is cot into two equal angles hy 
the straight liae AD. Therefore, if the angle, &c. (^ E. D. 

PROP. A. THEOR. 

If the exterior angle of a triangle be bisected by a straight line rvhxch also 
cuts the base produced ; the segments between the bisecting line and the 
extremities of the base have the same ratio Ti'hieh the other sides of the 
triangles have to one another : And if the segments of the base produced 
have the same ratio which the other sides of the triangle Jutve^ the 
straight line^ dra'3cnfrom tJie vertex to the point of sectiouy bisects the 
exterior angle of the triangle. 

Let the exterior .angle CAE, of any triangle ABC, be bisected by the 
straight line AD which meets the base produced in D ; BD is to DC, 

as BA ta AC. 

Through C draw CF parallel to AD (31. 1.) ; and because th^ 
straight line AC meets the parallels AD, l^C, the angle ACF is equal 
to the alternate angle CAD (29. 1.) : But CAD is equal to the an^e 
DAE (Hyp.) ; therefore also DAE is equal to the angle ACF. Agais, 
l)ecause the straight line FAE meets the parallels AD, FC the exte- 
rior angle DAE is equal to the interior and opposite angle CFA : But 
the angle ACF has been prov- 
ed to be equal to the angle 
DAE ; therefore also the angle 
ACF is equal to the angle CFA, 
and consequently the side AF 
is equal to the side AC (6. 1.) ; 
and because AD is parallel to 
FC, aside of the triangle BCF, 
BD is to DC, jis BA to AF (i. 
e.) ; but AF is equal to AC ; 
therefore as BD is to DC, so is BA to AC. 

Now let BD be to DC, as BA to AC, and join AD ; the angle CAD 
is equal to the angle DAE. 

The same construction being made, because BD is to DC, as BA 
lo AC ; and also BD to DC, as BA to AF (2. 6.) ; therefore BA is to 
AC, as BA to AF (^1. 6.) ; wherefore AC is equal to AF (9. 5.), nnd 
the angle AFC equal (6. 1.) to the angle ACF : But the angle AFC 
IS equal to the exterior angle EAD, and the angle ACF to the alter- 
nate angle CAD ; therefore also EAD is equal to the angle CAD. 
Wherefore, if the exterior, &c. Q, E. D. 

PROP. IV. THEOR. 

The sides about the equal angles of equiangular triangles are propor- 
tionals ; and those which are opposite to the equal angles are homolo^ 
gous sides^ that is, arf the antecedents or consequents of the ratios. 

Let ABC. DCE bQ equiangular triangles^ having the angle ABC 




B 
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iequal to the angle DCE, and the angle ACB to th6 angl^ DEC, and 
consequetatly (32. 1.) the angle BAG equal to the angle CDE. The 
sides about the equal angles of the triangles ABC, DCE are propor- 
tionals ; and those are thi^ homologous sides which are opposite to the 
equal angles. 

Let the triangle DCE be placed, so that its side CE may be conti- 
guous to BC, and in the same straight line with it : And because the 
angles ABC, ACB are together less than two right angles (17. 1 .), ABC 
and DEC, which is equal to ACB, are al- 
so less than two right angles : wherefore 
BA,ED produced shall meet (Cor. 29. 1.); 
let them be produced and meet in the 
point F ; and because the angle ABC is 
equal to the angle DCE, BF is parallel 
(28. 1.) to CD. Again, because the an- 
gle ACB is equal to the angle DEC, AC is 
parallel to FE (28. 1.) : Therefore FACD 
is a parallelogram ; and consequently AF 
is equal to CD, and AC to FD (34. 1.) : 




B C E 

And because AC is parallel to FE, one of the sides of the triangle 



FBE, BA : AF : : BC : CE (2. 6J : but AF is equal to CD ; there- 
fore (7. 6.), BA : CD : : BC : CE ; and alternately^ BA : BC : DG 
: : CE (16. 6.) : Again, because CD is parallel to BF, BC : CE : : 
FD : DE (2. 6.) ; but FD is equal to AC ; therefore BC : CE : : AC : 
DE : and alternately, BC : CA : : CE : ED. Therefore, because it 
has been proved that AB : BC : : DC : CE ; and BC : CA : : CE : 
ED, ex sequali, BA : AC : : CD : DE. Therefore the sides, &c. 

q. E. D. 



PROP. V. THEOR. 



^ ike sides of two triangles y about each of their angles, be proportionals, 
the triangles shall be equiangular^ and have their equal angles oppo- 
site to the homologous sides. 



Let the triangles ABC, DEF have their sides proportionals, so that 
AB is to BC, as DE to EF ^ and BC to CA, as EF to FD ; and conse- 
quently, ex aequali, BA to AC, as ED to DF ; the triangle ABC is 
equiangular to the trian^e I^^^||^their equal angles are opposite 
to the homologous sides, "m.m^^KjLJ^C being equal to the anglf* 
DEF, and BCA to EFD, and SKtIKI&KDF 
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At the pointi) E, F, in the 
straight line KF, make (2;5. 1.) 
the angle Fi^G eqiiiil to llie an- 
gle ABC, and the angle KFG e- 
qual to BCA : wherefore the re- 
maining angle BAG is equal to 
the remaining angle EGF (32.1.), 
and the triangle ABC is there- 
fore equiangular to tlie triangle 
GEF ; and consequently they 
have their sides opposite to the 
equal angles proportionals (4. 6.). Wherefore, 

AB : BC : : Gi: : EF ; but by supposition, 

AB : BC : : DE : EF^ therefore, 

DE : EF : : GE : EF. Therefore (11. 5.) DE and G£ 
have the same ratio to EF, i,nd consequently are equal (9. 5.). For 
the same reason, DF is equal to FG : And because, in the triangles 
DEF, GEF, DE is equal to EG, and EF common, and also the base 
DF equal to the base GF ; therefore the angle DEF is equal (8. 1.) 
to the angle GEF, and the other angles to the other angles, which are 
subtended by the equal sides (4. 1.). Wherefore the angle DFE is 
equal to the angle GFE, and EDF to EGF : aild because the angle 
DICE is equal to the angle GEF, and GEF to the angle ABC ; there- 
fore the angle ABC is equal to the angle DEF : For the same reason, 
the angle ACB is equal to the angle DFR, and the angle at A to the 
angle at D. Therefore the triangle ABC is equiangular to the trian- 
gle DLF. Wherefore, if the sides, &c. Q. E. D. 

PROP. VI. THEOR. 

If two triangles have otie angle of the one equal to one angle of tht 
other ^ and the sides about the equal angles proportionals, the trianglii 
shall be equiangular, and shall have those angles equal which are op- 
posite to the homologous sides. 

Let the triangles ABC, DEF have the angle BAC in the one equal 
10 the angle EDF in the other, and the sides about those angles pro- 
portionals ; that is, B A to AC, as KD to DF ; the triangles ABC, DEF 
are equiangular, and have the angle ABC equal to the angle DEF. 
and ACB to DFE. 

At the points D, F, in ^ 
the straight line DF, make 
(23. 1.) the angle FDG e- 
qual to either of the angles 
BAC, EDF ; and the angle 
DFG equiil- to the angle 
ACB ; wherefore the re- 
maining angle at B is equal 
to the remaining one at G 
^32. 1.), and consequently 
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the triangle ABC is equinngalar to the triangle DGF ; and therefore 
BA : AC : : Gl) (4. G.) : DF. But hy hypothesis, 
BA : AC : : KB : DF ; and therefore 

ED : DF : : GD : (11. 5.) DF ; wherefore ED is equal (9. 5.) 
to DG : and DF is common to the two triangles EDF, GDF ; there- 
fore the two sides luD, DF are equal to the two sides GD, DF ; but 
the angle EDF is also equal to the angle GDF ; wherefore the base 
EF is equal to the base FG (4. 1.), and the triangle EDF to the tri- 
angle GDF, and the remaining angles to the remaining angles, each 
to each, which are subtended by the equal sides : Therefore the 
angle DFG is equal to the angle DFE, and the angle at G to the angle 
at E : But the angle DFG is equal to the angle ACB ; therefore the 
angle ACB is equal the angle DFE, and the angle BAC is equal to the 
angle EDF (Hyp.) ; wherefore also the remaining angle at B is equal 
to the remaining angle at E. Therefore the triangle ABC is equian * 
gular to the triangle DEF. Wherefore, if two triangles, &c. Q,. E^ D 

PROP. VII. THEOR. 

If two triangles Imve one angle of the one equal to one angle of the olher, 
and the sides about two other angles proportionals, then, if each of the 
retnaintjig angles be either less, o r not less, than a right angle, the tri- 
angles shall be equiangular, and have those angles equal about taIucIi 
the sides are proportionals. 

Let the two triangles ABC, DEF have one angle in the one equal to 
one angle in the other, ^iz. the angle BAC to the angle EDF, and the 
sides about two other angles ABC, DEF proportionals, so that AB is 
to BC, as DE to EF ; and, in the first case, let each of the remaining 
angles at C, F, be less than a right angle. The triangle AFC ii? equi- 
angular to the triangle DEF, that is, the angle A1:C is eqiiil lothe an- 
gle DEF, and the remaining angle at C to the remaining angle at F. 

For, if the angles ApC, Dl F be not equal, one oi them is greater 
than the other : Let ABC be the greater, and at the point B, in the 
straight line AB, make the angle 
ABG equal to the angle (23. 1.) 
DEF : and because the angle at A 
is equal to the angle at D, and the 
angle ABG to the angle DEF ; the 
remaining angle AGB is equal 
(32. 1.) to the remaining angle 
DFE: Therefore the triangle 
ABG is equiangular to the triangle 
DEF ; 

wherefore (4. C), AB : Bfi ; : DR : EF ; but, 
by hypothesis DE : h F : : AR : BC, 

therefore. AB : BC : : x\B : BG (U. 5.) : 
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and because AB has the same ratio to each of the lines BC, BG ; BC 
is equal (9. 5.) to BG, and therefore the angle BGC is equal to the anr 
gle BCG (6. 1.) : But the angle BCG is, by hypothesis, less than a 
right angle ; therefore also the angle BGC is less than a right angle, 
and the adjacent angle AGB must be greater than a right angle (13. 1.). 
Bat it was proved that the angle AGB is equal to the angle at F ; there- 
fore the angle at F is greater than a right angle : But by the hypothe- 
sis, it }s less than a right angle ; which is absurd. Therefore the an- 
gles ABC, DEF are not unequal, that is, they ai*e equal : And the an- 
le at A is eqi|al to the angle at D ; wherefore the remaining angle at 

is equal to the remaining angle at F : Therefore the triangle ABC 
is equiangular to the triangle DEF. 

Next, let each of the angles at C, F be not less than a right angle ; 
the triangle ABC is also, in this case, equiangular to the triangle DEF. 

The same construction being made, it may be proved, in like laxan- 
ner, that BC is equal to BG, 
and the angle at C equal to 
the angle BGC : But the an- 
gle at C is not less less than 
a right angle ; therefore the 
angle BGC is not less than a 
right angle : Wherefore, two 
angles of the triangle BGC are 
together not less than two right ^ngles, which is impossible (17. 1.); 
and therefore the triangle ABC may be proved to be equiangular to 
the triangle DEF, as in the first case. 

jPROP. VIII. THEOR. 

In a right angled triangle^ if a perpendicular be dravonfrom Hie ri^ 
angle to the base; the triatigles on each side of it are similar to the whoU 
triangle, and to one another, ^ 

Let ABC be a right angled triangle, having the right angle BAG j 
and'from the point A let AD be drawn perpendicular to the base BC : 
the triangles ABD, ADC are similar to the whole triangle ABC, and 
to one another. 

Because the angle BAC is equal to the angle ADB, each of them 
being a right angle, and the angle 
at B common to the two triangles 
ABC, ABD ; the remaining angle 
ACB is equal to the remaining an- 
gle BAD (32. 1.) : therefore the 
triangle ABC is equiangular to the 
triangle ABD, and the sides about 
their equal angles are proportion- 
als (4. 6.) ; wherefore the triangles are similar (def. I. 6.). In the 
hk^ manner, it may be demonstrated, that the triangle ADC is cquij^t 
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gular and similar to the triangle ABC : And the triangles ABD, ADC, 
being each equiangular and similar to ABC, are equiangular and siini- 
lar to one another. Therefore, in a right angled, &c. Q^ E. D. 

Cor. From this it is manifest, that the perpendicular drawn, from 
the right angle of a right angled- triangle, to the base, is a mean propor- 
tional between the segments of the base ; and also that each of the 
sides is a mean proportional between the base, and its segment adja- 
cent to that side. For in the triangles BDA, ADC, 

BD : DA : : DA : DC (4. 6.) ; and in the 
triangles ABC, BDA, BC : BA : : BA : BD (4. 6.) ; and in the 
triangles ABC, ACD,BC : CA : : CA : CD (4.6.). 

PROP. IX. PROB. 

From a given straight line to cut off any part required, that is, a par* 
which shall be contained in it a given number qJ times* 

Let AB be the given straight line ; it is required to cut oflf from 
AB, a part which shall be contained in it a giyen number of times. 

From the point A draw a straight line AC making any angle with 
AB ; and in AC tal^e any point D, and take AC 
such that it shall contain AD, as ofl as AB is to 
contain the part, which is to be cut off from it ; 
join BC, and draw DE parallel to it : then AE 
is the part required to be cut off. 

Because ED is parallel to one of the sides 
ef the triangle ABC, viz. to BC, CD : DA : : 
DE : EA (2. 6.) ; and by composition (18. 5.), 
CA : AD : : BA : AE : But CA is a multiple 
of AD ; therefore (C. 5.) BA is the same 

multiple of AE, or contains AE the same num-? -^ ^ 

ber of times that AC contains AD ; and there- ^ ^ 

fore, whatever part AD is of AC, AE is the same of AB ; wherefore, 
from the straight line AB the part required is cut off. Which was to 
be done. 

PROP. X. PROB. 

To divide a given straight line similarly to a given divided straight line, 
that is, into parts that slwll have the same ratios to one another which 
the parts of the divided given straight line have. 

Let AB be the straight line given to be divided, and AC the divided 
line ; it is required to divide AB similarly to AC, 

Let AC be divided in the points D, E ; and let AB, AC be placed 
so as to contain any angle, and join BC, and through the points D, E, 
draw (31. 1.) DF, EG, parallel to BC ; and through D draw DHK 
parallel to AB : therefore eaeh of the figures FH, HB^ is a parallelor 
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gram ; wherefore DH id equal (34. l.)to 
yG, and HK to GB : and because H£ is 
parallel to KC, one of the sides of the tri- 
angle DKC CE : ED : : (2. 6.) KH : HD ; 
But KH=BG, and HD=GF ; therefore 
CE : ED : BG : GF : Again, because 
FD is parallel to EG, one of the sides of 
th6 triangle AGE, ED : DA ; GF : FA : 
But it has been proved that Ct : ED : ; 
BG : GF ; therefore the given straight line 
AB is divided similarly to AC. Which was 
to be done. 

PROP. XL PROB. 

To find a third proportional to two given straight lines. 

Let AB, AC be the two given straight lines, and let them be placed 
s>o ;is to contain any angle ; it is requir- yy 
cd to find a third proportional to AB, -^^ 
AC. 

Produce AB, AC to the points D, E ; 
and mdke BD equal to AC ; and having 
joined BC, through D draw DE parallel 
to it (31. 1.). 

^ Because BC is parallel to DE, a side 
of the triangle ADE, AB : (2. 6.) BD : : 
AC : CE ; but BD=AC ; therefore AB : 
AC : : AC : CE. Wherefore to the two 
given straight lines AB, AC a third proportional, CE is found. Which 
was to be done. 

PROP. XII. PROB. 

Tofind a fourth proportional to three given straight lines. 

Let A, B, C be the three given straight lines ; it is required totind 
a fourth proportional to A, B, C. 

Take two straight lines DE, DF, containing any angle EDF ; and 
;;pon these make DG equaUto A, GE equal to B, and DH equal to C ; 
and having joined GH, dniw EF parallel (31. 1.) to it through the 

D 
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>oint E. And because OH is parallel to EF, oile of the sides of the 
riungle DEF, DG : GE : : DH : HF (2. 6.) ; but pG=:A, GE=rB, 
iiu! DH=C ; and therefore A : B : : C : HF. Wherefore to the three 
^iveii straight lines, A, B, C, a fourth proportional HF is found. 
kVhich was to be done. ' • 

PROP. XIII. PROB. 

To find a mean 'proportional between two given straight lines. 

Let AB, BC be the two given straight lines ; it is required to find a 
mean proportional between them. 

Place AB, BC in a straight line, and upon AC describe the semicir- 
cle ADC, and from the point B 
[It. 1 . ) draw BD at right angles to 
AC, and'join AD, DC. 

Because the angle ADC in a se- 
micircle is a right angle (31. 3.) 
and because in the right angled 
triangle ADC, DB is drawn from 
the right angle, perpendicular to 
the base, DB is a mean propor- 
tional between AB, BC, the segments of the base (Cor.8.6.) ; therefore 
between the two given straight lines AB, BC, a mean proportional 
DB is found. Which was to be done. 

PROP. XIV. THEOR. 

E(/ual parallelograms which have one angle of the one equal to one angle 
of the other ^ have their sides about the equal angles reciprocally pro- 
portional : And parallelograms which have orie angle of the one equal 
to (Wife angle of the other^ and their sides about the equal angles reci- 
procally proportional, are equal to one another. 

Let ABv BC be equal paralle- 
lograms, which iiave the angles 
at B equal, and let the sides DB, 
BK be placed in the same straij^ht 
Hike ; whereft)re also FB, BG 
are in one straight line (14. 1.) : 
the sides of the parallelograms 
AB, BC, about the equal angles, 
are reciprocally proportional ; 
that is, DB is to BE, as GB to 
W. 

Complete the parallclograw FE ; and because the parallelograms 
\B, BC are equal, and FK is another parallelogram, 

AB : FE : : BC : FE (7. 5.) ; 
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but because the parallelograms AB, F£ have the same altitude^ 

AB : FE : : DB : BE (1. 6.), also, 
BC i FB : : GB : BF (1. 6.) ; therefore 
DB : BE^ : : GB ; BF (1 1. 5.). Wherefore, th^ 
sides of the parallelograms Apy BC about their equal angles arc 
reciprocally proportional. 

But, let the sides about the equal angles be reciprocally proportion- 
al, viz. as DB to BE, so GB to BF ; the parallelogram AB is equal to 
the parallelogram BC. 

Because, DB : BE : : GB : BF, and DB : BE : : A6 : F£, and 
GB : BF : : BC I EF, therefore, AB : FE : : BC : FE (11. 6.) : 
Wherefore the parallelogram AB is equal (9. 5.) to the parallelogram 
BC. Therefore equal parallelograms, &c. Q. E. D^ 

PROP. XV. THEOR. 

tCqiml triangles which have one angle of the one equal to one angle of the 
other y have their sides about %e equal angles reciprocally proportion^ 
al : And triangles which have one angle in the one equal to one cmgii 
in the other, atid their sides about the equal angles reciprocaihf pro^ 
portional, are equal to one another. 

Let ABC, ADE be equal 
triangles, which have the an- 3iJ. * 

de BAC equal to the angle 
DAE ; the sides about the 
equal angles of the triangles 
are reciprocally proportion- 
:il ; that is, CA is to AD, as 
£A to AB. 

Let the triangles be plac- 
ed so that their sides CA, 
AD be in one straight line ; 
wherefore also EA and AB 

are in one straight line (14. IS 

1.) ; join BD. Because the triangle ABC is equal to the triaii^ 
ADE, and ABD is another triangle ; therefore, triangle CAB : trian- 
gle BAD : : triangle EAD : triangle BAD ; but CAB : BAD : : CA : 
AD, and EAD : BAD : : EA : AB ; therefore CA : AD : : EA : AB 
(11. 6.), wherefore the sides of the triangles ABC, ADE aboirt the 
equal angles are reciprocally proportional. 

But let the sides of the triangles ABC, ADE, about the equal an- 
gles be reciprocally proportional, viz. CA to AD, as EA to AB ; the 
triangle ABC is equkl to the triangle ADE. 

Having joined BD as before ; because CA : AD : : EA : AB ; and 
since CA : AD : : triangle ABC : triangle BAD (1. 6.) ; and ako 
EA : AB : : triangle EAD : triangle BAD (11.6.); therefore, trian- 
gle ABC : triangle BAD : : triangle EAD : triangle BAD ; that ifl, 
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the triangles ABC, EAD have the same ratio te tlie triangle BAD : 
wherefore the triangle ABC is equal (9. 6.) to the triangle EAD. 
Therefore equal triangles, &c. Q,. E. D. 



PROP. XVI. THEOR. 



Jf four straight lines be proportionals ^ the tectangle contained by Hie 
■ extremes is eqnal to the rectangle contained by the means : And if the 
rectangle contained by the extremes be equal to tlie rectangle contained 
. hy means ^ the four straight lines are proportionals. 



Let the four straight lines, AB, CD, E, F be proportionals, viz. as 
AB to CD, so E to F ; the rectangle contained by AB, F is equal to 
the rectangle contained by CD, E, 

From the points A, C draw (11. 1.) AG, CH at right angles to AB, 
CD ; wai make AG equal to F, and CH equal to E, and complete the 
Mrallelograras BG, DH. Because AB : CD : : E : F ; and since 
E=CH, and F=AG, AB : CD (7. 5.) : : CH : AQ : therefore the 
sides of the parallelograms BG, DH about the equal angles are reci- 
procally proportional ; but parallelograms which have their sides about 
equal angles reciprocally proportional, are equal to one another 
(14. 6.) ; therefore the parallelogram BG is equal to the parallelogram 

vH : and the parallelogram BG is -rp . 

contained by the straight lines AB, 
P ; because AG is equal to F ; and ^J, 
tbe parallelogram DH is contained 
by CD and E, because CH is equal 
to E : therefore the rectangle con- 
tained by the straight lines AB, F 
is equal to that which is contained 

by CD and E. ^__ 

And if the rectangle contained A BCD 

by the straight lines AB, F be equal to that which is contained by CD, 
£ ; these four lines are proportionals, viz. AB is to CD, as E to F. 

The same construction being made, because the rectangle contain- 
ed by the straight lines AB, F is equal to that which is contained by 
CD, E, and the rectangle BG is contained by AB, F, because AG is 
equal to F ; and the rectangle DH, by CD, E, because. CH is equal to 
£ ; therefore the parallelogram BG is equal to the parallelogram DH 
and they are equiangular : but the sides about the equal angles of 
equal parallelograms are reciprocally proportional ( 1 4. 6.) : where- 
fore AB : CD : : CH : AG ; but CH=E, and AG=F, therefore AB : 
CD : : E : F. Wherefore, if four, &e Q, E. D- 

S 
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PROP. XVn. THEOfl. 

If three straight lines he proportionals^ the rectangle contained by the 
extremes is equal to the square of the mean : And if the rectangle 
contained by the extremes be equal to the square of the mean, the three 
straight lines are proportionals. 

Let the three straight lines A, B, C he propolrtioDalg, viz. as A to 
B, so 6 to C ; the rectangle contained by A, C is equal to the square 
of B. 

Take D equal to B : and hecauee as A to B, so B to C, and that B 
is equal to D ; A is (7. 5.) to B, as D to C : but if four straight lines 
be proportionals, the rectangle contained by the extremes is equal to 

that which is contained by the means (16. 6.) : A 

therefore the rectangle A.C = the rectan- ^ 

glfe B.D ; but the rectangle B.D is equal to 

the square of B, because B=D ; therefore ^ 

the rectangle A.C is equal to the square of B. C 

And if the rectangle contained by A, C be equal to the square of B ; 
A : B : : B : C. 

The same construction being made, because the rectangle contain- 
ed by A, C is equal to the square of B, and the square of B is equal to 
the rectangle contained by B, D, because B is equal to D ; therefore 
the rectangle contained by A, C is eqnal to that contained by B, D ; 
but if the rectangle contained by the extremes be equal to that con- 
tained by the means, the four straight lines are proportionals (16. 6.): 
therefore A : B : : D : C, but B=D ; wherefore A : B : : B : C : 
Therefore, if three straight lines, &c. Q, E. D. 

PROP. XVIII. PROB. 

Upon a given straight line to describe a rectilineal figure similar , and 
similarly situated to a given rectilineal figure. 

Let AB be the given straight line, and CDEF the given rectilineal 
figure of four sides ; it is required upon the given straight line AB \m 
describe a rectilineal figure similar, and similarly situated to CDEF. 

Join DF, and at the points A, B in the straight line AB, make (23. 1.) 
the angle BAG equal to the angle at'C, and the angle ABG equal t» 
the angle CDF ; therefore the remaining angle CFD is equal to the 
remaining angle AGB (32. 1.) : wherefore the triangle FCD is equi- 
angular to the triangle GAB : Again, at the points G, B in the straight 
line GB make (23. 1.) the angle BGH equal to the angle DFE, and 
the angle GBH equal to FDE ; therefore the renaaining angle FED is 
equal to the remaining angle GHB, and the triangle FDE equiangular 
to the triangle GBH : then, because the angle AGB is equal to the 
angle CFD, and BGH to DFE, the ivhole angle AGH is equal to the 



OF GEOMETRY. BOOK VI. 



139 




li F 




whole CFE : for the same reason, the angle A6H is equal to the angle 
CpE ; also the angle at A is equal to the angle at C, and the angle 
CrHB to FED : Therefore the rectilineal figure ABHG is equiangu-^ 
l4r to CDEF : hut likewise these figures have their sides ahout the. 
equal angles proportionals : for the triangles GAB, FCD heing equi- 
ai^gular, 

BA : AG : : DC : CF (4. 6.) ; for the same reason, 
AG : GB : : CF : FD ; and because of the equi- 
aiq;ular triangles BGH, DFE, GB ; GH : : FD : FE ; therefore, 

ex aequali (22. 6.) AG : GH : : CF : FE. 
fa the same manner, it may be proved, that 

AB : BH : : CD : DE. Also (4. 6.), 
GH : HB : : FE : ED. Wherefore, because the 
rectilineal figures ABHG, CDEF are equiangular, and have their sides 
about the equal angles proportionals, they are similar to one another 
(def. 1. 6.). 

Next, Let it be required to describe upon a given straight line AB, 
a rectilineal figure similar, and similarly situated to the rectilineal fi> 
gure CDKEF. 

Join DE, and upon the given straight line AB describe the rectili- 
neal figure ABHG sim^r, and similarly situated to the quadrilateral 
fifure CDEF, by the former case ; and at the points B, H in the straight 
line BH, make the angle HBL equal to the angle EDK, and the angle 
BHL equal to the angle DEK ; therefore the remaining angle at K is 
equal to the remaining angle at L ; and because the figures ABHG, 
CDEF are similar, the angle GHB is equal to the angle FED, and 
BHL is equal to Dt'K ; wherefore the whole angle GHL is equal to 
the whole angle FEK ; for the same reason the angle ABL is equal 
to the angle CDK : therefore the five-sided figures AGHLB, CFEKD 
are equiangular ; and because the figures AGHB, CFED are similar, 
GH is to HB as FE to ED ; and as HB to HL, so is ED to EK (4. 6.) ; 
therefore, ex aequali (22. 6.), GH is to HL, as FE to EK : for the 
same reason, AB is to BL, as CD to DK : and BL is to LH, as (4. 6.) 
DK to KE, because the triangles BLH, DKE are equiangular : there- 
fore, because the five-sided figures AGHLB, CFEKD are eqvianglao 
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and have their sides about the equal angles proportionals, they are 
similar to one another : and in the same manner a rectilineal figure of 
six, or more, sides may be described upon a given straight line similar 
to one given, and so on. Which was to be done. ^ 

PROP. XIX. THEOR. 

Similar triangles are to one another in the duplicate ratio of their homO' 

logons sides^ 

Let ABC, DEF be simi- 
lar triangles, having the an- 
gle B equal to the angle E, 
and let AB be to BC, as 
DE to EF, so that the side 
BC 18 homologous to EF 
.(def. 13. 5.) : the triangle 
ABC has to the triangle 
DEF, the duplicate ratio 
of that which BC has to 
EF. 

Take BG a third proportional to BC and EF (1 1. 6.), or such that 
BC : EF : : EF : BG, and join GA. Then because 
AB : BC : : DE : EF, alternately (16. 5.)* 
AB : DE : : BC : EF ; but 
BC : EF : : EF : BG ; therefore (11. 5.) 
AB : DE : : EF : BG : wherefore the sides of the 
triangles ABG, DEF, which are about the equal angles, are recipro* 
cally proportional : but triangles, which have the sides about tiTQ 
equal angles reciprocally a 

proportional, are equal to -"- 

one another (15. 6.) : there- 
fore the triangle ABG is e- / / \ tv 
qual to the triangle DEF ; / / ^ \ Jj 
and because that BC is to 
EF, as EF to BG ; and that 
if three straight lines be 

proportionals, the first has .— ^^ ^ .=^ ^^ 

to the third the duplicate B tr C E I^ 

ratio of that which it has to the second ; BC therefore has to BG Ac 
duplicate ratio of that which BC has to EF. But as BC to BG, jio is 
(1. 6.) the triangle ABC to the triangle ABG ; therefore theSrj|ling^c 
ABC has to the triangle ABG the duplicate ratio of that whidaBG 
has to EF : and the triangle ABG is equal to the triangle DEF ; wl^re- 
forc also the triangle ABC has to the triangle DEF the duplicate^ 
tio of that which BC has to EF. Therefore, similar triangles, 
Q,E. D. \ 

CoR. From this it is manifest, that if three straight lines be prtAy 





OF GEOMETRY. BOOK VI. 141 

portioBalfl, as the first is to the third, so is any triangle upon the first 
to asin^at, and similarly described- triangle upon the second. 

PROP. XX. THEOR. 

Sitndlar polygons may be divided into the same number of similar tri- 
angles, having the same ratio to one another that the polygons have ; 
and the polygons have to one another the duplicate ratio of that which 
their homologous sides have. 

Let ABCDE, FGHKL be similar polygons, and let AB be the 
homologous side to FG : the polygons ABCDE, FGHKL may be di- 
vided into the same number of similar triangles, whereof each has to 
each the same ratio which the polygons have ; and the. polygon 
ABCDE has to the polygon FGHKL a ratio duplicate of that wMch 
the side AB has to the side FG. 

Join BE, EC, GL, LH : and because the polygon ABCDE is simi- 
lar to the polygon FGHKL, the angle BAE is equal to the angle GFL 
(def. 1. 6.), and BA : AE : : GF : FL (def. 1. 6.) : wherefore, be- 
cause the triangles ABE, FGL have an angle in one equal to an an- 
gle in the other, and their sides about these equal angles proportion- 
als, the triangle ABE is equiangular (6. 6.), and therefore similar, to 
the triangle FGL (4. 6.) : wherefore the angle ABE is equal to the 
angle FGL : and, because the polygons are similar, -the whole angle 
ABC is equal (def. 1. 6.) to the whole angle FGH ; therefore the re- 
maining angle EBC is equal to the remaining angle LGH : now be- 
cause Uie triangles ABE, FGL are similar, 

EB : BA : : LG : GF ; and also because 
the polygons are similar, AB : BC : : FG : GH (def. 1.6.); there- 
fore, ex aBquali (22. 6.) ; EB : BC : : LG : : GH ; that is, the sides 
about the equal angles EBC, LGH are proportionals ; therefore 




(6. 6.) the triangle EBC is equiangular to the triangle LGH, and 
similar to it (4. 6.). For the same reseon, the triangle ECD is hke- 
wise similar to the triangle LHE ; therefore the similar polygons 
ABCDE, FGHKL are divided into the. same number of g^nilar tri- 
fifties. 
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Al60 these triao^efi have, each to each, the same ratio which the 
polygons have to one another, the antecedents being ABE, EBC, 
ECD, and the consequents FGL, LGH, LHK* : and the polygon 
ABCDE has to the polygon F6HKL the dupUcate ratio of that which 
the side AB has to the homologous side F6. 

Because the triangle ABE is similar to the triangle FGL, ABE has 
to FGL' the duplicate ratio (19. 6.) of that which the side BE has to 
the side GL : for the same reason, the triangle BEC has to GLH fiie 
duplicate ratio of that which BE has to GL : therefore, as the trian- 
l^e ABE to the triangle FGL, so (11. 5.) is the triangle BEC to the 
triangle GLH. Again, because the triangle EBC is similar to the 
triangle LGH, EBC has to LGH the duplicate ratio of that which the 
side EC has to the side LH : for the same reason, the triangle ECD 
has to the triangle LHK, the duplicate ratio of that which EC has to 
LH : therefore, as the triangle EBC to the triangle LGH, so is (1 1. 5.) 
the triangle ECD to the triangle LHK : but it has been proved, that 
the triangle EBC is likewise to the triangle LGH, as the triangle 
ABE to the triangle FGL. Therefore, as the triangle ABE is to the 
triangle FGL, so is the triangle EBC to the triangle LGH, and the 
triangle ECD to the triangle LHK : and therefore, as one of the 
antecedents to one of the consequents, so are all the antecedents to 
jdl the consequents (12. 6.). Wherefore, as the triangle ABE to the 




triangle FGL, so is the polygon ABCDE to the polygon FGHKL : 
but th€ triangle ABE has to the triangle FGL, the duplicate ratio of 
that which the side AB has to the homologous side FG. Therefore 
also the polygon ABCDE has to the polygon FGHKL the duplicate ra- 
tio of that which AB has to the homologous side FG. Wherefore si- 
milar polygons, &c. Q. E. D. 

CoR. 1. In like manner it may be proved, that similar figures of 
four aides, or of any number of sides, are one to another in the dupli- 
cate ratio of their homologous sides ; and the same has already been 
proved of triangles : therefore, universally similar rectilineal figures 
are to one another in the duplicate ratio of their homologous sides. 

Cob. 2. And if to AB, FG, two of the homologous sides, a third 
proportional M be taken, AB has (def. 11. 5.) to M the duplicate ra- 
tio of thai which AB has to FG : but the four-sided figure, or poly- 
gon, upon AB has to the four-sided figure, or polygon, upon FG like- 
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wise the duplicate ratio of that which ^^B has to FG : therefore, as 
A6 is to M, so is the figure upon AB to the figure upon FG, whicljf 
was also, proved in triangles (Cor. 19. 6.). Therefore, universally, 
it is roaoifest, that if three straight lines he proportionals, as the first 
is to the third, so is any rectilineal figure upon the first, to a similar, 
and similarly described rectilineal figure upon the second. 

Cor. 3. Because all squaros are similar figures, the ratio of any two 
squares to one another is the same with the duplicate ratio of theilr 
sides ; nv.A hence, also, any two similar rectilineal figures are to one 
another a;-; xlid scj^uares of their homolo^us sides. 

PROP. XXI. THEOR, 

BjecUlineal figures which are similar to the_ same rectilineal figure^ are 

also similar to one another. 

Let each of the rectilineal figures A, B he similar to the rectilineal 
figure C : The figure A is similar to the figure B. 

Because A is similar to C, they are equiangular, and also have their 
sides ahout the equal angles proportionals (def. 1. 6.). Again, because 
B is similar to C, they are equiangular, and have their sides. about the 
equal angles proportionals (def. 1.6.): therefore the figures A^ B 




are each of them equiangular to C, and have the sides about the 
equal angles of each of them, and of C, proportionals. Wherefore 
the rectilineal figures A and B are equiangular (1 Ax. 1.), and have 
their sides about the equal angles proportionals (11. 5.). Therefore 
A is similar (def. 1. 6.) to B. Q. E. D. 

PROP. XXII. THEOR. 

If four straight lines be 'proportionals^ the similar rectilineal Jlgures 
similarly described upon them shall also be proportionals : and if the 
similar rectilineal figures similarly described upon four straight Unes 
be proportionals^ those straight lines shall be proportionals. 

Let the four straight lines AB, CD, EF, GH be proportionals, \\z. 
AB to CD, as EF to GH, and upon AB, CD let the similar rectilineal 
figures KAB, LCD he similarly described ; and upon EF, GH the 
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iimilar rectilineal figures MF, NH, in like manner : the rectilineal 
^re KAB ii to LCD, as MF to NH. 

To AB, CD take a third proportional (1 1. 6.) X ; and to EF, OH 
a third proportional O : and because 

AB : CD : : EF : GH, and 
CD : X : : GH : (11. 6.) O, ex »quali (22. 6.) 
AB : X : : EF : O. But 
AB : X (2. Cor. 20. 6.) : : KAB : LCD : and 
EF : O : : (2. Cor. 20. 6.) MF : NH ; therefore 
KAB : LCD (2. Cor. 20. 6.) : : MF : NH. 

And if the %ure KAB be to the figure LCD^ as the figure MF to the 
figure NH, AB is to CD, as EF to GH. 

Make (12. 6.) as AB to CD, so EF to PR, and upon PR describe 
(18. 6.) the rectilineal figure SR similar, and similarij situated to ei- 





o 



ther of the figures MF, NH : then, because that as AB to CD, so is 
EF to PR, and upon AB, CD are described the similar and similarly 
situated rectilineals KAB, LCD, and upon EF, PR, in like manner, 
the similar rectilineals MP, SR ; KAB is to LCD, as MF to SR ; but 
by the hypothesis, KAB is to LCD, as MF to NH ; and therefore the 
rectilineal MF having the same ratio to each of the two NH, SR, these 
tv^o are equal (&. 5.) to one another : they are also similar, and simi- 
larly situated ; therefore GH is equal to PR : and because as AB to 
CD, so is EF to PR, and because PR is equal to GH, AB is to QD, as 
EF to GH. If therefore four straight lines, &c. Q,. E. D, 

PROP. XXIII. THEOR. 

Equiangular parallelograms have to one another the ratio which is com^ 

pounded of the ratios of their sides. 

Let AC, CF be equiangular parallelograms having the angle B(JD 
equal lo the angle ECG ; the ratio of the parallelogram AC to the 
parallelogram CF is the same with the ratio which is compounded 
of the ratios ef their sides. 
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Let 6C, CG be placed ia a straight line ; therefore DC andCE are^ 
also in a straight line (14. 1.) ; complete the parailelogram DG ; and, 
taking any straight line K, make (12. 6.) as BC to CG, so K to L : 
and as DC to CE, go make (12. 6.) L to M : therefore the ratios of K 
to Ly and L to M, are the same with the ratios of the sides, viz. of 
BC to CG, and of DC to CE. Bat the ratio of K to M is that which 
is said to be compounded (def. 10. 5.) of the ratios of K to L, and L 
to M ; wherefore also K has to M the 
ratio compounded of the ratios of the 
sides of the parallelograms. Now, 
because as BC to CG, so is the paral- 
lelogram AC to the parallelogram CH 
(1. 6.) ; and as BC to CG, so is K 
to L ; therefore K is (11. 6.) toL, 
as the parallelogram AC to the pji- 
rallelogram CH : again, because as 
DC to CE, so is the parallelogram CH 
to the parallelogram CF : and as DC 
to CE, so is L to M ; therefore L is 
(11. 5.) to M, as the parallelogram -w^ 
CH to tiie parallelogram CF : there- -*^ 
fore, since it has been proved, that as K to L, so is the parallelogram 
AC to the parallelogram CH ; and as L to M, so the parallelogram 
CH to the parallelogram CF ; ex sBquali (22. 6.), K is to M, as tha 
parallelogram AC to the paiHtllelogram CF ; but K has to M the ratio 
which is compounded of the ratios of the sides ; therefore also the ^ 
parallelogram AC has to the parallelogram CF the ratio which is com- 
pounded of the ratios of the sides. Wherefore equiangular. paralle-s 
lograms, &c. Q^ £. D. 




PROP. XXIV. THEOR, 



7*he paralhlograms about the diameter of any parallelogram ^ dre simi^ 

lar to the whole ^ and to one another » 



Let ABCD be a parallelogram, of which the diameter is AC j and 
£G, MK the parallelograms about the diameter : the parallelograms 
EG, HK are similar^ both to the whole parallelogram ABCD^ and to 
one another. 

Because DC, GF are parallels, the angle ADC is equal (29. 1.) to 
the angle AGF : for the same reason, because BC, EF are parallels^ 
the angle ABC is equal to the angle A^F r and each of the angles 
BCD, EFG is 6qual to the opposite angle DAB (34. 1.), and therefore 
are equal to one another, wherefore the parallelograms ABCD, AEFG 
are equiangular. And beea^e the angle ABV is equal to the angle 
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ACF, and (he augle BAG conimoD to tlie 
two triangles BAG, EAF, thejr are equian- 
gular to oue another ; therefore (4. 6.) as 
AB to BC^ 80 is AE to EF ; and because 
the opposite sides of parallelograms are 
equal to one another (34. 1 .), AB is (7. 5.) 
to AD, as AE to AG ; and DC to CB, as 
GF to FE ; and also CD to DA, as FG to 
G A r therefore the sides of the parallelo- 
grams ABCD, AEFG about the equal an- 
gles are proi>ortionals ; and they are therefore similar to one another 
(def. 1.6.) : for the same reason, the parallelogram ABCD is similar 
to the parallelogram FHCK. Wherefore each of the parallelograms, 
G£, KM is similar to DB : but rectilineal figures which are similai* 
to the same rectilineal figure, are also similar to one another (21. 6.) ; 
therefore the parallelogram GE is similar to KH. Wherefore the 
parallelograms, &:c. Q. E. D. 

PROP. XXV. PllOB. 

To describe a reciilineal figure which shall he similar to owe, and equd 

to another given rectilineal figure. 

Let ABC be the given rectilineal figure, to which the figure to be 
described is required to be similar, and D that to which it must be 
equal. It is required to describe a rectilineal figure similar to ABC, 
and equal to D. 

Upon the straight line BC describe (cor.45.1.) the parallelogram BE 
equal to the figure ABC : also upon CE describe (cor. 46. 1 .)the paralle- 
logram CM equal toD, and having the angle FCE equal to the angle 
CBL : therefore BC and CF are in a straight line (29. 1. 14. 1.), as also 
LE and EM ; between BC and CF find (13. G.) a mean proportional 
GH, and uponGH describe (13. 6.) the rectilineal figure Fi(jH siavi 
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iar, and similarly situated, to the figure ABC. And because BC is t» 
GH as GH to CF,and if three straight lines be proportionals, as the first 
IS to the third, so is (2. Cor. 20. 6.) the figure upon the first to the si- 
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miiar and similarly described figure upon the second ; therefore a3 
BC to CF, so is the figure ABC to the figure KGH : but as BC to CF, 
so is (1. 6.) the parallelogram BE to the parallelogram EF : therefore 
as the figure ABC is to the figure KGH, so is the parallelogram BE to 
the parallelogram EF (11. 6.) : but the rectiliueal figure ABC is 
equal to the parallelogram BE ; therefore the rectilineal figure KGH 
is equal (14. 6.) to the parallelogram EF : but EF is equal to the. fi- 
gure D ; wherefore also KGH is equal to D ; and it is similar to ABC. 
Therefore the rectilineal figure KGH has been described similar to 
the figure ABC, and equal to D. Which was to be done. 

PROF. XXVI. THEOR. 

If two similar par cUhlograms have a common angle, and be similarly 
situated^ they are about the same d^ftfteter. 

Let the parallelograms ABCD, AEFG be similar and similarly situ- 
ated, and have the angle DAB common : ABCD and AEFG are about 
the same diameter. 

For, if not, let, if possible, the paralle- 
logram BD have its diameter AHC in a dif- 
ferent straight line from AF, the diametdP 
of the parallelogram EG, and let GF ni^ 
AHC in H ; and through H draw HK pa- 
rallel to AD or BC ; therefore the paral- 
lelograms ABCD, AKHG being about the 
same diameter, are similar to one another 
(24. €.) : wherefore, as DA to AB, so is 
(def. 1. 6.) GA to AK; but because ABCD 
and AEFG are similar parallelograms, as DA is to AB, so is GA to 
AE ; therefore (11. 6.) as GA to AE, so GA to AK ; wherefore GA 
has the 'Same ratio to each of the straight lines AE, AK^ and conse- 
quently AK is equal (9. 5.) to AE, the less to the greater, which is 
impossible ; therefore ABCD and AKHG are not about the same 
diameter ; wherefore ABCD and AEFG must be about the same dia- 
meter. Therefore, if two similar, &c. Q,. E. D. 

PROP. XXVII. THEOR. 

Of all the rectangles contained by the segments of a given straight line, 
the greatest is the square which is described on half the line. 

Let AB be a given straight line, which is bisected in C ; and let D 

be any point in it, the square on AC is -r^ n — i> 

greater than the rectangle AD, DB. ^ O D B 

For, since the straight line AB is divided into two equal parts in C, 
and into two* unequal parts in D, the rectangle contained by AD and 
DB, together with the square of CD, is equal to the square of AC 
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(3. 2.)« The Aqvftre of AC is th.6refore greater than the rectangle 
AD.DB. Therefore, kc. Q, £. D. 



PROP. XXVIII. PROB. 



To divide a given straight linCy so that the rectangle contained by its h^* 
Toents may be equal to a given space'; but that space must not be 
grtater than the square of half the given line. 



Let AB be the given straight line, and let the square upon the 
given straight line C be the space to which the rectangle contained 
by the segments of JA must be equals and this square, by the deter- 
mination, is hot greoRr than that upon half the straight line AB. 

Bisect AB in D, and if the square upon AD be equsd to the square 
upon C, the thing required is done : But if it be not equal to it, AD 
must be greater than C, according 
to the determination : Draw DE at 
right angles to AB, and make it e- 
qual to C ; produce ED %.F, so 
Ibat EF be equal to AD or flk» and 
from the centre E, at the cHslanco 
EF, describe a ' circle meeting AB 
in G. Join EG ; aod because j^B 
i^ divided equally in D, and une- 
qually in G, AG.GB + DG^ =r (6. 2.) DB^ = EG^. But (47. 1.) 
ED2+DGs»=EG2; therefore AG.GB-fDG2=ED3+DG2, and tak- 
ing away DG*, AG.GB==ED2. Now ED=C, therefore the rectan- 
^e AG.GB is equal to the square of C : and the given line AB is 
divided in G, so that the rectangle contained by the segments AG, 
GB is equal to the square upon the given straight line C. Which 
was to be done. 




PROP. XXIX. PROB. 



To produce a given straight line, so that the rectangle contained by the 
segments between the extremities of the given line, and the point to 
'schich it is produced, may be equal to a given space. 



Let AB be the given straight line, and let the square upon the given 
straight line C be the space to which tlie rectangle under the segments 
of AB produced, must be equal. 

Bisect AB in D, and draw BE at right angles to it, so that BE be 
equal to C ; and having joined DE, from the centre D at the distance 
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DE describe « circle meetrng A6 pra- 
daced in G. And because AB is 
bisected in D, and produced to G, 
(6. 2.)AG.GB + DB3=DG3=:DE*. 
But f47. 1.) DE2 = DBa + BE«, 
therefore AG. GB '+ DBa = DB^ + 
B& and AO.GB = BE^ • Now, BE 
»C ; wherefore the straight liiie AB 
is produced to G, so that the rectaa- 
gle contained by the segments AG, 
GB of the Une psoduced, is equal to the i^quare •olT C. 
to he done. 




B & 



Which was 



PROP. XXX. PfiOB. 



To ct^ a fiven straight line in extreme and mean ratio. 

Let AB be the given straight line ; ft is reqisiredto cut it in extrei^e 
and mean ratio. 

Upon AB describe (46. 1.) the square BC, and produce CA to D, 
so that the rectangle CD. DA may be equal to the square CB(29. 6.), 
Take AE equal to AD, and complete the rectangle D¥ under DC and 
AE, or under DC and DA. Then, because 
the rectangle CD.DA is equal to the square 
CB, the rectangle DF is equal to CB. Take 
away the common part Ciil &om each, and 
the remainder FB is equal to tbe remainder 
DE. But FB is the rectangle contained hj 
FE and EB, that is, by AB and BE ; and DE 
is the square upon AE ; therefore AE is a 
mean proportional between AB and BE (J 7. 
fi.), or AB is to AE as AE to EB. But AB 
is greater than AE ; wherefore AE is great- 
er than EB (14. 6.) : Therefore the straight 
line AB is cut in extreme and mean ratio inE 
(def. 3. 6.). Which wsfe to be done. 




Otherwise. 



Let AB be the given straight line ; it is required to cut it in extreme 
and mean ratio. 

Divide AB in the point C, so that the rectangle contained 1^ AB, 

BC be equal to the sqilare of AC (11. 2.) : ^ . l 

Then because the rectangle AB BC is equal A C B 

to the square of AC, as BA to AC, so is AC 
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to CB (17. 6.) : Therefore AB is cut in extreme and mean ratio in 
C (def. 3. 6.). Which was to be done. 

PROP. XXXI. THEOR. 

In right angled triangles^ the rectilineal Jigure described upon the side 
opposite to the right angle, is equal to the similar, and similarly de- 
scribed figures upon the sides containing the right angle. 

Let ABC 'be a right angled triangle, having the right angle BAG : 
The rectilineal figure described upon BC is equal to the similar, and 
similarly described figures upon BA, AC. 

Draw the perpendicular AD ; therefore, because in the right an- 
gled triangle ABC, AD is drawn from the right an^e at A perpendi- 
cular to the base BC, the triangles ABD, ADC are similar to the 
whole trian^e ABC, and to one another (8. 6.), and because the tri- 
angle ABC is similar to ADB, as CB to BA, so is BA to BD (4. 6.) ; 
,and because these three straight lines are proportionals, as the first to 
the third, so is the figure upon the first to the similar, and similaclj 
described figure upon the second (2. Cor. 20. 6.) : Therefore, as CBto 
BD, so is the figure upon CB to 
the similar and similarly described 
figure upon BA : and inversely 
(B. 6.), as DB to BC, so is the fi- 
gure upon BA to that upon BC ; 
for the same reason as DC to CB, 
so is the figure upon CA to that 
upon CB. Wherefore, as BD and 
DC together to BC, so are the fi- 
gures, upon BA and on AC, toge- 
ther, to the figure upon BC (24. 6.) ; therefore the figures on BA, 
and on AC, are together equal to that on BC ; and they are similar 
figures. Wherefore, in right angled triangles, &c. Q. E. D. 



PROP. XXXII. THEOR. 



If two triangles which have two sides of the one proportional to two 
sides of the other, be joined at one angle, so as to have their homolo- 
gous sides parallel to one another ; their remaining sides shall be in 
a straight line. 

Let ABC, DCE be two triangles which have two sides BA, AC 
proportional to the two CD, DE, viz. BA to AC, as CD to DE ; and 
let AB be parallel to DC, and AC to DE ; BC and CE are in a straight 
li«e. 
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Because AB is parallel to DC, and the straight line AC meets them, 
the alternate angles BAC,. ACD are equal (29. 1.) ; for th^ same 
reason, the angle CDE is equal to the angle ACD ; wherefore also 
BAC is equal to CDE : And because the triangles ABC, DCE hare 
one angle at A equal to one at D, 
and the sides about these angles 
proportionals, viz. BA to AC, as 
CD to DE, the triangle ABC is 
equiangular (6. 6.) to DCE : 
Therefore the angle ABC is e- 
qual to the angle DCE : And the 

ai^le BAC was proved to be e- ^ — ^ -^ 

qual to ACD : Therefore the -t> C E 

whole angle ACE is equal to the two angles ABC, BAC ; add the 
common angle ACB, then the angles ACE, ACB are equal to the an- 
^es ABC, BAC, ACB : But ABC, BAC, ACB are equal to two right 
angles (32. 1.) ; therefore also the angles ACE, ACB are equal to 
two right angles : And since at the point C, in the straight line AC, 
the two straight lines BC, CE, which are on the opposite sides of it, 
make the adjacent angles ACE, ACB equal to two right angles ; there- 
fore (14. 1.) BC and CE are in a straight line. Wherefore, if two 
triangles, kc. Q. E. D. 



PROP. XXXHI. THEOK. 

la equal circles^ angles, whether at the centres or circumferences, have 
the same ratio which the arches y on which they stand, have to one ano- 
ther : So also have the sectors. 

Let ABC, DEF be equal circles ; and at their centres the angles 

BGC, EHF, and the angles BAC, EDF at their circumferences ; as 

the arch BC to the arch EF, so is the angle BGC to the angle EHF, 

and the angle BA£?.to the angle EDF : and also the sector BGC to 

. the sector EHF. ■^' 

Take ariy^number of arches CK, KL, each equal to BC, and any 
number whatever FM, ^ti^ each equal toEF ; and join GK, GL, HM, 
HN. Because the arciies BC, CK, KL are all equal, the angles BGC, 
CGK, KOT are also all equal (27. 3.) : Therefore, what multiple 
soever the arch BL is of the arch BC, the same multiple is the angle 
BGL of the angle BGC : For the same reason, whatever multiple the - 
arch EN is of the arch EF, the same multiple is the angle EHN of the 
angle EHF. But if the arch BL, be equal to the arch EN, the angle 
BGL is also equal (27. 3.) to the angle EHN ; or if the arch BL be 
^eater than EN, likewise the angle BGL is greater than EHN : and 
if less, less : There being then four magnitudes, the two arches BC> 
EF, and the two angles BGC, EHF, and of the arch BC, and of the 
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PROP. C. THEOR. 




If from any angle of a triangle a straight line he drawn perpendtcfdar 
, to the base ; the rectangle contained by the 9ides of the triangle is 
equal to the rectangle contained by the perpendicular, and the diame- 
, ier of the circle described about the triangle. 

Let ABC be a triangle, and AD the perpendicular from the angle 
A to the base BC ; the rectangle BA.AC is equal to the rectangle 
contained by AD and the diameter of the circle described about Uie 
triangle. 

Describe (6. 4.) the circle ACB about 
the triangle, and draw its diameter AE, 
and ioin EC : Because the right angle 
BDA is equal (3. 3.) to the angle EGA 
in a semicircle, and the angle ABD to 
the aiigle AEC, in the same segment 
(21, 3.) ; the triangles ABD, AEC are 
equiangular : Therefore, as (4. 6.) BA 
to AD, so is EA to AC : and conse- 
quently the rectangle BA.AC is equal 
ne. 6.) to the rectangle EA.AD. If, 
therefore, from an angle, &c. Q^ E. D. 

PROP. D. THEOR. 

The rectangle contained by the diagonals of a quadrilateral inscribed 
in a circle, is equal to both the rectangles, contained by its opposiU 
sides. 

Let ABCD be any quadrilateral inscribed in a circle, and let AC, 
BD be drawn ; the rectangle AC.BD is equal to the two rectangles 
AB.CD, and AD.BC. 

Make the angle ABE equal to the ang^e DBC ; add to each of these 
the common angle EBD, then the angle ABD is equal to the angle 
EBC : And the angle BDA is equal to (21. 3.) the angle BCE, be- 
cause they are in the same segment ; 
therefore the triangle ABD is equian- 
gular to the triangle BCE. Wherefore 
(4. 6.), BC : CE : : BD : DA, and con- 
sequently (16. 6.) BC.DA = BD.CE. 
Again, because the angle ABE is equal 
to the angle DBC, and the angle (21. 3.) 
6AE to the angle BDC, the triangle ABE 
is equiangular to the triangle BCD ; 
therefore BA : AE : : BD : DC, apd 
BA.DC = BD.AE : But it was shewn 
that BC.DA = BD.CE ; wherefore BC. 
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DA + BA.DC = BD.CE + BD.AE = BD.AC (1. 2.). That is the 
rectangle cootained by BD and AC, is equal to the rectangles con- 
tained by AB, CD, and AD, BC. Therefore the rectangle, &c. 
Q, E. D. 

PROP. E. THEOR. 

If an arch of a circle be bisected , and from the extremities of the archy 
and from the point of bisection^ straight lines be drawn to any point 
in the circumference ^ the sum of the two lines drawn from the extre- 
mities of the arch will have to the line drawn from the point of bi- 
section, the same ratio which tlie straight line subtending the arch ha^ 
to the straight line subtending half the arch» 

Let ABD be a circle, of which AB is an arch bisected in C, and 
from A, C, and B to D, any point whatever in the circumference, let 
AD, CD, BD be drawn ; the sum of the two lines AD and DB has to 
DC the same ratio that BA has to 
AC. 

For since ACBD is a quadrilateral 
inscribed in a circle, of which the di- 
agonals are AB and CD, AD.CB + 
DB.AC (D. 6.) = AB.CD ; but AD. 
€B-fDB.AC=AD.AC+DB.AC, be- 
cause CB=AC. Therefore AD.AC+ 
DB.AC, that is (1.2.), (AD + DB) 
AC=AB.CD. And because the sides 
of equal rectangles arc reciprocally ' ' 
proportion^ (14.6.), AD+DB : DC 
: : AB : AC. Wherefore, &c. 
q. E. D. 

PROP. F. THEOR. 

If two points be taken in the diameter of a circle, such tlmt the rectangle 
contained by the segments intercepted between them and the centre of 
the circle be equal to the anuare of the radius : and if from these points 
two straight lines be drqpoon to any point whatsoever in the circumfer- 
ence of the circle, the rtUio of these lines will be the same with the ratio 
of the segments intercepted between the two Jir^t-mentioned points and 
the circumference of the circle^ 

Let ABC be a circle, of which the centre is D, and in DA produced, 
let the points E and F be such that the rectangle ED, DF is equal to 
the square of AD ; from E and F to any point B in the circumference, 
let EB, FB be drawn ; FB : BE : ; FA : AE. 

Join BD, and because the rectangle FD, DE is equal to the square 
of AD, that is, of DB, FD : DB : : DB : DE (17. 6.). 

The two triangles, FDB, BDE have therefore the sides proportion- 
al that are about the common angle D ; therefore they are equiangu- 
lar (6. 6.), the angle DEB bein^ equal to the angle DBF, and DBE to 
DFB. Now since 1;hc sides about these equal angles afe also proper- 
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ional (4. 6.), FB : BD : : BE : ED, and alternately (16. 5.), FB : 
BE : : BD : ED, or FB : BE : : AD : DE. But because FD : DA : : 
DA : DE, by division (17. 5.), FA : DA : : AE : ED, and alternately 
(11. 6.), FA : AE : : DA : ED. Now it has been shewn that FB : 
BE : : AD : DE, therefore FB : BE : : FA : AE. Therefore, &c. 
Q, E. D. 

CoR. If AB be drawn, because FB : BE : : FA : AE, the angle 
FBE is bisected (3. 6.) by AB. Also, since FD : DC : : DC ; DE,by 
composition (18. 6.), FC : DC : : CE : ED, and since it has becH 
shewn that FA : AD (DC) : : AE : ED, therefore, ex aquo, FA : AE: 
FC : : CE. But FB : BE : : FA : AE, therefore, FB : BE : : FC : 
CE (11. 6.) ; so that if FBbe produced to G, andifBC be drawn, tfie 
angle EB6 is bisected by the line BC (A 6.). 

PROP. G. THEOR, 

Jf from the extremity of the iiamtter of a circle a straight line h 
drawn in the circle, and if either within the circle or produced wiihr 
out it, it miet a line perpendicular to the same diameter, ilie recian^k 
contained by the straight line drazcn in the circle, and the segment of 
it, intercepted between the extremity of the diameter and the perpen- 
dicular, is equal to the rectangle contained by the diameter, and the 
segm£nt of it cut off by the perpendicular, 

1||I ABC be a circle, of which AC is ^diameter, let DE be per- 
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pendicular to the diameter AC, and let AB meet DE in F ; the rect^ 
angle BA.AF is equal to the rectangle CA.AD, Join BC, and be- 
cause ABC is an angle in a semicircle, it is a right angle (31. 3.) : 
Now, the angle ADF is also a right angle (Hyp.^ ; and the angle 
BAC is either the same with DAF, or vertical to it ; therefore the 
triangles ABC, ADF are equiangular, and BA : AC : : AD : AF (4. 6.); 
therefore also the rectangle BA.AF, contained by the extremes, is 
equal to the rectangle AC. AD contained by the means (1^. 6.). If 
therefore, &c. Q;. £. D. 

PROP. H. THEOR. 

The perpendiculars drawn from the three angles of any triangle to the 
opposite sides intersect one another in the same point. 

Let ABC be a triangle, BD and CE two perpendiculars intersect- 
ing one another in F ; let AF be joined, and produced if necessary, 
let it meet BC in G, AG is perpendicular to BC. 

Join DE, and about the triangle AEF let a circle be described, 
AEF ; then, because AEF is a right angle, the circle described about] 
the triangle AEF will have AF for 
its diameter (31. 3.). In the 
same manner, the circle describ- 
ed about the triangle ADF has 
AF for its diameter ; therefore 
the points A, E, F and D are in 
the circumference of the same 
circle. But because the angle 
EFB is equal to the angle DFC 
(15. 1.), and also the an^e BEF 
to the angle CDF, being both right 
angles, the triangles BEF and 
CDF are equiangular, and there- 
fore BF : EF : : CF : FD (4. 6.), -d n n 
or alternately (16. 6.) BF : FC •*^ ^ ^ 
5 : EF : FD.- Since, then, the sides about the equal angles RFC, 
EFD aria proportionals, the triangles BFC, EFD are also equiangular 
(6. 6.) ; wherefore the angle FCB is equal to the angle EDF. But 
EDF is equal to EAF, because they are angles in the same segment 

21. 3.) ; therefore the angle EAF is equal to the angle FCG ; Now, 
e angles AFE,' CFG are also equal, because they are vertical an- 
^es; therefore the remaining angles AEF,FGC are also equal (32. 1 .); 
But AEF is a right an^e, therefore FGC is a right angle, and AG is 
perpendicular to BC. Q^ E. D. 

CoR. The triangle ADE is similar to the triangle ABC. For th<* 

two triangles BAD, CA{1 having the angles at D and E right angles. 

and the angle at A common, are equiangular, and therefore BA : AD : ■ 

CA : AE, and alternately BA : CA i : AD : AE ; therefore the tw<^ 

-triangles BAC, DAE, have the angle at A common, and the sides al>oiU 
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that an^e proportioiialfl, therefore they are eqaiangular (6. 6.) and 
similar. 
Hence the rectangles BA.AE, CA.AD are equal. 

PROP. K. THEOR. 

Jffrom any angle of a ^ruMigZ« a perpendicular be drawn to ihe opposite 
side or base ; the rectangle contained by the stun and differtmee of ^ 
other two sides, is equal to the rectangle contained by the sum and dif 
ference of the segments, into which the base is divided by the perpendi- 
cular, 

■ 

Let ABC he a triaogle, AD a perpendicular drawn from the an^e 
A on the hase BC^ so that BD, DC are the segments of the base ; ] 
(AC+AB) (AC— AB)=(CD+DB) (CD— DB). 




From A as a centre with the radius AC, the greater of the twa 
^des, describe the circle CFG ; produce AB to meet the circamfer- 
jence in £ and F, and CB to meet it in G. Then because AF=sAC, 
BF=AB+AC, the sum of the sides ; and since AE=AC, BE=:AC 
— AB^ the difference of the sides. Also, because AD drawn from 
the centre €uts GC at right angles, itbisecte it ; therefore, whentKe 
perpendicular falls within the triangle, BGs?DG — DB=:DC— DB=s 
the difference of the segments of the base, and BC=BD+DC=the 
sum of the segments. But when AD falls without the triangle, BG^^ 
DG+DB=CD4-DB=the sum of the segments of the base, andBC 
=-CD — DB = the difference of the segments of the base. Now, J^ 
both cases, because B is the intersection of the two lines FE, GfCy 
drawn in the circle, FB.BE=CB.BG ; that is, as has been shown, 
(AC+AB) (AC— AB) = (CD+DB) (CD— DB). Therefore, &c. 



■ .'w.-* 



SUPPLEMENT 



TO 



ELEMENTS 



OV 



GEOMETRY. 




\ 



ELEMENTS 



OF 



GEOMETRY. 

, ■ .1 gasas 

> SUPPLEMENT* 

ir iiii' 'i I ii I iHii' ill ill T 

BOOK I. 

OF THE (QUADRATURE OP THE CIRCLE. 



DEFINITIONS, 



I. 

AChobb of an arch of a circle is the attaint Une joining the ex- 
tremities of the arch ; or the straight Ime wbidi subtends the 
arch. 

II. 

The perimeter of any figure is the length of the line, or lines, by 
which it is bounded. 

III. 

The area of any figure is the space contained within it 

AXIOM. 
The least line that can be drawn between two points, is a straight 
line : and if two figures have the same straight hne for their base, 
that which is contained within the other, if its bounding line or lines 
be not any where convex toward the base, has the least perimeter. 
CoR. 1. Hence the perimeter of any polygon inscribed in a circle 
is less than the circumference of the circle. 

Cor. 2. If from a point two straight lines be drawntouchhigjai circki, 
these two lines are together greater than the arch intercepted between 
them ; and hence the perimeter of any poljrgon described al90ut a 
circle is greater than the circumference of the circle. 

X 
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PROP. L THEOR. 



If from the greater of two unequal magmiudes there be taken away itf 
half and from the remainder its half : and so on ; There will ai 
length remain a magnitude less than the least of the proposed magni' 
tudes. 

Let AB and C be two uneqnal magnitudes, of which AB is the 
greater. If from AB there be taken away its half, 
and from the remainder its half, and so on ; there « - iD 

shall at length remain a magnitude less than C. 

For C may b» multiplied so as, at length, to 
become greater than AB. Let DE, therefore, be 
a multiple of C, which is greater than AB, and E." * IF 

let it contain the parts DF, FG, G£, each equal 
to C. From AB take BH equal to its half, and 
from the remainder AH, take HK equal to its S' " 
half, and so on, until there be as many divisions 1^ 

in AB as there are in DE : And let the divisions "^ 

in AB be AK, KH, HB. And because DE is 
greater than AB, and EG taken from DE is not 
greater than its half, but BH taken from AB is e- 
qua! to its half ; therefore the remainder GD is li P TT 
greaterthan the remainder HA. Again, because 
GrD is greater than HA, andGF is not greater than the half of GD, bat 
HK is equal to the half of HA ; therefore, the remainder FD is great- 
er than the remainder AK. And FD is equal to C, therefore C iS 
greater than AK ; that is, AK is less than C. Q,. E. D. 



PROP. II, THEOR. 



Equilateral polygons^ of the same nmmber of sides, inscribed in circles^ 
are similar^ and are to one another as the squares of the diameters of 
the circles^ 

Let ABCDEF and GHIKLM be two equilateral polygons of the 
same number of sides inscribed in the circles ABD, and GHK ; 
ABCDEF and GHIKLM are similar, and are to one another as the 
squares of the diameters of the circles ABD, GHK. 

Find N and O the centres of the circles ; jom AN and BN, as also 
GO and HO, and produce AN and GO till they meet the circumfer* 
ences in D and K* 
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Because the straight lines AB, BC, CD, DE, EF, FA, are all equals 
the arches AB, BC, CD, DE, EF, FA are also equal (28. 3.). For 
the same reason, the arches QH, HI, IK, KL, LM, M6 are all equ£}], 
and they are equal in number to the others ; therefore, whaterer 
part the arch AB is of the whole circumference, ABD, the same is 
the arch GH of the circumference GHK. But the angle ANB is the 
same part of four right angles, that the arch AB is of the circumfer* 
ence ABD (33. 6.) ; and the angle GOH is the same part of* four 
right angles that the arch GH is of the circumference GHK (33. 6.), 
therefore the angles ANB, GOH are each of them the same part of 
four right angles, and therefore they are equal to one another. The 
isosceles triangles ANB, GOH are therefore equiangular (6. 6.), and 
the angle ABN equal to the angle GHO ; in the same manner, by 
joining NC, OI, it may be proved that the angles NBC, OHI are 




equal to one another, and to the angle ABN. Therefore the whole 
angle ABC is equal to the whole GHI ; and the same may be proved 
of the angles BCD, HIK, and of the rest. Therefore, the polygons- 
ABCDEF and GHIKLM are equiangular to one another ; and since 
they are equilateral, the sides about the equal angles are proportion* 
^8 ; the polygon ABCD is therefore similar to the polygon GHIKLM 
(de£ 1. 6.). And because similar polygons are as the squares of 
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their homologouB sides (20. 6.), the polygon ABC DBF is to the po- 
lygon GHIKLM as the square of A6 to Uie square of GH ; but be- 
cause the triangles ANB^ GOH are equiangular, the square of AB is 
to the square of GH as the square of AN to the square of GO (4. 6.), 
or as four times the square of AN to four times the square (15. 5.) 
of GOjthat is, as the square of AD to the square of GK (2. Cor. 8. 2.). 
Therefore also, the polygon ABCDEF is to the polygon GHIKLM as 
the square of AD to the square of GK ; and they haye also been 
shewn to be similar. Therefore, &c. Q;. E. D. 

Cor. Every equilateral polygon inscribed in a circle is also equi- 
angular : For the isosceles triangles, which have their common vertex 
in the centre, are all equal and similar ; therefore, the angles at their 
bases are all equal, and the angles of the polygon are therefore also 
equal. 

PROP. III. THEOR. 

Jhe side of any equilateral polygon inscribed in a circle being given, te 
Jind the side of a polygon tfthe same number of sides described aboiA 
the circU. 

Let ABCDEF be an equilateral polygon inscribed in the circle ABD ; 
it is required to find the side of an equilateral polygon of the same 
number of sides described about the circle. 

^ Find G the centre of the circle ; join GA, GB, bisect the arch AB 
vtk H ; and through H draw KHL touching the circle in H, and meet- 
ing GA and GB produced in K and L ; KL is the side of the polygon 
required. 

Produce GF to N, so that GN may be equal to GL ; join KN, and 
from G draw GM at right angles to KN, join also HG. 

Because the arch AB is bisected in H, the angle AGH is equal t€ 
the angle BGH (27. 3.) ; and 
because KL touches the circle 
in H, the angles LHG, KHG are 
right angles (16. 3.); therefore, 
there are two angles of the tri- 
angle HGK, equal to two an- 
gles of the triangle HGL, each 
to each. But the side GH is 
common to these triangles ; 
therefore they are equal (26. 
1.), add GL is equal to GK. 
Again, in the triangles KGL, 
KGN, because GN is equal to 
GL; and GK common, and also 
the angle LGK equal to the an- 
gle KGN ; therefore the base KL'is equal to the base KN (4. !.)• 
But because the triangle KGN is isosceles, the angle GKN is equal 
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to the aog^e GNK, and the angles GMK, GMN are hoth right angles 
by construction ; wherefore, tibe triangles GMK, GMN have two an- 
gles of the one equal to two angles of the other, and they have also 
the side GM common, therefore they are equal (26. 1.), and the side 
KM is equal to the side MN, so that KN is bisected in M. But KN ig 
is equal to KL, and therefore their halves KM and KH are also equal* 
Wherefore, in the triangles GKH, GKM, the two sides GK and KH 
are equal to the two GK and KM, each to each ; and the angles GKH, 
GKM, are also equal, therefore GM is equal^to QH (4. 1,) ; where- 
fore, the point M is in the circumference of the circle ; and because 
KMG is a right angle, KM touches the circle. And in the same man- 
ner, by joining the centre and the other angular points of the inscribed 
polygon, an equilateral polygon may be described about the circle, the , 
sides of which will each be equal to KL, and will be equal in number 
■ to the sides of the inscribed polygon. Therefore, KL is the side of 
an equilateral polygon, described about the circle, of the same number 
of sides with the inscribed polygon ABCDEF ; which was to be 
found. 

CoR. 1. Because GL, GK, GN, and the other straight lines drawn 
from the centre G to the angular points of the polygon described about 
the circle ABD are all equal ; if a circle be described from the centre 
G, with the distance GK, the polygon will be inscribed in that circle ; 
and therefore, it is similar to Uie polygon ABCDEF (2. 1.). 

Cor. 2. It is evident that AB, a side of the inscribed polygon, is to 
,KL, a side of the circumscribed, sun the perpendicular from & upon 
AB, to the perpendicular from G upon KL, that is to the radius of the 
circle ; therefore also, because magnitudes have the same ratio with 
their equimultiples (16. 5.), the perimeter of the inscribed polygon is 
to the perimeter of the circumscribed, as the perpendicular from the 
centre, on a side of the inscribed polygon, to the radius of the circle. 

PROP. IV, THEOR. 

A circle being given^ two similar polygons may be founds Hie one de* 
scribed about ilie circle^ and the other inscribed in ity which shall differ 
from one another by a space less than any given space. 

Let ABC be the given circle, and the square of D any given space ; , 
a polygon may be inscribed in the circle ABC, and a similar polygon 
described about it, so that the difference between them shall be less 
than the square of D. 

In the circle ABC apply the straight line AE equal to D, and let AB 
be a fourth part of the circumference of the' circle. From the cir- 
cumference AB take away its half, and from the remainder its half, and 
so on till the circumference AF is found less than the circumference 
AE (1.1. Sup.). Find the centre G ; draw the diameter AC, as also 
the straight liucs AF and FG ; and having bisected the circumference 
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AF in K, join KG, and draw HL touching the circle in K, and meeting 
QA and GF prodaced in H and L ; join CF. 

' Because the isosceles triangles HGL and AGF have the common an- 
gle AGF, they are equiangular (6. 6.), and the angles GHK, GAF are 
Uierefore equal to one another. But the angles GKH, CFA are als» 
equal, for thej are right angles ; therefore the triangles HGK, ACF, 
are likewise equiangular (32* 1.). 

And because the arch AF was found by tsdcing from the arch AB its 
half, and from that remainder its half, and so on, AF will be contained 
a certain numher of times, exactly, in the arch AB, and therefore it 
will also be contained a certain number of times, exactly, in the whole 
circumference, ABC ; and the straight line AF is therefore the side of 
an equilateral polygon inscribed in the circle ABC. Wherefore also, 
HL is the side of an equilateral polygon, of the same number of sides, 
described about ABC (3. 1. Sup.). Let the polygon described about 
the circle be called M, and the polygon inscribed be called N ; then. 




because these polygons are similar (Cor. 3. 1 .), they are as the squares 
rf the homologous sides HL and AF (Sup. 3. Cor. 20. 6.), that is, be- 
cause the triangles HLG, AFG are similar, as the square of HG to 
the square of AG, that is of GK. But the triangles HGK, ACF hare 
been proved to be similar, and therefore the square of AC is to the 
square of CF as the polygon M to the polygon N ; and, by conversion, 
the square of AC is to its excess above the square of CF, that is, to the 
square oi AF (47. 1.), as the polygon M to its excess above the poly- 
gon N. But tne square of AC, that is, the square described about 
Sie circle ABC is greater than the equilateral polygon of eight sides 
described about the circle, because it contains that polygon ; and, for 
the same reason, the polygon of eight sides is greater than the poly- 
gon of sixteen, and so on ; therefore, the square of AC is greater 
Sian any polygon described about the circle by the continual bisection 
of the arch AB ; it is therefore greater than the polygon M. Now, it 
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hats been demonstrated, that the square oi AC is to the square of AF 
as the polygon M to the difference of the polygons ; therefore, since 
the square of AC is greater than M, the square of AF is greater than 
the difference of the polygons (14. 5.). The difference of the poly- 
gons is therefore less than the square of AF ; but AF is less than D ; 
therefore, the difference of the polygons is less than the square of 
D, that is, than the given space. Therefore, &c. Q,. E. D. 

Cor. 1. Because the polygons M and N differ from one another 
more than either of them differs from the circle, the diffierence be* 
tween each of them and the circle is less than the given space, viz. 
the square of D. And therefore, however small any given space 
may be, a polygon may be inscribed in the circle, and another de- 
scribed about it, each of which shall differ from the circle by a space 
less than the given space. 




B 



CeR. 2. The space B which is greater than any polygon that can 
be inscribed in the circle A, and less than any polygon that can be 
described about it, is equal to the circle A. If not, let them be une* 
qual ; and first, let B exceed A by the space C. Then, because th^ 
polygons described about the circle A are all greater than B, by 
hypothesis ; and because B.is greater than A by the space C, there;- 
fore no polygon can be described about the circle A, but what must 
exceed it by a space greater than C, which is absurd. In the same 
manner, if B be less than A by the space C, it is shewn, that no poly, 
gon can be inscribed in the circle A, bijt what is less than A by a 

Space greater than C, which is also absurd. Therefore, A and B are 
LOt unequal, that is, they are equal to one another. 

PROP. Y, THEOR. 

77ie area of any circle is equal to the rectangle contained hy the semi 
diameter^ and a straight line equal to half the circumference. 

Let ABC be a circle, of which the centre is D, and the diameter 
AC ; if in AC produced there be taken AH equal to half the cir- 
cumference, the area of the circle is equal to the rectangle contain- 
ed by DA and AH . 
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Let AB be the side of any equilateral polygon inscribed in the cir- 
cle ABC ; biiect the circumference AB in G, and through 6 draw 
EtiF touching the circle, and meeting DA produced in E, Udd DB 







[produced in F ; EF will be the side of an equilateral polygon de- 
i4cribcd about the circle ABC (3. 1. Sup.). In AC produced take 
AK equal to half the perimeter of the polygon whose side is AB ; 
and aL equal to half the perimeter of the polygon whose side is EF 
Tlion AK will be less, and AL greater than the straight line AS 
(Ax. 1. Sup.). Now, because in the triangle EDF, DG is drawii 
perpendicular to the base^ the triangle EDF is equal to the rectan|^ 
contained by DG and the half of CF (^41. 1.) ; and as the same ii 
true of all the other equal triangles havmg their vertices in D, which 
make up the polygon described about the circle ; therefore, tiM 
whole polygon is equal to the rectangle contained by DG and AL, 
half the perimeter of the polygon ( 1 . 2.), or by DA and AL. But AL 
is greater than All, therefore the rectaugle DA.AL is greater than 
the rectungle DA. AH ; the rectangle DA AH is therefore tese thaa 
the rectangle DA.AL, that is, than any polygon described about the 
circle ABC. 

Again, the triangle ADB is equal to the rectangle contained by Olf 
the perpendicular, and one half of the base AB, and it is dierefere 
less than the* rectangle contained by DG, or DA, and the haM ef AB. 
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Atid as tb^ skttie id trae of all the otker triahgks hariii|g tbbir v^rti" 
ces in D, i^hibh ihake tip the mscribed polygon, thercforfe the #1idle 
of the inscribed polygon is less than the rectangle contained by DA, 
and AK half the perimeter of the polygon. Now, the rectangle 
DA.AK is less than DA.AH ; much more, therefore, is the polygon 
whose side is AB less than DA.AH ; and the rectangle DA.AH is 
therefore greater than any polygon inscribed in the circle ABC. But 
the same rectangle DA.AH has been proved to be less than any poly- 
gon described about the circle ABC ; therefore, the rectangle DA.AH 
is equal to the circle ABC (2, Cor. 4. 1. Sup.). Now, DA is the se- 
midiameter of the circle ABb, and AH the half of its circumference. 
Therefore, &c. Q, E. D. 

Cor. 1. Because. DA : AH : : DA^ : DA.AH (1. 6.)< and because 
by this proposition, DA.AH=the area of the circle, of which DA is 
tbe radius : therefore, as the radius of any circle to the semicircum- 
ierence, or as the diameter to the whole circumference, so is the 
aquare of the radius to the area of the circle. 

CoR. 2. Hence a polygon may be described about a circle, the pe- 
rimeter of which shall exceed the circumference of the circle by a 
line that is less than any giren line. Let NO be the given Une. Ta^e 
in NO the part NP less than its half, and less also than AD, and let a 
polygon be described about the circle ABC, so that its excess above 
ABC may be less than the square of NP (1. Cor. 4. 1. Sup.). Let 
the side of this polygon be EF. And since, as has been proved, the 
circle is equal to the rectangle DA.AH, and the polygon to the rect- 
angle DA.AL, the excess of the polygon above the circle is equal to 
the rectangle DA.HL ; therefore the rectangle DA.HL is less than 
the square of NP ; and therefore, since DA is greater than NP, HL 
is less than NP, and twice HL less than twice NP, wherefore, much 
thiore is tv^ice HL less than NO. Beit HL is the difference between 
hdf the perimeter of the polygoh whose side h EF, and half the cir- 
cumference df the drtle : therefore, twice HL 1* the difibiience be- 
tween \M whole perimeter of the polygon and the whole circumfer- 
ence of the circle (5. 6.). The difference, therefbre, between the 
peHmeter ^f the polygon find the citcui^eredce 6£ the circle is lesis 
than the given line NO. 

Gofti 3. Hence ttls^, a polygon may be iiisctibed in ai circle, subh 
ftat the et<;es^ tif the circumferettce ilbove the perimetef of the poly- 
gon may be less than any given line. This is proved like the pre- 
ceding. 

PtlOP. Vl. tHEOR. 

The areas of circles are to one another in the duplicate ratioy or as th^ 

sijfuares^ of their diameters. 

Let ABD and GHL be two circles, of which the diameters ore AD 
and GL ; the circle ABD is to the circle GHL as the square of AD t» 
the square of 6L. . ■ ""' 
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Let ABCDEF and GHKLMN be two equilateral polygons of the 
lame number of sides inscribed in the circles ABD, GHL ; and let Q 





be such a space that the square of AD is to the square of 6L as the 
circle ABD to the space Q^ . Because the polygons ABCDEF an^ 
GHKLMN are equilateral and of the same number of sides, they are 
similar (2. 1. Sup.), and their areas are as the squares of the diame- 
ters of the circles in which they are inscribed. Therefore AD* 
OL» : : polygon ABCDEF : polygoo GHKLMN ; but AD^ : GL* : 
circle ABD : Q; and therefore, ABCDEF : GHKLM : : circle ABD : 
Q, Now, circle ABD y ABCDEF ; therefore Q, T GHKLMN 
(14. 5.), that is, Qis greater than any polygon inscribed in the circle 
GHL. 

In the same manner it is demonstrated, that Q, is less than any 
polygon described about the circle GHL ; wherefore, the space Qis 
equjJ to the circle GHL (2. Cor. 4. 1. Sup.) . Now, by hypothesis, the 
circle ABD is to the space Q, as the square of AD to the square of 
GL ; therefore the circle ABD is to the circle GHL as the square of 
AD to the square of GL. Therefore, &c. Q^ E. D. 



CoR. 1. Hence the circumference^ of circles are to one another 
^ th«ir diameters. 
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* 
I 

Let the straight line X be equal to half the circumfereiice of the 
<^ircle ABD, and the straight line Y to half the circumference of the 



circle GHL : And because the rectangles AO.X, and GP.Y are equal 
to the circles ABD and GHL (6. 1 Sup.) ; therefore AO.X : GP.Y 
: ; AD» : GL« : : AO* : GPs ; and alternately, AO.X : AO^ : : GP.Y 
: GP« ; whence, because rectangles that have equal altitudes are as 
their bases (1. 6.), X : : AO : : Y : GP, and again alternately, X : Y 
: : AO : GP ; wherefore, taking the doubles of each, the circumfer- 
ence ABD is to the circumference GHL as the diameter AD to the 
diameter GL. 

Cor. 2. The circle that is described upon the side of a- right an- 
^ed triangle opposite to the right angle, is equal to the two circles 
described on the other two sides. For the circle described upon SR 
is to the circle described upon RT as the square of SR to the square 
of RT ; and the circle described upon TS is to the circle described 
upon RT as the square of ST to the square of RT. Wherefore, 
the circles described on SR and 
on ST are to the circle describ- 
ed on RT as the squares of SR 
and of ST to the square of RT 
(24. 6.). But the squares of RS 
and of ST are equal to the 
square of RT (47. 1.) ; there- 
fore the circles described on RS 
and ST are equal to the circle 
described on RT. 

PROP. Vn. THEOR. , 

I 

Elquiang%dar parallelograms are to one another as the products of ike 

numbers proportional to their sides,, 

• 

Let AC kad DF be twb equia^^ar parallelograms, and let M, }^, 
P and Q, be four numbers, such tfll^ : BC : : M : N ; AB : D*£ : : 
M : P, and AB : £F : : M : Q, and therefore ex equali, BC : £F : : 
N : Q^ The parallelogram AC is to the parallelogram DF as MN to 

PQ. 
Let NP be the product of N into P, and the ratio of MN to PQ 

will be compounded of the ratios (def. 10. 5.) of MN to NP, and of 

NP to PQ, But the ratio of MN to NP is the same with that of M 
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to P (15. 6.), because MN and NP are equimnltiples of M and P; 
and for the same reason, the ratio of NP to P^ is the same with that 
of N to Q,; therefore the ratio of MN to PQ is compounded of the 
ratio9 of M to P, and of N to C^ Now, the ratio of M to P if the 
same with that of the side AB to the side D£ (by Hyp.) ; and the 
ratio of N to ^ the same with that of the side 6C to the side EF. 
Therefore, the ratio of MN to P^, is compounded of th^ ratios of 
AB to D£, and of BC to EF. And ihe ratio of the parallelogram AC 
to the parallelogram DF is compounded of the same ratios (23. 6.) ', 
therefore, the parallelogram AC is to the parallelogram DF as MN, 
the product of the numbers M and N, to PQ, the product of the 
numbers P and Q^ Therefore, &c. Q^ E. P. 

CoR. 1. Hence, if GH be to KL as the number M to the nuoiber 
N ; the square described on GH ' 

will be to me square described on G 'HK L 

KL as MM,the square of the num- 
ber M to NN, the square of the number N. 

CoR. 2. If A, B, C, P, &c. are any line$, and m, n, r, 5, Uc, num- 
bers proportional to them ; viz. A:B::m:n:A:C::m:r, A: 
D : : w : «, &c. ; and if the rectangle contained by any two of tlje 
lines be equal to the square of a third line, the preduct of the nuip- 
bers proportional to the first two, will be equal to the square of tbe 
number proportional to the third ; that is, if A.C=B«, mXr=ftX«, 
or=s»^. 

For by this Prop. A.C : B* : : mXr : n^ ; but A.C;5=B2 , therefore 
iwi Xr=n3. Nearly in the same way it may be demonstrated, that 
whatever is the relation between the rectangles contained by these 
lines, there is the same between the products of the numbers pro- 
portional to them. 

So also conversely if m and r be numbers proportional to the line^ 
A and C ; if also A.C=B*, and if a number n be found such, that n' 
=mr, then A : B : : m : n. For let A : B : : m : ^, then since, w, ^, 
rare proportional to A, B, and C^kd A.C==^Bs ; therefore, as has 
just been proved, q^ s=w X r ; but ^t*q X r, by hypothesis, therefore 
n^ :z=q2 ^ and «i=;^ ; wherefore A : B : : m : n. 

SCHOLIUM. 

In order to have numbers proportional to any set of magnitudes of 
the same kind, suppose one of them to be divided into any number, f» 
of equal parts, and let H bo one of those parts. Let H be found n 
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tilaes in the mai^itude B, r Hfnoi^e mC^s times id D^ &Cm ^bem it 19 evi- 
dent that the numbers m, n, r, s are proportional to the magnitudes ^, 
B, C and D. When therelore it is said in any of the following pro- 
positions, that a line as A =c a nqinber a^i, it is understood that A=^m 
XH, or that A is equal tQ the givea magnitude H multiplied by m ; 
andthie same is uqdeji^tOQd of the other magnitudes, B, C, D^ and 
thi^ir proportiop^l numbers, H being the common measure of all 
the ms^itudes. This common measure is omitted for the sake of 
brevity in the arithmetic^ i^pressioA; hut is always implied, when 
a line, OF Qtber geom^trieal magnitude, i^ said to be equ^ to a 
nuq^r. AJsQ, wbfii» there are fractions in the number to whieh the 
magnitude is called equal, it is meant that the common mesuture H is 
fai$>er sttbdiYid^d iitlQ suchpfMrfts ^ the numencal fraction indicates. 
TtiDffi, if A^96Q.376, it is meaat that there is a certain ms^tude H, 

376 
such that A=3^ax H+jqqqXH, or that A is equal to 360 times H, 

together with 375 of the thousandth parts of H. And the. same is 
true in all other cases, where numbers are used to express the rela- 
tions of geometrical magnitudes. 

PROP. VIIL THEOR. 

The perpendic^ar drawn fro-pi the centre of a circle on the chord of any 
arch is a mean proportional between half the radius and the line made 
up of the radius and the perpendicular drawn from the centre on the 
chord of double tkat avch : And the chord of the arch is a mean pro- 
portional between the diameter and a line which is the difference between 
the radius and the foresaid perpendicular from the cmiire. 

Let ADB be a circle, of which the centre is C ; DBE any arch, 
and DB the half of it ; let the chords DE, DB be drawn ; as also CF 
and CG at right angles to,DE and DB ; if CF be produced it will 
meet the circumference in '^ ; let it meet it again in A, and let AC be 
bisected in H ; C6 is a m^^ proportional between AH and AF ; and 

J3 
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BD a mean proportional between AB and BF, the excess of the ra- 
dius above UF. 

Join AD ; and because ADB is a right angle, being an angle in a 
semicircle ; and because CGB is also a right angle, the traangles 
ABD, CBG are equiangular, and, AB : AD : : BC : C6 (4.* 6.), or 
alternately, AB : BC : : AD : CG ; and therefore, because AB is 
double of BC, AD is double of CG, and the square of AD therefore 
equal to four times the square of CG. 

- But, because ADB is a right angled triangle, and DF a perpendicu- 
lar on AB^ AD is a mean proportional between AB and AF (8. 6X 
and AD«=AB.AF (17. 6.), or since AB is =4AH, AD«=4AH.AF. 
Therefore also, because 4CG«=AD», 4CGa«=4AH.AF, and CG»= 
AH. AF ; wherefore CG is a mean proportional between AH and AF, 
that is, between half the radius and the line made up of the radios,' 
and the perpendicular on the chord of twice the arch BD. 

Again, it is evident, that BD is a mean proportional between AB 
and BF (8. 6.), that is, between the diameter and the excess of tilie 
radius above the perpendicular, on the chord of twice the arch DB* 
Therefore, &c. Q, E. D. 

PROP. IX. THEOR.* 

The circumference of a circle exceeds three times the diameter, by a iuie 
less than ten of the parts, of which the diameter contains seventy, btU 
greater than ten of the parts tihereofthe diameter contains seventy one. 

Let ABD be a circle, of which the centre is C, and the diameter 
AB ; the circumference is greater than three times AB, by a line 

less than — , or-, of AC, but greater than — - of AC. 
70 7 71 

In the circle ABD apply the straight line BD equal to the radios 




* III this proposition, the character -f placed after a ouniber, sigDifies that 8ome> 
thing is to be added to it . and the character — , on the other hand, Mgoifies that aome- 
thing is to be taken away from it 
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60 : Draw DF perpendicular to BC, and let it meet the circumfer- 
ence again in E ; draw also C6 perpendicular to BD : produce B|C 
to A, bisect AC in H, and join CD. 

It is evident, that the arches BD, 'BE are each of them one-sixth 
of the circumference (Cor. 15. 4.), and that therefore the arch DBE 
is one-third of the circumference. Wherefore, the line (8. 1. Sup.) 
CO is a mean proportional between AH, half the radius, and the line 
AF. Now because the sides BD, DC, of the triangle BDO are equal, 
the angles DCF, DBF are also equal ; and the angles DFC, DFB 
beii^ equal, and the side DF common to the triangles DBF, DCF, the 
base BF is equal to the base CF, and BQ. is bisected in F. 

Therefore, if AC or BC=:1000, AH=600, CF=600, AF=1600, 
and CG being a mean proportional between AH and AF, CQ'^ll. 
e.) AH. AF=500X 1600=760000 ; wherefore CG=866.0264+, be- 
cause (866.0264)3 is less than 760000. Hence also, AC4-CGi=1866. 
d264+. 

Now, as CG is the perpendicular drawn from the centre C, on the 
chord of one-sixth of the circumference, if P = the perpendicular 
from C on the chord of one-twelfth of the circumference, P will be a 
mean proportional between AH (8. 1. Sup.) and AC+CG, and P*= 
AH (AC+CG) = 600 X (1866.0264 +) = 933012.7 -f . Therefore, 
P=966.9258 +, because (966.9268)* is less than 933012.7. Hence 
also, AC4:P=1966.9268-f . 

Again, if Q, = the perpendicular drawn from C on the chord of one 
twenty-fourth of the circumference, Q, will be a mean proportional 
between AH and AC+P, and q? =AH (AC+P) =600(1 966, 9268-f) 
=982962.9-f ; and therefore Q,=99 1.4449 -f, because (991.4449)* 
is less than 982962.9. Therefore also AC + Q,= 1991. 4449+. 

In like manner, if S be the perpendicular from C on the chord of 
one forty-eighth of the circumference, S3= AH (AC+Q,) = 600 
(1991.4449+) = 996722.46+ ; and S :?= 997.8689+, because (997. 
«689)3 is less than 996722.46. Hence also, AC+S=1997.8689+. 

Lastly, if T be the perpendicular from C on the chord of one nine- 
ty-sixth of the circumference, T* = AH (AC+S) = 600 (1997.8689 
-t-) = 998929.46+, and T = 999.46468 +. Thus T, the p^fpen- 
iicular on the chord of one ninety-sixth of the circumference, is 
greater than 999.46468 of those parts of which the radius contains 
1000. 

But by the last proposition, the chord of one ninety-sixth part of 
the circumference is a mean proportional between the diameter and 
the excess of the radius above S, the perpendicular from the centre 
•n the chord of one forty-eighth of the circumference. Therefore, 
the square of the chord of one ninety-sixth of the circumference = 
AB (AC— S) = 2000 X (2.1411—,) = 4282.2—; and therefore the 
ohord itself = 66.4386 — , because (66.4386)a is greater than 4282.2. 
INTow, the chord of one ninety-sixth of the circumference, or the side 
^f an equilateral polygon of ninety-six sides inscribe^ in the circle^ 
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beinit 66.438&^, the perimeter of that pdlygM trill be ^ (65.43S(> 
—^) 96 =5 6282.1056—. 

Let the perimeter of the circumscfil^ polygon of the same niin« 
ber of sides, be M^ then (2. Cor. 2. 1. Sap.) T : AC : : 6282.1066— 
*. M, that is, (siliCfe T =at 999.46468+ » as already shewti), 
i 999.46458 + : lOOO : : 6282.1066— : M ; if then N be 

such, that 999.46468 : 1000 :: 61^82.1066 — : N ; ex ^quo pet- 
tnrb. 999.46468 -f : 999.46458 : : N : M ; and, since the first is 
greater than the second, the third is greater than the fbortfa, or N is 
greater thah M. 

Now, if a fourth prdpc^rti^al be fbund to 999.46468, IDOO and 
€282.1066, viz. 6286.461--., then, 

because, 99^.46468 : iOOO : : 6282.1056 : €285.461—, 
and as before, §99.46458 : lOCk) : : 6282.1056-^ : N ; 
therefore, 6282.1056 : 6282.1056-^ : : 6285.461— :N, and as the fiist 
•f these proportionals is greater than the second^ the third, vis. 6285. 




461 — is greater than N, the fourth. But N was proved to be greattr 
than M ; much more, therefore, is 6286.461 greater than M, the peiri- 
meter of a polygon of ninety-six sides circumscribed about the circle ; 
that is, the perimeter of that polygon is less than 6285.461 ; now, 
the circumference of the circle is less than the perimeter of the 
polygon; much more, therefore, is it less than 6285.461 ; where- 
fore the circumference of a circle is less than 6285.461 of those parts 
of which the radius contains 1000. The circumference, therefore, 
has to the diameter a less ratio (8. 6.) than 6285.461 has to 2000, or 
than 3142.7306 has to 1000 : but the ratio of 22 to 7 is greater thah 
the ratio of 3142.7305 to 1000, therefore the circumference h s a 
less ratio to the diameter than 22 has to 7, or the circumference is 
less than 22 of the parts pf which the diameter contains 7. 



OF GEOMETRY. BOOK h 177 

It remains to demonstrate, that the part by which the circumference 

10 
exceeds the diameter is greater than ^r of the diameter. 

It was before shewn, that CGa = 750000 ; wherefore CG=:866. 
02645 — , because (866.02545)3 is greater than 750000 ; therefore 
AC+CG = 1 866.02645—. 

Now, P being, as before, the perpendicular from the centre on 
the chord of one-twelfth of the circumference, P^ = AH (AC+CG) 
= 500 X (1866.02545)— = 933012.73— ; and P=965.9e686—, be- 
cause (965.92685)2 is greater than 933012.73. Hence also, AC+P 
= 1965.92586—. ^ 

Next, as Q,=the perpendicular drawn from the centre on the chord 
of one twenty-fourth of the circumference, Q? = AH (AC+P) = 
500 X (1965.92585—) =982962.93—; and Q, =99 1.44496— .be- 
cause (991.44495)2 is greater than 982962.93. Hence also, AC+Q 
= 1991.44495—. 

In like manner, as S is the perpendicular from C on the chord of 
one forty-eighth of the circumference, S2=AH(AC+Q)=600(1991. 
44495—) = 995722.475—, and S = (997.85896—) because (997. 
85895)2 is greater than 996722.475. 

But the square of the chord of the ninety-sixth part of the circum- 
ference = AB (AC— S) = 2000 (2.14105+) = 4282.1+, and the 
chord itself = 65.4377 + because (65.4377)2 is less than 4282.1 : 
Now the chord of one ninety-sixth part of the circumference being 
= 65.4377 +, the perimeter of a polygon of ninety-six sides inscrib- 
ed in the circle = (65.4377+) 96=6282,019+. But the circumfer- 
ence of the circle is greater than the perimeter of the inscribed 
polygon ; therefore the circumference is greater than 6282.019, of 
those parts of which the radius contains 1000 ; or than 3141.009 of 
the parts of which the radius contains 600, or the diameter contains 

10 
1000. Now, 3141.009 has to 1000 a greater ratio than 3+ — to 1 ; 

therefore the circumference of the circle has a greater ratio to the 

10 
diameter than 3+ -=-: has to 1 ; that is, the excess of the circumference 

above three times the diameter is greater than ten of those parts of 
which the diameter contains 71 ; audit has already been shewn to be 
less than ten of those of which the diameter contains 70. Therefore, 
&c. q. E. D. 

CoR. 1. Hence the diameter of a circle being given, the circuiofer- 
ence may be found nearly, by making as 7 to 22, so the given diame- 
ter to a fourth proportional, which will be greater than the circumfer- 

10 
€nce. And if as 1 to 3+ zrr, or as 71 to 223, so the given diameter 

to a fourth proportional, thiis will be nearly equal to the circumference, 
but will be less than it. 

Z 
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Cor. 2. Because the difference between ^ an 



10 

71 
1 



IS 



497' 



ther€r 



fore the lines found by these proportions differ by Jq« of the diame- 
ter. Therefore the difference of either of them from the circumfer- 
ence must be less than the 497th part of the diameter. 

Cor. 3. As 7 lo 22, so the square of the radius to the area of the 
circle nearly. 

For it has been shewn, that (1. Cor. 5. 1. Sup.) the diameter of a 
circle is to its circumferenc^as the square of the radius to the area of 
the circle ; but the diameter is to the cirt umference nearly as 7 to 22, 
therefore the square of the radius is to the area of the circle nearly 
in that same ratio. 



SCHOLIUM. 

It is evident that the method employed in this proposition, for find^ 
ing the limits of the ratio of the circumference to the diameter, maj 
be carried to a greater degree of exactness, by finding the perimeter 
of an inscribed and of a circumscribed polygon of a greater number 
of sides than 96. The manner in which the perimeters of sud 
polygons approach nearer to one another, as the number of Aeir 
sides increases, may be seen from the following Table, which is cob- 
slracted on the principles explained in th« foregoing PropositioB, 
nnfl in which the radius is supposed = 1. . 



NO. of Sides 


Perimeter of the 


Perimeter of the 


or the Po- 


insftribed Polj> 


eireum scribed 


lygon. 


gon. 


Polygon. 


6 


6.000000 


6.822033— 


12 


6.211657 + 


6.430781 


24 


6.265257+ 


6.319320— 


48 


6.278700+ 


6.292173— 


96 


6.282063+ 


6.285430— 


192 


6.282904+ 


6.283747— 


384 


6.283115+ 


6.283327 


768 


6.283167+ 


6.283221— 


1536 


6.283180+ 


6.283195— 


3072 


6.283184+ 


6.283188— 


6144 


6.283185+ 


6.283186-^ 



The part that is wanting in the numbers of the second column, U' 
make up the entire perimeter of any of the inscribed polygons, is 
less than unit in the sixth decimal place ; and in like manner, tb^ 
part by which the numbers in the last column exceed the perimeter 
of any of the circumscribed polygons is less than a unit in the sixtii 
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decimul place, that is than ^ ! ; ■ ',- of the radius. Also, as the num- 
^ ^ 1000000 

bei*s in the second column, are less than the perimeters of the in> 

scribed polygons, they are each of them less than the circumference 

of the circle ; and for the same reason, each of those in the third 

column is greater than the circumference. But when the arch of 

^ of the circumference is bisected ten times, the number of sides in 

the polygon is 6144, and the numbers in the Table differ from one 

1 
another only by fTJTwJJ^jJ part of the radius, and therefore the peri- 
meters of the polygons differ by less than Uiat quantity ; and conse- 
quently the circumference of the circle, which is greater than the 
least, and less than the greatest of these numbers, is determmed with- 
in less than the millioneth part of the radius. 

Hence, also, if R be the radius of any circle, the circumference is 
greater than RX6.283185, or than 2RX3.141692, but less than 2R. 
X 3. 141593 ; and these numbers differ from one another only by a 
millioneth part of the radius. So also R^X3.141592 is less, and 
R^ X3. 141693 greater than the area of the circle ; and these num- 
bers differ from one another only by a millioneth part of the square 
of the radius. 

In this way, also, the circumference and the area of the circle may 
rbe found still nearer to the truth ; but neither by this, nor by any 
other method yet known to geometers, can they be exactly determin- 
ed, though the errors of both may be reduced te a le^s quantity than 
any that can be assigned. 
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DEFINITIONS, 



.1 



I. 

A STRAIGHT line is perpendicular, or at right angles to a plane, 
when it makes right angles with every straight Tine which it 
meets in that plane. 

II. 

A plane is perpendicular to a plane, when the straight lines drawn 
in one of the planes perpendicular to the common section of the 
two planes, are perpendicular to the other plane. 

III. 

The incUnatioD of a streiight line to a plane is the acute angle coa- 
tained by that straight line» and another drawn from the point ia 
which the first line meets the plane, to the point in which, a per 
pendicular to the plane, drawn from any point of the first lioe< 
meets the same plane. 

IV. 

The angle made by two planes which cut one another, is the an^e 
contained by two straight lines drawn from any, the same point in 
the line of their common section, at right angles to that line, the 
one, in the one plane, and the other, in the other. Of the tw» 
adjacent angles made by two lines drawn in this manner, that which 
is acute is also called the ioclinatioB of the planes to one another. 
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V. 

Two planes are said to have the same, or a like incliDation to one an- 
other, which two other planes have, when the angles of inciinatioR 
ahove defined are equal to one another. 

VI. ' 

A straight line is said to be parallel to a plane, when it doQS not meet 
the plane, thoogh produced ever so far. 

VIL 
Planes are said to be parallel to one another, which do not meet, though 
produced ever so fer. 

VIII. 
A solid angle is an angle made by the meeting of more than two plane 
angles, which are not in the same plane in one point. 

PROP. I. THEOR. 

One part of a straight line cannot be in a plane and anotlher part 

about it. 

If it be possible, let A6,part of the straight line ABC be in the plane, 
and the part 6C above it : and since 
the straight line AB is in the plane, it 
can be produced in that plane (2. Post. 
1.) : let it be produced to P : Then 
ABC and ABD are two straight lines, 
and they have the common segment 
AB, which is impossible (Cor. def. 3. 
1 .). Therefore ABC is not a straight line. Wherefore one part, &c. 
Q, E. D. 

PROP. 11. THEOR. 

Any three straight lines which meet one another, not in the same point, 

are in one plane. 

Let the three straight lines AB, CD, CB meet one another in tfte 
^ints B, C and E ; AB, CD, CB are in one 
plane. 

Let any plane pass through the straight 
line EB, and let the plane be turned about 
EB, produced, if necessary, until it pass 
through the point C : Then, because the 
points E, C are in this plane, the straight 
line EC is in it (def. 5. 1.) : for the same 
reason, the straight line BC is in the same ; 
and, by the hypothesis, EB is in it : there- 
fore the three straight lines EC, CB, BE are 
in one pl^ne : but the whole of the li^es DC, 
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AT3, and RC produced, are in the same plane with the parts of then 
EC, EB, BC (1. 2. Sup.). Therefore AB, CD, CB, aie aU in one 
plane. Wherefore, &;c. Q,. E. D. 

Cor. It is manifest, that any two straight lines which cut one an- 
other arc in one plane : Also, that any three points whatever are it 
4ne plane. 

PROP. IIL THEOR. 



If two planes cut one another ^ their common section is a straight line. 

Let two planes AB, BC cut one ano- 
ther, and let B and D be two points in the 
line of their common section. From B to 
D draw the straight line BD.; and because 
the points B and D are in the plane AB, 
the straight line BD is in that plane (def. 
5 1): for the same reason it is in the 
pl'ine CB ; the straight line BD is there- 
fore common to the planes AB and BC, or 
it is the common section of these planes. Therefore, &c. Q. £. D. 




PROP. IVV THEOR. 



V' 



If a straight line stand at right angles to each of two straight lines in 
the point of their intersectim, it wll also he at right angles to Ike 
plane in which these lines are. 

Let the straight line AB stand at right angles to each of the straight 
lines EF, CD in A, the point of their intersection : AB is also at right 
angles to the plane passing through EF, CD. 

Through A draw any line AG in the 
plane in which are EF and CD ; let G 
be any point in that line ; draw GH pa- 
rallel to AD ; and mak^ HF=HA, join 
F<j ; and when produced, let it meet 
CA in D ; join BD, BG, BF. Because 
GH is parallel to AD, and FH = HA ; 
therefore PG—-GD, so that the line DF 
is bisected in G. And because BAD ia 
a right angle, BD3=AB2+AD»(47. 1.); 
and for the same reason, BF»=AB3-4- 
AF2 , therefore BD^ + BF* = 2 AB» + 

AD^ +AF^ ; and because DF is bisect- _, ,^ 

ed in G (A. 2.), ADa + AF« = 2AG»+ «- ^ 

2GF3, therefore BD^-f BFa ~ 2AB3 -f 2AG3 + 2GF«. But BDa + 
BF>= (A. 2.) »BG«+4GF», therefore 2BG«+2GF«s»2AB«-f 
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2AG«+2GF2; and taking 2GF^ from both, 2BG-=2AB«+2AG«, 
or BG2 =AB2 +AG2 ; wherefore BAG (48. K) is a right angle. Now 
AG is any straight line drawn in the plane of the lines AD, AF ; and 
when a straight line is at right angles to any straight line which it 
meets with in a plane, it is at right angles to the plane itself (dcf 1. 
2. Sap,). AB is therefore at right angles to the plane of the lines 
AF, AD. Therefore, &c. Q. E. D. 



PROF. V. THEOR. 

If three straight lines vmeet all in one paint, and a straight line stand at 
right angles to each of them in that point : these three straight lines 
are in one and the same plane. 

Let the straight line AB stand at right angles to each of the straight 
lines BC, BD, BE, in B, the point where they meet ; BC, BD, BE 
are in one and the .same plane. 

If not, let BD and BE, if possible, be in one plane, and BC be 
above it ; and let a plane pass through AB, BC, the common section 
of which with the plane, in which BD and BE are, shall be a straight 
(3. 2. Sup.) line ; let this be BF : tlierefore the three straight lines 
AB, BC, BF are all in one plane, viz. that which passes through AB, 
BC ; and because AB stands at right angles to each of the straight lines 
BD, BE, it is also at right angles (4. 2. Sup.) to the plane passing 
through them ; and therefore makes right 
angles with every straight line meeting it in 
that plane ; but BF which is in that plane 
meets it ; therefore the angle ABF is a right 
angle ; but the angle ABC, by the hypothe- 
sis is also a right angle ; therefore the an- 
gle ABF is equal to the angle ABC, and they 
are both in the same plane, which is impos- 
sible : therefore the straight line BC is not 
above the plane in which are BD and BE : 
Wherefore the three straight lines BC, BD, 
BE are in one and the same plane. There- 
fore, if three straight lines, &c. Q,. E. D. 



PROP. VI. THEOR. 

Two straight linf.s which are at right angles to the same plane, are pa- 
rallel to one another. 

Let the straight lines AB, CD be at right angles to the same plane 
BDE ; AB is parallel to CD. 
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Let tbem meet the plaoe in the points B, D. Draw DE at right 
angles to DB, in the plane BDE, and let E be 
any point in it: Join AE, AD, £B. Because 
ABE is a right angle, AB^+BE^ =(47. 1.) 
AE', and because BDE is a right angle, BE3 = 
BD« + DE* ;' therefore AB' + BD^+ DEa = 
AE«; now, ABa+BD2=ADa, because ABD is 
a right angle, therefore AD'+DE^^AE^, and 
ADE is the^refore a (48. 1 .) right angle. There- 
fore ED is perpendicular to the three lines BD, 
DA, DC, whence these lines are in one plane 
(5. 2. Sup.). But AB is in the plane in which 
are BD, DA, because any three straight lines, 
which meet one another, are in one plane (2. 
2. Sup.) : Therefore AB, BD, DC are in one plane ; and each of 
the angles ABD, BDC is a right angle ; therefore AB is parallel 
(28. 1.) to CD. Wherefore, if two straight lines, &c. Q. E. D. 




A 



PROP. VII. THEOR. 

If iwo straight lines be parallel, and one of tltem 4tt right angles to a 
plane ; the other is also at right angles to the same pldne. 

Let AB, CD be two parallel straight lines, and let' one of them AB 
be at right angles to a plane ; the 
other CD is at right angles ta the 
same plane. 

For, if CD be not perpendicu- 
lar to the plane to which AB is per- 
pendicular, let DG be perpendicu- 
lar to it. Then (6. 2. Sup.) DG is 
parallel to AB : DG and DC there- 
fore are both parallel to AB, and 
are drawn through the same point 
D, which is impossible (11. Ax. 1 .). 
Therefore, &c. Q^ E. D. 



E 



B 




PROP. Vin. THEOR. 

two straight lines which are each of them parallel to the same straight 
line, though not both in the same plane with it, are parallel to one 
another 

Let AB, CD be each of th6m parallel to EF, and not in the same 
^lane with it ; AB shall be parallel to CD. 

In EF take any point G, from which draw, in the plane passing 
through EF, AB, the straight line GH at right angles to BF ; and in 
the plctne passing through EF, CD, draw GK ^ right angles to the 
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same EF. And because £F is peq)eDdictilar both to 6H and GK, it 
is perpendicalar (4. 2. Sup.) to the plane HGK passing through 
them : and EF is parallel to AB ; therefore AB is at right angles 
(7. 2. Sup.) to the plane HGK. 
For the same reason, CD is 
likewise at right angles to the 
plane HGK. Therefore AB, 
CD are each of them at right 
angles to the plane HGK. But 
if two straight lines are at right 
angles to the same plane, they 
are parallel (6. 2. Sup.) to one 
another. Therefore AB is pa- 
rallel to CD. Wherefore two straight lines, &c. Q^ E. D. 

PROP. IX. TliEOR. 

If two straight lines meeting one another be parallel to two others that 
meet one another, though not in the same plane with the first two ; the 
first txsxt and the other two shall contain equal angles. 

Let the two straight lines AB, BC which meet one another be pa- 
rallel to the two straight lines DE, EF that m^et one another, and 
are not in the same plane with AB, BC. The 
angle ABC is equal to the angle DEF. 

Take BA, BC, ED, EF all equal to onie 
another ; and join AD, CF, BE, AC, DF : 
Because BA is equal and parallel to ED, there- 
for^ AD is (33. 1.) both equal and parallel to 
BE. For the same reason, CF is equal and 
parallel to BE. Therefore AD and CF are 
each of them equal and parallel to BE. But 
straight lines that are parallel to .the same 
straight line, though not in the same plane 
with it, are parallel (8. 2. Sup.) to one ano- 
ther. Therefore AD is parallel to CF ; and 
it is equal to it, and AC, DF join them towards 
the same parts ; and therefore (33. 1.) AC is equal and parallel to 
DF. And because AB, BC are equal to DE, EF, and the base AC 
to the base DF ; the angle ABC is equal (8. 1.) to the angle DEF. 
Therefore, if two straight lines, &c. Qp £. D. 

PROP. X. PROB. 

To draw a straight line perpendicular to a plane, from a given point 

above ii. 

■ 

Let A be the given point above the plane BH ; it is required to draw 
from the poii^t A a straight line perpendicular to the plane BH. 

A a 
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-• 
In the plane draw any straight line BC, and jfrom the point A draiv 
(12.- 1.) AD perpendicular to BC. If then AD be also perpendicu- 
lar to the plane BH, the thing required is already done ; but if it 
be not, from the point D draw 
(11. 1.), in the plane BH, the 
straight line DE at right angles to 



/i.^ 




BC ; and from the point A draw \ / I , 

AF perpendicular to DE ; and ^\ ^ — ^r \ 

through F draw (31. 1.) GH pa- \ "^ \ \ 

rallel to BC : and because BC is A \ I \ 

at right angles to ED, and DA, \ \| \ 

BC is at right angles (4. 2. Sup.) g g ^ 

to the plane passing through ED, 

DA. And GH i^ parallel to BC ; but if two straight lines be parallel, 
one of which is at right angles to a plane, the other shall be at right 
(7. 2l Sup.) angles to the same plane ; wherefore GH is at right an- 
gles to the planp. through ED, DA, and is perpendicular (def. 1 . 2. Sup.) 
to every straight line flieeting it in that plane. Bot AF, which is in 
the plane throagh ED, DA, meets it : Thefefoi*e GH is perpendicu- 
lar to A5^, and consequently AF is perpendicular to GH ; and AF is 
also perpendicular to DE : Therefore AF is perpendicular to each of 
the straight lines GH, DE. Bat i^ a flftnuq|hC line stands at right in- 
gles to each of two sO^aight fines in the'^ml of their intefsecti<Mi> it 
is also at right angles to die plane passing through tliiem (4. 2. Soti.). 
And the plane passing through ED, Gtt is the plane BH ; th^rerore 
AF is perpendicular to the plane BH ; so that, from the givett pdint 
A, above the plane BH, the straiight line AF is draWil perpendic*!* 
to that plane. Which was to be done. 

Cor. If it be required from a point C in a plane to erect a per- 
pendicular to that plane, take a point A above the plane, and draw 
AF perpendicular to the pliane ; then, if from C a line be drawn pa- 
rallel to AF, it will be the perpendiculsir i^equired ; for being paral- 
lel to AF it willije perpendicular to the same plane to which AF in 
perpendicular (7. 2. Sup.). 

PROP. XI. THEOR. 

From the same pohtt in a plane, there cannot be two straight lines at 
right angles to the plane, upon the samejside of it : And there can be 
but one perpendicular to a plane from a point above it, 

Fer, if it be possible, let the two straight lines AC, AB be at right 
angles to a given plane from the same point A in the plane, and upon 
the same side of it ; and let a plane paM through BA, AC ; the com^ 
mon section of this plane with the given plane is a straight (3. 2. Sup.) 
line passing through A : Let DAE be their common section : There- 
fore the straight lines AB, AC, DAE ai'e in one plane .* And because 
CA is at right angled to the given plafte, it maked right angles fflOk 
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every straight line meetiDg it in th«t plane. 

But DAE, which is in that plane, meets 

CA ; therefore CAE is a right angle. For 

the same reason BAE is a right angle. 

Wherefore the tingle CAE is equal to the 

angle BAE ; and they are in one plane, 

which is impossible. Also, from a point 

above a plane, there cnn be but one per- =- 

pendioular to that plane ; for if there U J^ "E 

could be two, they would be parallel (6. 2. Sup.) to one another, which 

is absurd. Therefore, from the same point, Lc. Q^ E. D. 

PROP, XIL THEOR. 

Planes, to mhdeh the same straight line is perpendicular ^ are parallel te 

one another. 

m 

Let the atraight line AB be perpendicular to each of, the planes 
CD, EF ; these planes are parallel to one another. 

If not, they must meet one another when produced, and their cora- 
moQ section must be a stniight line GH, in 
which take any point K, and join AK, BK : 
Then, because AB is perpendicular to the 
plane EF, it is perpendicular /def. 1. 2. Sup.) 
to the straight line BR which is in that plane, 
and therefore ABK is a right angle. For the 
same reason, .BAK is a right angle ; where- 
fore the two angles ABK, BAK of the trian- 
gle ABK are equal to two right angles, which 
is impossible (17. 1.) : Therefore the planes 
CD, EF, though produced, do not meet one 
another ; that is, they are parallel (def. 7. 2, 
Sup.). Therefore planes, &c. Q, E. D. 

PROP. XIII. THEOR. 

If two straight lines meeting one another^ he paralltl to tino straight 
lines which also meet one another, but are not in the same plane with 
the first two : the plane which passes through the first two is parallel 
to the plane passing through the others. 

Let AB, BC, two straight lines meeting pn^e another, be paradlel to 
DE, EF that meet one anodier, but are not in the same plane with 
AB, BC : The planes throqgh AB, BC, and DE, £F.9ball not meet, 
though produced. 

From the point B dr^w BQ perpendicular (10. 2. Sup.) to the;*pl9De 
which passes through PE, jE^, and let it meet that plane in G ; and 
-through G draw GH parallel to ED (31. 1.), and GK pandlel to £F : 
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• And because BG is perpendicular to the plane through DE, EF, if 
must make right angles with 
every straight Une meeting 
it in that plane (1. def. 2. 
Sup.). But the straight lines 
GH, GK in that plane meet 
it : Therefore each of the 
angles BGH, BGK is a right 
angle : And because BA is 
parallel (8. 2. Sup.)toGH 
(for each of them is paral- 
lel to DE), the angles GBA, 
BGH are together equal 

(29. 1.) to two right angles : And BGH is a right angle ; therefore 
^so GBA is a right angle, and GB perpendicular to BA: For the same 
reason, GB is perpendicular to BC : Since, therefore, the straight 
line GB stands at right angles to the two straight lines BA, BC, that 
cut one another in B ; GB is perpendicular (4. 2. Sup.) to the plane 
through BA, BC : And it is; perpendicular to the plane through DE, 
£F ; therefore BG is perpendicular to each of the planes through 
AB, BC, and DE, EF : But planes to which the same straight line is 
perpendicular, are parallel (If. 2. Sup.) to one another : Therefore 
the plane through AB, BC, is parallel to the plane through DE, EF. 
Wherefore, if two straight lines, &c. Qp E. D. 

CoR. It follows from this demonstration, that if a straight line meet 
two parallel planes, and be perpendicular to one of tkem, it must be 
perpendicular to the other also. 



PROP. XIV. THEOR. 



tf two parallel planes he cut by another plane, their eommon sectiom 

with it are parallels. 

Let the parallel planes AB, CD be cut by the plane EFHG, and lei 
their common sections with 
it be EF, GH ; EF is paral- 
lel to GH. 

For the straight lines EF 
and GH are in the same plane, 
Tiz. EFHG, which cuts the 
planes AB and CD ; and they 
do not meet though produced; 
for the planes in which they 
are do not meet ; therefore 
EF and GH are parallel 
(def. 30. 1.). Q. K. B. 
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PROP. XV. THEOR. 



If tTsoo parallel planes be cut by a third plane, they, have the same incli- 
nation to that plane. 



Let AB and CD be two parallel planes, and EH a third plane cut- 
ting them : The planes AB and CD are equally inclined to EH. 

Let the straight lines EF and GH be the common section of the 
plane EH with the two planes AB and CD ; and from K, any point in 
EF, draw in the plane EH the straight line KM at right angles to EF, 
and let it meet GH in L ; draw also KN at right angles to EF in th^ 
plane AB : and through the straight lines KM, KN, let a plane be 
made to pass, cutting the plane CD in the line LO. And because EF 
and GH are the common sections of the plane EH with the two pa- 
rallel planes AB and CD, EF is parallel to GH (14. 2. Sup.). But 
EF is at right angles to the plane that passes through KN and KM 
(4. 2. Sup.), because it is at right angles to the line» KM and KN : 




therefore GH is also at right angles to the same plane (7. 2. Sup.), 
and it is therefore at right angles to the hues LM, LO which it meets 
in that plane. Therefore, since LM and LO are at right angles to 
LG, the conmion section of the two planes CD and EH, the angle 
OLM is the inclination of the plane CD to the plane EH (4. def. 2. 
Sup.). For the same reason the angle MKN is the inclinsttion of the 
plane AB to the plane EH. But because KN and LO are parallel, 
being the common sections of the parallel planes AB and CD with a 
third plane, the interior angle NKM is equal to the exterior angle 
OLM (29. 1.) ; that is, the inchnation of the plarte AB to the plane 
EH, is equal to the inclination of the plane CD to the same plane 
EH. Therefore, &c. Q, E. D. 
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V 

PROP. XVL tHEOR. 



If two straight lines be cut by parallel planes ^ they must he cut in tJie saiijuC 

ratio. 

Let the straight lines AB, CD be cut by the parallel planes GH, KL, 
MN, in the points A, E, B ; C, F, D : As AE is to EB, so is CF t© 
FD. 

Join AC, BD, AD, and let AD meet the plane KL in tJhe point X ; 
and join EX, XF : Because the tiro * 

parallel planes KL.MNarecatbj&ie 
plane EBDX, the common sections 
EX, BD, are paraUcl (14. ?. Sup.). 
For the same reason, because tl^ 
two parallel planes GH, KL are cut 
by the plane AXFC, the common sec- 
tions AC, XF are peirallel : And be- 
cause EX is parallel to BD, a aide 
of the triangle ABD, as A£ to £B, 
so is (2. 6.) AX to XD. Again, be- 
cause XF is parallel AC, a side of the 
triangle ADC, as AX to XD, so is CF 
to FD : And it was proved that AX 
is to XD, as AE to EB : Therefore 
(II. 6.), as AE to EB, so is CF to FD. 
Wherefore, if two straight lines, &c. 
q. E. D. 

PROP. XVII. THE03. 

If a straight line be at right angles to a plane, every plane which passes 
through that line is at right angles to the fir st-mentioned plane. 

Let the straight line AB be at right angles to a plane CK ; every 
plane which passes through AB is at right angles to the plane CK. 

Let any plane DE pass through AB, and let CE be the common sec- 
tion of the planes DE, CK ; take any point F in CE, from which draw 
FG in the plane DE at right angles to CE : And because AB is perpen- 




dicular to the plane CK, therefore 
it is also perpendicular to every 
straight line meeting it in that plane 
(1. def. 2. Sup.) ; and conse- 
quently it is perpendicular to CE : 
Wherefore ABF is a right angle ; 
bat GFB is likewise a right angle ; 
therefore AB is parallel (28. 1.) 
to FG. And AB is at right angles 
to the plane CK : therefore FGi? 



Ql 




c 



F B IS 



OF GEOMI/rRY. BOOK 11. 



191 



^lio at right ai^es to the satire plane (7. 2. Sup.). But one plane is 
at right angles to another plane when the straight lines drawn in one 
of the planes, at right angles to their common section, are also at 
right angles to the other plane (def. 2. 2.) ; and any straight line FG in 
the plane D£, which is at r^ht angles to C£, the common section of 
the planes, has been proved to be perpendicular to the other plane 
CK ; therefore the plane DE is at right angles to the plane CK. In 
like manner, it may be proved that all the planes which pass through 
AB are at right angles to the plane CK. Therefore, if a straight line 
kc. Gl. E. D, - 



PROP. XVIII. THEOR. 



ff twa planes cutting one another be edch of them perpefiUctdar to a tkifd 
plane^ their common section is perpendicular to the iame plane. 

Let the two planes AB, BC be each of them perpendicular to a third 
plane, and BD be the common section of the first two ; BD is perpen- 
dicular to the pkme ADC. 

From p m the plane ADC, draw DE perpendicular to AD, and DF 
to DC. Because DE is perpendicular to AD, the common section of 
the pianes AB and ADC ; and because the 
plane A B is at right angles to ADC, DE is at 
right angles to the plane AB (def. 2. 2. Sup.), 
yind therefore also to the straight line BD in 
that plane (def. 1. 2. Sup.). For the same 
reason, DF is at right angles to DB. Since 
BD is' therefore at right Angles to both the 
lines DE and DF, it is at right angles to the 
plane in T^hich DK and DF ^e, th^ is, to the 
plane ADC (4^ 6. Sup.). ^Wberef«re, &c. 
Q. E. D. 



PROP. XlX. THEOR. 




A F 



Two straight lines not in the same plane being given in position , to draw 

a straight line perpendicular to them both. 

Let AB and OD be the given lines, which are, not in the same plane ; 
k is required to draw a straight lin^ Which shall be perpendicular 
both to AB and CD. 

In AB take any point E, and throng E draw £F parallel to CD, and 
let EG be drawn perpendicular to the plsuie which passes through £B, 
EF (10. 2< Sup.). Through AB and EG let a plane pass, viz. GK, 
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and let this plane meet CD in H ; from H draw HK perpendicular tu 
AB ; and HK is the line required. Through H, draw HG parallel to 
AB. 

Then, since HK and GE, which are in the same plane, are both at 
right angles to the straight hne AB, they are parallel to one another. 
And because the lines HG, HD are parallel to the lines £B, EF, each 
to each, the plane GHD is parallel to the plane (13. 2. Sup.) BEF; and 
therefore EG, which is perpendicular to the plane BEF, is perpendi- 
cular also to the plane (Cor. 13. 2. Sup.) GHD. Therefore HK, which 
is parallel toGE, is also perpendicular to the plane GHD (7. 2. Sap.), 
and it is therefore perpendicular to HD (def. 1. 2. Sup.), which is in 
that plane, and it is also perpendicular to AB ; therefore HK is drawn 
perpendicular to the two given lines, AB and CD. Which was to hjBi 
Sone. 

PROP. XX. THEOR. 

If a solid angle be contained by three plane angles^ b/ny two of thes^' 

angles are greater than the third. 

Let the solid angle at A be contained by the three plane angles BAC, 
CAD, DAB. Any two of them are greater than the third. 

If the angles BAG, CAD, DAB be all equal, it is evident that any 
twVof them are greater tl^an the third But if they are not, let BAC, 
be that angle which is not less than either of the other two, and !$ 
greater than one of them, DAB ; and at the 
point A in the straight line AB, make in the 
plane which passes through BA, AC, the 
angle BAE equal (23.1.) to the angle DAB; 
and make AE equal to AD, and through 
E draw BEC cutting AB, AC in the points 

B, C, and join DB, DC. And because DA _ 

is equal to AE, and AB is common to the -g \^ ^ 

two triangles ABD, ABE, and also the an- ^ 

gle DAB equal to the angle EAB ; therefore th$ base DP h ^9P^ 




\ 



\ 
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(4. 1 .) to the base BE. And because BD, DC are greater (20. 1 .) than 
CB, and one of them BD has been proved equal toBE, a part of CB, 
therefore the other DC is greater than the remaining part EC. And 
because DA is equal to AE, and AC common, but the base DC greater 
tkan the base EC ; therefore the angle DAC is greater (25. 1.) than 
the angle EAC ; and, by the construction, the angle DAB is equal to 
the angle BAE ; wherefore the angles DAB, DAC are together great- 
er than B \E, EAC, that is, than the angle BAC. But BAC is not 
less than either of the angles DAB, DAC ; therefore BAC, with cither 
of them, is greater than the other. Wherefore, if a solid angle, &c. 
Q,E» D. 

PROP. XXI. THEOR. 

The plane angles which contain any solid angle are together less thanfo^tr 

right angles. 

Let A be a solid angle contained by any number of plane angles BAC, 
CAD, DAE, EAF, FAB ; these together are less ihan four right an- 
gles 

Let the planes which contain the solid- angle at A be cut by another 
plane, and let the section of them by that plane be the rectilineal figure 
BCDEF. And because the solid angle at B is contained by three plane 
angles CBA, ABF, FBC, of which any 
two are greater (20. 2. Sup.) than the 
third, the angles CBA, ABF are great- 
er than the angle FBC : For the same 
reason, the two plane angles at each of 
the points C, D, E, F, viz. the angles 
which are at the bases of the triangles 

' having the common vertex A, are great- 
er than the third angle at the same point, 
which is one of the angles of the figure 
BCDEF : therefore all the angles at the 
bases of the triangles are together great- 
er than all the angles of the figure : and 
because all the angles of the triangles are together equal to twice as. 
many right angles as there are triangles (32. 1.) ; that is, as there arc 
sides in the figure BCDEF ; and because all the angles of the figure, 
together with four right angles, are likewise equal to twice as many 
right angles as there are sides in the figure (cor. 1. 32. 1.) ; therefore 
all the angles of the triangles are equal to all the angles of the rectili- 
neal figure, together with four right angles. But all tlie angles at the 
bases of the triangles arc greater than all the angles of the rectilineal, 

* as has been proved. Wherefore, the remaining angles of the trian- 
gles, viz. those at the vertex, which contain the f^oli'l angle at A, are 
less than four right angle?. Therefore every solid angle, ^c. Q. f], j). 

Bb 
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OthcFwisc. 

Let the sum of all the angles at the bases of the triangles = S ; the 
sum of all the angles of the rectilineal figure BCDEF^S ; the sum 
of the plane angles at A=X, and let R = a right angle. 

Then, because S4'X=twice (32. 1.) as many right angles as there 
are triangles, or as there are sides of the rectilineal figure BCDEF, 
and as S+^R is also equal to twice as many right an^es as there are 
sides of the same figure ; therefore S+X=S+4R. But because of 
the three plane angles which contain a solid angle, any two are great- 
er than the third, S7S ; and therefore XZ.4R ; that is, the sum of 
the plane angles which contain the solid angle at A is less than four 
right angles. Qp E. D. 

SCHOLIUM. 

* It is evident, that when any of the angles of the figure BCDEF Is 
exterior, like the angle at D, in 
the annexed figure, the reasoning 
in the above proposition does not 
hold, because the solid angles at 
the base are not all contained by 
plane angles, of which two belong 
to the triangular planes, having 
their common vertex in A, and the 
third is an interior angle of fpe 
rectilineal figure, or base. There- 
fore, it cannot be concluded that 

S is necessarily, greater than S. This proposition, therefore, is sub- 
ject to a limitation, which is farther explained in the notes oa tto 
book. 
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OF THE COMPARISON OF SOLIDSa 



DEFINITIONS. 

i 
i 

; I. 

/\ Solid it is that whi6h has length, breadth, aud thicknei^s. 

II. 
Similar solid figures are such as are contained by the same numbet^ 
of similar planes similarly situated, and having like inclinations to 
one another. 

III. 

A pyramid is a solid figure contained by planes that are constituted 
betwixt one plane and a point above it in which they meet. 

IV. 

A prism is a solid figure contained by plane figures, of which two 
that are opposite are equal, similar, and parallel to one another : 
and the others are parallelograms. 

V. 

A parallelepiped is a solid figure contained by six quadrilateral figure*^ 
whereof every opposite two are parallel. 

VI* . 

A cube is a solid figure contained by six eqnal squares. 
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VII. 

A sphere is a solid figure described by the revolution of a semicircle 
about a diameter, which remains unmoved. 

VIII. 

The axis of a sphere is the fixed straight line about which the semi- 
circle revolves. 

IX. 

The centre of a sphere is the same with that of the semicircle. 

X. 

The diameter of a sphere is any straight line which passes through 
the centre, and is terminated both ways by the superficies of the 
sphere. 

XI. 

A cone is a solid figure described by the revolution of a right angled 
triangle about one of the sides containing the right angle, which 
side remains fixed. 

xn. 

The axis of a cone is the fixed straight line about which the triangle 
revolves. 

Xlll. 

The base of a cone is the circle described by that side, containing 
the right angle, which revolves. 

XIV. 

A cylinder is a solid figure described by the revolution of a right aa- 
gled parallelogram about one of its sides, which remains fixed. 

XV. 

The axis of a cylinder is the fixed straight line about which the pa- 
rallelogram revolves. 

XVI. 

The bases of a cylinder are the circles described by the two revolv- 
ing opposite sides of the parallelogram. 

XVII. 

Similar cones and cylinders are those which have their axes, and the 
diameters of their bases proportionals. 
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PROP. I. THEOR. 

If two solids he contained by the same nmnher of equal and similar planes ^ 
similarly situated^ and if the inclination of any two contiguous planes 
in the one solid be the same with the inclination of the two eqtmly and 
similarly situated planes in the other ^ the solids themselves are ^quat 
and similar. 

Let AG and KQ. be two solids contained by the same number ot 
equal and similar planes, similarly situated, so that the plane AC is 
similar and equal to the plane KM, the plane AF to the plane KP ; 
BG to LQ,, GD to QN, DE to NO, and FH to PR. Let also the incli- 
nation of the plane AF to the piape AC be the same with that 'of the 
plane KP to the plane KM, and so of the rest ; the solid KQ, is equal 
and similar to the solid AG. 

Let the solid KQ, be applied to the solid AG, so that the bases KM 

s_ 




D 





and AC, which are equal and similar, may coincide (8. Ax. 1.), the 
point N coinciding with the point D, K with A, L with B, and so on* 
And because the plane KM coincides^with the plane AC, and, by hy- 
pothesis, the inclination of KR to KM is the same with the inclination 
of AH to AC, the plane KR will be upon the plane AH, and will coin- 
cide with it, because they are similar and equal (8. Ax. 1.), and be- 
, cause their equal sides KN and AD coincide. And in the same man- 
ner it is shewn that the other planes of the solid KQ coincide with the 
other planes of the solid AG, each with each : wherefore the solids 
KQ and AG do wholly coincide, and arc equal and similar to one 
another. Therefore, &c. Q. E. D. 

PROP. II. THEOR. 

If a solid be contained by s^ix planes, two and two of which are parallel, 
the opposite planes are similar and equal parallelograms. 

Let the solid CDGH be contamed by the parallel planes AC, GF : 
BG, CE ; FB, AE : its opposite planes are similar and equal paral- 
lelograms. 

B^oavse the two parallel planes BG> CE, arc cut by the plane AC, 
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their common sections AB, CD are parallel (14. 2. Sup.). Agaiflf 
because the two parallel planes BF, AE are cut bj the plane AC, 
-their common sections AD, BC are parallel (14. 2. Sup.) : and Afiii 
parallel to CD ; therefore AC is a parallelogram. In like manner, it 
may be proved that each of the figures 
C£, FG,GB,BP,AEisa parallelogram : 
join AH, DF ; and because AB is parallel 
to DC, and BH to OF ; the two straight 
lines AB, BH, which meet one another, 
are parallel to DC and CF, which meet 
one another ; wherefore,. though the first 
two are not in the same plane with the 
other two, they contain equal angles (9.2. 
Sup.) ; the angle ABH is therefora- equal to the angle DCF. And 
because AB, BH, are equal to DC, CF, and the angle ABH equal to 
the angle DCF ; therefore the base AH is eqUal (4. 1.) to the base 
DF, and the triangle ABH to the triangle DCF : For the same reasoo, 
the triangle AGH is equal to the triangle D£F ; and therefore the 
parallelf^ram BG is equal and similar to the paiidielogram CE. hi 
the same manner, it may be proved, that the parallelogram AC is 
equal and Bimilar to the parallelogram GF, and the parallelogram AE 
to BF. Therefore, ifa solid, &c. Q, E. D. 




PROP. Ui. THEOR. 



If a solid parallelepiped be cut by a plane parallel to Ifeo of its oppoiile 
planes; it v.iU be divided into two aolidi, wkich will be to one anotker 

as their bases. 

Let the solid parallelepiped A6CD be cut by the plane EV, which 
is parallel to the opposite planes AR, HD, and divides the whole into 
the solids ABFV, EGCD ; as the base AEFY to the base EHCF, eois 
the solid ABFV to the solid EGCD. 

Produce AH both ways, and take any number of straight lines HM, 
UN, each equal to EH, and any number AK, KL each equal to EA, 
and complete the parallelograms LO, KY, HQ, MS, and the solids LP, 
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KR, HU, MT ; then, beranse the straight linea LK.KA.AE are a» 
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equal, and also the straight lines KO, AY, £F, which make equal an- 
gles with LK, KA, AE, the parallelograms LO, KY, AF are equal and 
similar (36. 1. & def. 1. 6.) ; and likewise the parallelograms KX, 
KB, AG ;* as also (2. 3. Sup.) the parallelograms LZ, KP, AR, he* 
cause they are opposite planes. For the same reason, the paralle- 
lograms EC, HQ, MS are equal (36. 1. & def. 1. 6.) ; and the paral- 
lelograms HG, HI, IN, as also (2. 3. Sup.) HD, MU, NT ; therefore 
three planes of the solid LP, are equal and similar to three planes 
of the solid KR^ as also to three planes of the solid AV : hut the three 
planes opposite to these three are equal and similar to them (2. 3. Sup.) 
in the several solids ; therefore the solids LP, KR, AV are contained 
hy equal and similar planes. And because the planes LZ, KP, AR. 
are parallel, and are cut by the plane XV, the inclination of LZ to XP 
is equal to that of KP to PB ; or of AR to BV (15. 2. Sup.) : and the 
same is true of the other contiguous planes, therefore the solids LP, 
KR, and AV, are equal to one another (1. 3, Sup.). For the same 
reason, the three solids ED, HU, MT are equal to one another ; there- 
fore what multiple soever the base LF is of the base AF, the same 
multiple is the solid LV of the solid A V ; for the same reason, what- 
ever multiple the base NF is of the base HF, the same multiple is 
the solid NV of the solid ED : And if the base LF be equal to the 
base NF, the solid LV is equal (1.3. Sup.) to the solid NV; and if 
the base LF be greater than the base NF, the solid LV is greater than 
the solid N V ; and if less, less: Since then there are four magnitudes, 
viz. the two bases AF, FH, and the two solids AV, ED, and of the 
base AF and solid AV, the base LF and solid LV are any equimultiples 
whatever ; and of the base FH and solid ED, the base FN and solid 
NV are any equimultiples whatever ; and it has been proved, that if 
the base LF is greater than the base FN, the solid LV is greater than 
the solid NV ; and if equal, equal ; and if less, less : Therefore (def. 
6. 6.), as the base AF is to the base FH, so is the solid AV to the 
solid ED. Wherefore, if a solid, &c. Q, E. D. 

Cor. Because the parallelc^ram AF is to the parallelogram FH as 
YF to FC (1. 6.), therefore the solid AV is to the solid ED as YF to 
FC. 

PROP. IV. THEOR. 

« 

Jf a solid parallelopiped be cut by a plane pass i tig ihrough the diagonals 
of two of the opposite planes, it will be cut into two equal prisms. 

Let AB be a solid parallelopiped, and DE, CF the diagonals of the 
opposite parallelograms AH, GB, viz, those which arc drawn betwixt 
the equal angles in each ; and because CD, FE are each of them pa- 
rallel to GA, though not in the same plane with it, CD, FE are pa- 
rallel (8. 2. Sup.) ; wherefore the diagonals CF, DE are in fh^ plane 
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in whici) the paFallels are, and are them- 
selves parallels (14. 2. Sap. J : the phine 
CDEF cats the solid AB into ttvo equal parts. 
Because the triangle CGF is equal (34. 
].) to the triangle CBF, and the triangle 
DAE to DHE ; and since the parallelogram 
CA is equal (2. 3. Sup.) and simihii- to the 
opposite one BE ; and the p:iraIlelogram GE 
to CH : therefore the planes which contain 
the prisms CAE, CBE, are equal and similar, 
each to each ; and they arc also equally ia- 
chaed to one another, because the planes 

AC, £B are pjrallel, as also AF dnd BD, and they are cut by the plane 
CE (15. 2. Sup.). Therefore the prism CAE is equjl to the priRm 
CKE rt. 3. Sup.;, and the solid AB is cut into two equal prisms bTthe 
plane "CDEF. Q. E. D. -. r , j 

N. B. The insisting straight lines of a parallelepiped, mentioned 
in the following propositions, are the sides of tlie parallelograms be- 
twijct the base and the plane parallel to it. 

PROP. V. THEOR. 

I Solid parallelepipeds upontke same base, and of the satae altitude, tktin- 
tieting straight lines ofjrhich arc terminaleain the same straight litt 
tn liu plane opposite to ^e base, are equal to one another. 

Let the solid parallelepipeds AH, AK be upon the same base AB, 
and of the same altitude, and let their insisting straiglit lines AF, AG, 
LM, LN, lie terminated in the same straight line FN", and let the insist- 
ing lines CD. CE, BH, BK be terminated in the eamc straight Une DK ; 
the solid AH is equal to the solid AK. 

Because CH, CK are parallGlo}i;rams, CB i>i equal (34. I.) to each 
of the opposite sides DH, EK ; wherefore DH is equal to EK : add, 
or take away the common part HE ; then DE is equal to HK : Where- 
fore also thetriangle CDE is equal (3C. 1.) to the triangle BHK : and 
(lie parallelogram DG is equal (36. 1-) to the parallelogram HN. For 
the same reason, the triangle AFG is equal to the triangle LMN, and 
the parallelogram CF is equal (2. 3. Sup.) to the parallelogram BM, 
and CG to BN ; for they are opposite. Therefore the planes which 
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contain tke prism DAG are similar and equal to those which contain 
the prism HLN, each to each ; and the cogUguouB planes are alao 
equallj incliaed to one another (15. 3. Sup.), because that the paral-' 
lei planes AD and LH, as also AE and LK, are cut by the same plane 
DN : therefore the prisms DAG, HLN are equal h. 3. Sup.). If 
therefore the prism LNH be taken from the solid, of vrhich the base 
ija the parallelogram AB,. a{id FDKN the plnne opposite to the base ; 
and if from this same solid there be taken the prism AGD, the remain- 
iDgsoUd, viz. the parallelepiped AH is equal to the remaioiog paralle- 
tepip«d AK. Therefore solid parallelepipeds, Sic. Q, £. D. 

PROP. VI. THEOR. ^ 

Solid parallelepiped/ upon the same base, and of the same altilude, the in- 
sisltng straight lines of which are not feriniaated in Ike same sira^ht 
lines in the plane opposite to tlie base, are egwd to one anotiter. 

Let the parallelepipeds, CM, CN be upon the same base AB, and of 
the same altitude, but their insisting stra^ht hues AF, AG, LM, LN, 
CD, CE, BH, BK, not terminated in the same straight lines ; the solids 
CM, CN are equal to one another. 

Produce FD, MH, and NG, K£, and let them meet one another in 
the points O, P, Q, R ; and join AG, LP, BQ., OR. Because the planes 
Mef. 5. 3. Sup.). LBHM and ACDF are parallel, and because thy 




plane LBHM is that in which are the parallels LB, MHPQ (def. 6. 3. 
Sup. ■, and in which also is the figure BLPQ; and because the plane 
ACDF is that in'which are the parallels AC, FDOR, and in vrhich also 
is the figure CAOR ; therefore the figures ELPQ, CAOR, are in pa- 
rallel plnnes. In like manner, because the pknes ALNG and CBKE 
arfljinrallel, and the plane ALNG is that-in which are the parallels AL, 
OPGN, and in which also b the figure ALPO ; and the plane CBKE 
ii that in which arc the parallels CB, Ri^EK, and in which al«n is the 
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iigare CBQP. ; therefore the ^res ALPO, CBQJl are in pnrullet 
plEuieB. Bat the planes ACBL, ORQP are aUo parnllet ; thererore 
the BoUd CF is n pnr allele piped. Now the solid parallelepiped CM is 
^qual (5. 2. Sup.) to the solid parallelepiped CP ; because they are 
upon Uie same base, aad their insisting straight lines AF, AO, CD, 
CR ; LM, Lf , BH, BQ are tenmnated in the same etraight lines PR, 
HQ,; and the Bulid CP is equal (5. 3. Sup.) to the solid CN; for the; 
are npon the sanie base ACBL, and their insisting straight lines AO, 
AG.XP, L:^ ; CR, CE, B^ BK are terminated in the same straight 
lines ON, RK : Therefore the solid CM is equal to the solid CN. 
Wherefore solid parallelepipeds, &c. Q, E. D. 

PROP. VIL THEOR. 

Solid paraUtlepipedi wkich are upon equal banes, and of the same altiludf, 
are equM to one another. 

Let the solid parallelepipeds, AE, CF, be upon equal bases AB, CD, 
■and be ofthe same altitude ; the solid AE is equal to the solid CP. 

Case I. Let the insisting straight lines be at right angles to the bases 
AB, CD, and let the bases be placed in the same plane, and so as ihat 
the sides CL, LB, be in a straight line ; therefore the straight line IM, 
which is at right angles to the plane in which the bases are, in the 
point L, is common ()1. 2. Sup.) to the two solids AE, CF ; let tbe 
other insisting lines of the solids he AG, HK, BE ; DF, OP, CN ; and 
first, let the angle ALB be equal to the angle CLD ; then AL, LD are 
in a straight line (H.. ].). Produce OD, HB, and let them meetinQ, 
and complete the solid parallelepiped LR, the base of which is the pa- 
rallelogram L% and of which LM is one of its insisting straight lines : 
therefore, because the parallelogram AB is equal to CD, as the base 
AB is to the base LQ, so is (T. 5.) the base CD to the same LQ: and 
because the solid parallelepiped AR is cut by the plane LMEB, which 
js parallel to the opposite planes AK, DR. ; as the base AB is to ttie 




baMcL4.soiK(3. 3. Slip.) the solid AE to the solid LR : for the same 
)-eason because the solid parallelepiped CR is cut by the plane LMFD, 
which is parallel to the opposite planes CP, BR ; as the base CD la 
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thebas6 LQ; so is the solid CF to the solid LR : but as the base AB 
to the base LQ« so the base CD to the base LQ, as has been proved : 
therefore as the solid A£ to the solid LR, so is the solid CF to the solid 
LR ; and therefore the solid AE is equal (9. 5.) to the solid CF. 

But let the solid parallelepipeds, S£, CF be upon equal bases SB, 
CD, and be of the same altitude, and let their insisting straight lines be 
at right angles to the bases ; and place the bases SB, CD in the same 
plane, so that CL, LB be in a straight line ; and let the angles SLB, 
CLD be unequal ; the solid S£ is also in this case equal to the solid 
CF. Produce DL, TS until they meet in A, and from B dratr BB 
parallel to DA ; and let HB, OD produced meet in Q^ and complete 
the solids A£, LR : therefore the solid AE, of which the base is the 
parallelogram L£, and AK the plane opposite to it, is equal (5. 3. Sup.) 
to the solid SE, of which the base is LE, and SX the plane opposite ; 
for they are upon the same base LE, and of the same altitude^ and 
their insisting straight lines, viz. LA, LS, BH, BT ; MG, MU, EK, 
EX are in the same straight lines AT, GX : and because the paralle- 
logram AB is equal (35. 1.) to SB, for they are upon the samt base 
LB, and between the same parallels LB, AT ; and because the base 
SB is equal to the base CD ; therefore the base AB is equal to the 
base CD ; but the angle ALB is equal to the angle CLD : therefore, 
by the first case, the solid AE is equal to the solid CF ; but the solid 
AE is equal to the solid SE, as was demonstrated ; therefore the solid 
S£ is equal to the solid CF. 

Case 2. If the insisting straight lines AG, HK, BE, LM ; CN, RS, 





DF, OF, be not at right angles to the bases AB, CD ; in this case 
likewise the solid AE is equal to the solid CF. Because solid paral- 
lelepipeds on the same base, and of the same altitude, are equal 
(6. 3. Sup.), if two solid parallelepipeds be constituted on the bases 
AB and CD of the same altitude with the solids AE and CF, and with 
their insisting lines perpendicular to their bases, they will be equal 
to the solids AE and CF ; and, by the first case of this proposition, 
they will be equal to one another ; wherefore, the solids AE and CV 
«re also enna)* Wherefore, solid paralMepipod*, &r, Q. E. D. 
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PROP. VIII. THEOR. 

Solid parallelepipeds which have the same aliitudey are to one another 

as their bases. 

Let AB, CD be solid parallelepipeds of the same altitude : they 
are to one another as their bases ; that is, as the base AE to the base 
OF, so is the solid AB to the solid CD. 

To the straight line FG apply the parallelogram FH equal (Cor. 
45. 1.) to A£, so that the angle FGH be equal to the angle LCG; 
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and complete the solid parallelepiped GK upon the base FH, one of 
whose insisting lines is FD, whereby the solids CD, GK must be of 
the same altitude. Therefore the solid AB is equal (7. 3. Sup.) to 
the solid GK, because they are upon equal bases AE, FH, and are of 
the same altitude : and because the solid parallelepiped CK is cut by 
the plane DG which is parallel to its opposite planes, the base HF is 
(3. 3. Sup.) to the base FC, as the solid HD to the solid DC : But 
the base HF is equal to the base AE, and the solid GK to the solid 
AB : therefore, as the base AE to the base CF, so is the solid AB to 
the solid CD. Wherefore solid parallelepipeds, &c. Q^ E. D. 

Cor. 1. From this it is manifest, that prisms upon triangular bases, 
and of the same altitude, are to one another as their bases. Let the 
prisms BNM, DPG, the bases of which are the triangles AEM, CFG, 
have the same altitude ; complete the parallelograms AE, CF, and the 
solid parallelepipeds AB, CD, in the first of which let AN, and in the 
other let CF he one of the insistinj^ lines. And because the solid pa- 
rallelepipeds AB, CD have the same altitude, they are to one another 
as the base AE is to the base CF ; wherefore the prisms, which are 
their halves (4. 3. Sup.) are to one another, as the base AE to the base 
CF ; that is, as the triangle AEM to the triangle CFG. 

CoR. 2. Also a prism and a parallelepiped, which have the same al- 
titude, are to one another as their bases ; that is, the prism BNM is 
to the parallelepiped CD as the triangle ARM to the parallelogram 
LG. For by the last Cor. the prism BNM is to the prism DPG as the 
triangle AMK to the triangle CGF, and therefore the prism BNM is to 
twice the prism DPG as the triangle AME to twice the triangle CGF 
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(4. 6.) ; that is, the prism BNM is to the parallelepiped CD as the 
triangle AM£ to the parallelogram LG. 

PROP. IX. THEOR. 

Solid parallelepipeds are to one another in tfi£ ratio Hhat is compounded 
of the ratios of the areas of their bases, and of their altitudes. 

Let AF arid GO be two solid parallelepipeds, of which the bases 
are the parallelograms AC and GK, and the altitudes, the perpendicu- 
lars let ^11 on the planes of these bases from any point in the opposite 
planes Ef and MO ; the |olid AF is to the solid GO in a ratio com- 
pounded of the ratios of tie base AC to the base GK, and of the per- 
pendicular on AC, to the perpendicular onGK. 

Case 1. When the insia^ing lines are perpendicular to the bases AC 
and GK, or when the solids are upright. 

In GM, one of the insisting lines of the solid GO, take GQ equal to 
A£, one of the insisting lines of the solid AF, and through Q let a 
fhne pass parallel to the plane GK, meeting the othier insisting lines 





of the solid GO in the points R, S and T. It is evident that GS is a 
solid parallelepiped (def. 5. 3. Sup.), and that it has the same altitude 
with AF, riz. GQ or AE. Now the solid AF is to the solid GO in ii 
ratio compounded of the ratios of the solid AF to the solid GS (def. 10. 
5.), and of the solid GS to the solid GO ; but the ratio of the solid 
AF to the solid GS, is the same with that of the base AC to the base 
GK (8. 3. Sdp.), because their altitudes AE and GQ are equal ; and 
the ratio of the solid GS to the solid GO, is the same with that of GQ, 
toGM (3 2. Sup.) ; therefore, the ratio which is compounded of the 
ratios of the solid AF to the solid GS, and of the solid GS to the solid 
GO, is the same with the rjltio which is compounded ef the ratios of 
the base AC to the base GK, and of the allitude AE to the altitude GM 
(F. 6.). But the ratio ef the solid AF to the solid GO, is that which 
is compoynded of the ratios' of AF to GS, and of GS'to GO ; therefore, . 
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the ratio of the solid AF to the solid 60 is compounded of the ratios of 
the hase AC to the hase GK, and of the altitude A£ to the altitude GM. 

Case 2. When the insisting lines are not perpendicular to the bases. 

Let the parallelograms AC and GK he the bases as before, and let 
A£ and GM be the altitudes of two parallelepipeds Y and Z on these 
bases. Then, if the upright parallelepipeds AF and GO be constitut- 
ed on the bases AC and GK, with the altitudes A£ and GM, they will be 
equal to the parallelepipeds Y and Z (7. 3. Sup.). Now, the solids 
AF and GO, by the first case, are in the ratio compounded of the ratios 
of the bases AC and GK, and of the altitudes AC and GM ; therefore 
a|so the solids Y and Z have to one another a ratio that is compounded 
of the same ratios. Therefore, &c. Q. E. D. i x 

Cor. 1. Hence, two straight lines maybe found having the same ratio 
with the two parallelepipeds AF and GO. To AB, one of the sides 
of the parallelogram AC, apply the parallelogram BY equal to GK, 
having an angle equal to the angle BAD (44. 1.) ; and as AE to GM,9o 
let AY be to AX (12. 6.), then AD is to AX as the solid AF to the 
solid GO. For the ratio of AD to AX is compounded of the ratios 
rdef. 10. 6.) of AD to AY, and of AY to AX ; but the ratio of AD to 
AY is the same with that of the parallelogram AC to the parallelogram 
BY (1. 6.) or GK ; and the ratio of AY to AX is the same with that 
of AE to GM ; therefore the ratio of AD to AX is compounded of the 
ratios of AC to GK, and of AC to GM (E. 5.). But the ratio of the solid 
AF to the solid GO is compounded of the same ratios ; therefore, as 
AD to AX, so is the solid AF to the solid GO. 

Cor/2. If AF and GO are two parallelispipeds, and if to AB, to the 
perpendicular from A upon DC, and to the altitude of the parallele- 
piped AF, the numbers L, M, N be proportional : and if to AB, to GH, 
to the perpendicular from G on LK, and to the altitude of the parallele- 
piped GO, the numbers L, /, m, n be proportional ; the sohd AF is to 
the s^lid GO as LXMXN to IXmXn. 

For it may be proved, as in the 7th of the 1st of the Sup. {hat LX 
MX N is to ZXmXn in the ratio compounded of the ratio of LXM 
to Z Xm, and of the ratio of N to n. Now the ratio of L XM to !+»» 
is that of the area of the parallelogram AC to that of the paralle- 
logram GK ; and the ratio of N to n is the ratio of the altitudes of the 
parallelepipeds, by hypothesis, therefore, the ratio of LXMXNto 
/XmXw is compounded of the ratio of the areas of the bases, and of 
the ratio of the altitudes of the parallelepipeds AF and GO ; and the 
ratio of the parallelepipeds themselves is shewn, in this proposition, 
to be compounded of the same ratios ; therefore it is the same with 
that of the product L X M X N to the product IXmXn, 

CoR. 3. Hence all prisms are to owe anpther in the ratio com* 
pounded of the ratios of their bases, and of their altitudes. For every 
prism is equal to a parallelepiped of the same altitude with it, and oi 
^an equal basQ (2. Cor. 8. 3. Sup.). 
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PROP. X. THEOR. 

Solid parallelepipeds J which have their bases and altitudes reciprocally 
proportional, are equal; and parallelepipeds which are equal ^ have 
their ba^es and altitudes reciprocally proportional. 

Let AG and KQbe two solid parallelepipeds, of whieh the bases are 
AC and KM, and the altitudes A£ and KG, and let AC be to KM as 
KO to AE ; the solids AG and KQ, are equal. 

As the base AC to the base KM, so let the straight line KO be to 
the straight line S. Then, since AC is to KM as KG to S, and also 



G 



^ 



— iafff 



O 




hj hypothesis, AC to KM as KO to AE, KO has the same ratio to 8 
that it has to AE (11. 5.) ; wherefore AE is equal to S (9. 5.). But 
the solid AG is to the solid KQ, in the ratio compounded of the ratios 
of AE to KO, and of AC to KM (9. 3. Sup.'^, that is, in the ratio com- 
pounded of ihe ratios of AE to KO, and of KO to S. And the ratio 
of AE to S is also compounded of the same ratios (def. 10. 5.) ; there- 
fore, the solid AG has to the solid KQ, the same ratio that AE has to 
S. But AE was proved to be equal to S, therefore AG is equal to 
KQ, 

Again, if the solids AG and KQbe equal, the base AC is to the base 
KM as the altitude KO to the altitude AE. Take S, so that AC mav 
be to KM as KO to S, and it will be shewn, as was done above, that 
the solid AG is to the solid KQ, as AE to S ; now, the soUd AG is, by 
hypothesis, equal to the solid KQ; therefore, AE is equal to S ; but, 
by construction, AC is to KM, as KO is to S ; therefore, AC is to KM 
as KO to AE. Therefore, Q, E. D. 

CoR. In the same manner, may it may be demonstrated, that equal 
prisms have their bases and altitudes reciprocally proportional, and 
conversely. 

PROP. XI. THEOR. 

Similar solid parodlelepipeds are to one another in the triplicate ratio 

of their homologous sides. 

Let AG, KQ^be two similar parallelepipeds, of which AB sknd KL 
are two homologous sides ; the ratio of the solid AG to the sohd KQ« 
its triplicate of the ratio of AB to KL. 



208 



SUPPLEMENT TO THE ELEICENTS 



Because the solids are sioiilar, the paraltelograms AF, KB are simi' 
lar (def. 2. 3. Sup.), as also the parallebgrams AH, KR ; therefore, 




the ratios of AB to KL, of AE to KO, and of AD to KN are all equal 
(def. 1. 6.). But the ratio of the solid AG to the solid KQ^is com- 
pounded of the ratios of AC to KM, and of AE to KO. Now, the 
ratio of AC to KM, because they ere equiang^ular parallelograms, is 
compounded (23. 6.) of the ratios of AB to KL, and of AD to KN. 
Wherefore, tne ratio of AG to KQ, is compounded of the three ratiot 
of AB to KL, AD to KN, and AE to KO ; and these three ratios hare 
already been proved to be equal ; therefore, the ratio that is com- 
pounded of them, viz. the ratio of the solid AG to the solid KQ« is 
triplicate of any of them (def. 12. 5,j ; it is therefore triplicate of 
the ratio of AB to KL, Therefore, similar solid parallelepi^ds, 

iic. q. E. D. 

Cor. 1. If as AB to KL, so KL to m, and as KL to m, so is m to i» 
then AB is to n as the solid AG to the solid KQ,. For the ratio of AB 
to n is triplicate of the ratio of AB to KL (def. 12. 5.), and is therefore 
equal to that of the solid AG to the solid KQ,. 

Con. 2. As' cubes are similar solids, therefore ^the cube on AB is to 
the cube on KL in the triplicate ratio of AB to KL, that is in the same 
ratio with the solid AG, to the solid KQ;. Similar splid parallelepipeds 
are therefore to one another as the cubes on their homologous sides. 

CoR. 3. In the same manner it is proved, that similar prisms are to 
one another in the triplicate ratio, or in the ratio of the cubes of 
their homologous sides. 



PROP. XII. THEOR, 



If two triangular pyramids, which have equal bases and altitudeSj be 
cut by planes that are parallel to the bases ^ and at equal distances from 
them, the sections are equal to one ano^ier. 

Let ABCD and EFGH be two pyramids, having equal bases BDC 
and FGH, and equal altitudes, viz. the perpendiculai^ AQ^, and ES, 
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drawn from A and E upon the planes BDC and FGH : and let them 
be cut by planes pai-allel to BDC and FGH, and at equal altitudes QK 
and Sl' above thbse planes, and let the sections be the triangles KLM> 
NOP ; KLM and NOP are equal to one another. 

Because the plane ABD cuts the parallel planes BDC, KLM, the 
common sections BD and KM are parallel (14. 2. Sup.). For the same 
reason, DC and ML are parallel. Since therefore KM and ML are 
parallel to BD and DC, each to each, though not in the same plane 
-with them, the angle KML is equal to the angle BDC'(9. 2. Sup.). In 
like manner the other angles of these triangles are proved to be equal ; 
therefore, the triangles are equiangular, and consequently similar ; 
nnd the same is true of the triangles NOP, FGH. 

Now, since the straight lines ARQ^ AKB meet the parallel planes 
BDC and KML, they are cut by them proportionally (16. 2. Sup.), or 
QP. : RA : : BK : KA ; and AQ : AR : : AB : AK (18. 6.), forthd 
same reason, ES : ET : : EF : EN ; therefore, AB : AK ; : EF : EN, 
because AQ,is equal to ES, and AR to £T. Again, because the trian- 
gles ABC, AKL are similar, 

AB : AK .n; BC : KL ; and for the same reason 
EF : EN : : PG : NO ; therefore, 

BC : KL : : FG : NO. And, when four straight lines are ipro^ 
portionals, the similar figures described on them are also proportion- 
ab (22. 6.) ; therefore the triangle BCD is to the triangle KLM as the 
triangle FGH to the triangle NOP ; but the triangles BDC, FGH are 
equal ; therefore, the triangle KLM is also equal to the triangle NOP 
(1. 6.). Therefore, &c. Q. E. D. 

CoR. 1 . Because it has been shewn that the triangle KLM is similar 
to the base BCD ; therefore, any section of a triangular pyramid pa- 
rallel to the base, is a triangle similar to the base. And in the same 
manner it is shewn, that the sections parallel to the base of a polygoniitl 
pyramid are similar to the base. 

CoR. 2. Hence also, in polygonal p^Tamids of equal bases mid alfi 

Dd 
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todes, the sectioni parallel to the bases, and sA equal distunces tVom 
them, are equal to one another. 



PROP. XIII. THKOR. 



A Kriea of priitna of the taint allitudt tnay bt eircumieribed aboMt any 
pyramid, jueft tkat the turn of ike pritms shall exceed the pyramid by 
a solid leu than any given eolid. 

Let ABCD be a pjmmid' and Z* a given solid ; a series of prisms 
hariag all the same aldtade, maj bt circamscribed about the pyramid 
ABCD, su that their sum shall exceed ABCD, by a solid less than Z. 
Let Z be equal to a prixm standing on the same base with the py- 
ramid, viz. the triangle BCD, and 
having for its altitude the perpendi- 
cular drawn from a certain poiat tl in 
the line AC upon the plane BCD. It 
is evident, that CB multiphed bv a 
certain nnmberm will be greater than 
AC ; divide CA into as many equal 
parts as there are units in m, end let 
these be CF. FG, GH, HA, each of 
which will be less than CE. Through 
each of the points F, G, H let planes 
be made to pass parallel to the plane 
BCD, making with the sides of the 
pyrmnid the sections FPq,. GRS, 
HTU, which will be all similar to one 
another, and to the base BCD (1. cor. 
18. 3. Sup.). From the point B 
draw in the plane ef the triangle ABC, 
the straight line BK parallel to CF 
meeting FP produced in K. In like 
' manner, from D draw DL parallel to 
CF, meeting FQinL : Join KL, andit is plain, that the solid KBCDLF 
is a prism (def. 4. 3. Sap.). By the same construction, let the prison 
PM, RO, TV be described. Also, let the straight, line IP. which n ia 
the planp of the triangle ABC be produced till it meet BC in h ; and 
let the line MQ, be produced till it meet DC in g : Join hg ; then 
hCgQPPisaprism, and is equal to the prism PM (1. Cor.fi. 3. Sup^. 
In the same manner is described the prism MS equal to the prism RO, 
and the prism qU equal to the prism TV. The sam, therefore, of al) 
the inscribed prisms hQ, mS, and qU is equal to the sum of the prisms 
PM, RO and TV, thai is, to the sum of all the circumscribed prism 
except the prism BL ; wherefore, BL is the excess of the prisms cir- 
cumscribed about the pyramid ABCD above the prisms inscribed with- 

• The loliil Z ii not represcDted in the flfiire of thii, cr tbe fallowing TroptMliK. 
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in it. Bat the prum BL is less than the prism which has the triangle 
BCD for its base, and for its altitude the perpendicular front E upon 
the plane BCD; and theprism which has BCD for it's base, and the per- 
pendicular from £ for its altitude, is by hypothesis equal to the given 
sohd Z ; therefore, the excess of the circumscribed, above the inscribed 
■prisms, is less than the given solid Z. But the excess «f the circum- 
scribed prisms above the inscribed is greater than their excess above 
the pyramid ABCD, because ABCD is greater than the sum of the in- 
scribed prisms. Much more, therefore, is the excess of the circum- 
scribed prisms above the pyramid, less than the solid Z. A series of 
prisms of the same altitude has therefore been circumscribed about the 
pyramid ABCD exceeding it by a solid less than the given solid Z. 
iSi E. D. 

PROP. XIV. THEOR. 

Pyramids that have equal bases and altitudes are equal to one another. 

Let ABCD, EFGH be Airo pyramids that have equal bases BCD, 
FGH, and also equal altitudes, viz. the perpendiculars drawn from the 
vertices A and £ upon the planes, BCD, FGH: The pyramid ABCD is 
equal to the pyramid EFGH. 

If they are not equal, let the pyramid EFGH exceed the pyramid 
ABCD by the solid Z. Then, a series of prisms of the same altitude 





may be described about the pyramid AB9D that shall exceed it, by a 
solid less than Z (13. 3. Sup.) ; let these be the prisms that have for 
their bases the triangles BCD, NQJL, ORI, PSM. Divide EH into 
the same number of equal parts into which AD is divided, viz HT, 
TU, UV, VE, and through the points T, U and V, let tlie sections 
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TZW, UaX, VOY be made parallel to the ba^e FGH. The section 
NQJL. is equal to the section WZT (12. 3. Sup.) ; as also ORI to XsU, 
and PSM to Y^V ; and therefore, also the prisms that st<md upon the 
equal sections are equal (1. Cor. 8. 3. Sup ), that is, the prism which 
stands on the base 'BCD, and which is between the planes BCD and 
NQ]L is equfl^ to the prism which stands on the base FGH, and which 
is between the planes FGH and WZT ; and so of the rest, because 
they have the same altitude : whefefore, the sum of all the prisms 
described about the pyramid ABCD is equal to the sum of all those 
described about the pyramid EFGH. But the excess of the prisms 
described about the pyramid ABCD above the pyramid ABCD is less 
than Z (13. 3. Sup.) ; and therefore, the excess of the prisms describ- 
ed about the pyramid EFGH above the pyramid ABCD is also less 
than Z. But the excess of the pyramid EFGH above the pyramid 
ADCD is equal to Z, by hypothesis ; therefore, the pyramid EFGH 
exceeds the pyramid ABCD, more than the prisms described about 
EFGH exceed the same pyramid ABCD. The pyramid EFGH is 
therefore greater than the sum of the prisms described about it, which 
is impossible. The pyramids ABCD, EFGH, therefore, are not un- 
equal, that is, they are equal to one another. Therefore, pyramids, 
&c. Q. E. D. 

PROP. XV. THEOR. 

E^ery prism having a triangular base may he divided into three pyra* 
mids that have triangular bases, and that are equal to another. 

Let there be a prism of which the base is the triangle ABC, and 
let DEF be tlie triangle opposite the base : The prism ABCDEF may 
be divided into three equal pyramids having triangular bases. 

Join AE, EC, CD ; and because ABED is a parallelogram, of which 
AE is the diameter, the triangle ADE is equal (34. l.)to the triangle 
ABE : therefore the pyramid of which the 
base is the triangle ADE, and vertex the 
point C, is equal (14. 3. Sup.) to the pyra- 
mid, of which the base is the triangle ^BE, 
find vertex the point C. But the pyramid 
of which the base is the triangle ABE, and 
vertex the point C,that is, the pyramid ABCE 
is equal to the pyramid DEFC (14. 3. Sup ), 
for they have equal bases, viz. the triangles 
ABC, DEF, and the same altitude, viz. the 
altitude of the prism ABCDEF. Therefore 
the three pyramids ADEC, ABEC, DFEC 
are equal to one another. But the pyra- 
mids ADEC, ABEC, DFEC make up the 
whole prism ABCDEF ; therefore, the prism 
ABCDEF is divided into three equal pyra- 
mids. Wherefore, {£c. Q, E. D. 
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Cor. 1. From this it is manifest that every pyramid is the third 
part of a prism which has the same hase, and the same altitude with it i 
for if the hase of the prism he any other figure than a triangle, it may 
be divided into prisms having triangular bases. 

Cor. 2. Pyramids of equsd altitudes are to one another as their 
bases ; because the prisms upon the same bases, and of the same alti- 
tude, are (1. Cor. 38. Sup.) to one another as their bases. 



PROP. XVI. THEOR. 

If from any point in the circumferenct of the hase of a cylinder, a straight 
line be drawn perpendicular to the plane of the base, it will be wholly 
in the cylindric superficies. 



Let ABCD be a cylinder of which the base is the circle AEB, DFC 
the circle opposite to the base, and GH the axis ; from E, any point 
in the circumference AEB, let EF be drawn perpendicular to the plane 
of the circle AEB ; the straight line EF is in the superficies of the 
cyhnder. 

Let F be the point in which EF meets the 
plane DFC opposite to the base ; join EG 
and FH ; and let AGHD be the rectangle 
(14. def. 3. Sup.) by the revolution of which 
the cylinder ABCD is described. 

Now, because GH is at right angles to GA, 
the straight line which by its revolution de- 
scribes the circle AEB, it is at right angles to 
all the straight lines in the plane of that cir- 
cle which meet it in G, and it is therefore 
at right angles to the plane -of the circle 
AEB. But EF is at right angles to the same 
plane ; therefore, LF and GH are parallel 
(6. 2. Sup.), and in the same plane. And 
since the plane through GH and EF cuts the 
parallel planes AEB, DFC, in the straight lines EG and FH, EG is 
parallel to FH (14. 2. Sup.). The figure EG HF is therefore a paral- 
lelogram,and it has the angle EGH a right angle, therefore it is a rect- 
angle, and is equal to the rectangle AH, because EG is equal to AG. 
Therefore, when in the revolution of the rectangle AH, the straight 
line AG coincides with EG, the two rectangles AH and EH will coin- 
cide, and the straight line AD will coincide with the straight line EF. 
But AD is always in the superficies of the cylinder, for it describes 
that superficies ; therefore, EF is also in the superficies of the cylin- 
d^. Therefore, &c. Q, E. D. 
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^ e^inder and a faraSelepiptd having tqval ba*a and allitudei, a 
epial to one anofJur. 



Let ABCD be a cylinder, and EF a parallelepiped baring eqoal 
bues, viz. tbe circle AGB and the parallelogram £H, aod baring also 
eqaal altitudes ; the cylinder ABCD is equal to the parallelepiped EF. 



^m. 




^ 



^ 



If not, let them be unequal ; and first, let the cylinder be less thai 
the parallelepiped EF ; and from tbe parallelepiped EF let there ba 
cut off a part E^by a plane PQ, parallel to NF, equal to the cylinder 
ABCD. In the circle AGB inscribe the polygon AGKBLM that shsll 
differ from the circle by a space Ics^ than tbe parallelogram PH (Cor. 
1.4. I. Sup.), and cat off from the parallelogram EH, apart OR eqoal 
to the polygon AGKBLM. The point R will fall between P and N. 
On the polygon AGKBLM let an upright prism AG BCD be conatituted 
of the same altitude with tbe cylinder, ivhich will therefore be lesi 
than the cylinder, because it is within it (16. 3. Sup.) ; and if through 
the point R a plane RS parallel to NF be made to pass, it will cut off tbe 
parallelepiped F-S equal (2. Cor. G. 3. Sup.) to the prism AGBC, be- 
cause its bue is equal to that of the prism, and its altitude is tbe same. 
Bnt the prism AGBC is less than the cylinder ABCD, and the cylinder 
ABCD is equal to the parallelepiped EQ, by hypothesis ; therefore, 
ES is less than EQ, and it is also greater, which is impossible. Tbe 
eylinder ABCD, therefore, is not less than the parallelepiped EF ; 
and in tbe same manner, it may be shewn not to be greater than EF. 
Therefore they are equal. Q, £. p. 



OF GEOMETRT. BOOK III. 



PROP. XVIir. THEOR. 



If a cone imd a eylinder have the tame base and the tame altitvdt, the 
cone i» the third part of the cylinder. 

Let the cone ABCD, and the cylinder BFKO have the same base, 
viz. the circle BCD, and the same altitude, viz. the perpendicular 
from the point A upon the plane BCD, the cone ABCD is the third 
part of the cylinder BFKG. 

{f not, let the cool ^BCD be the third part of another cylinder 
LMNO, having the same altitude with the cylinder BFKG, bnt let the 
bases BCD and LlAt be unequal ; and first, let BCD be greater than 
LIH. 




Then, because the circle BCD is greater than the circle LlAI, a 
ftAy^a may be inscribed in BCD, that shall differ from it less than 
LIH does (4. 1. Sup.), and nhlch, therefore, will be greater than 
LIM . Let this be the polygon BECFD ; and upon BECFD let there 
be constituted the pyramid AEECFD, and the prism BCFKHG. 

Because the polygon BECFD is greater than the circle LIM, the 
prism BCFKHG, is greater than the cylinder LMNO, for they have 
the same altitude, but the prism has the greater base. But the pyra- 
mid ABECFD is the third part of the prism (15. 3. Sup.) BCFKHG, 
therefore it is greater than the third part of the cylinder LMNO. 
Now, the coue ABECFD is, by hypothesis, the third part of the cy- 
linder LMNO, therefore, the pyramid ABECFD is greater than the 
cone ABCD, and it is also less, becaaie it is inscribed in the cone, 
which is impossible. Therefore, the cone ABCD is not leas than the 
third part of the cylinder BFI^^J- And in the same manner, by circum- 
scribing a polygon about the circle BCD, it may be shewn thnt the 
cone ABCD is not greater than the third part of the cylinder BFKG ; 
therefore, it is equal to the third part of that cylinder. Ct E. D. 
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PROP. XIX. THEOR. 

If a hemisplure and a cone have equal bases and altitudes^ a series q^ 
cylinders may be inscribed in the hemisphere, and another series majf 
be described about the cone, having all the same altitudes ranih one an» 
other, and such that their sum shall differ from the sum of the hemis' 
phere, and the cone, by a solid less than any given solids 

Let ADB be a semicircle^ of which the centre is C, and let CD be 
at right angles to AB ; let DB and DA be squares described on DC, 
draw CE, and let the figure thus constructed revolve about DC : then^ 
the sector BCD, which is the half of the semicircle ADB, will de- 
scribe a hemisphere having C for its centre (7. def. 3. Sup.),, and thft 
triangle CDE will describe a cone, having its vertex at C, and having 
for its base the circle (11. def. 3. Sup.) described by DE, equal to 
that described by BC, which is the base of the hemisphere. Let W 
be any given %olid. A series of cylinders may be inscribed in the 
hemisphere ADB, and another described about the cone ECI, so that 
their sum shall differ from the sum of the hemisphere and the cone, 
by a solid less than the solid W. 

Upon the base of the hemisphere let a cylinder be constituted 
equal to W, and let its altitude be CX. Divide CD into such a num- 
ber of equal parts, that each of them shall be less than CX ; let 
these be CH, HG, GF, and FD. Through the points F, G, H, draw 
FN, GO, HP parallel to CB, meeting the circle in the points K, L 
and M ; and the straight line CE in the points Q, R and S. From 
the points K, L, M draw Kf, Lg, Mb perpendicular to GO, HP and 
CB ; and 'from Q, R and S, draw Qq, Rr, Ss perpendicular to the 
same lines. It is evident, that the figure being thus constucted, if the 
whole revolve about CD, the rectangles Ff, Gg, Hh will describe 
cylinders (14. def. 3. Sup.) that will be circumscribed by the hemis- 
phere BDA; and that the rectangles DN, Fq, Gr, Hs, will also describe 
cylinders that will circumscribe the cone ICE. Now, it may be de- 
monstrated, as was done of the prisms inscribed in a pyramid (13. 3. 
Sup.), that the sum of all the cylinders described within the nemis- 
phere, is exceeded by the hemisphere by a solid less than the cylinder- 
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generated by the rectaogle HB, that is, by a solid Uis than W, for the 
cylinder generated by HB is less than W. In the same manner, it 
may be demonstrated, that the sum of the cylinders circumscribing 
the cone ICE is greater than the cone by a solid less than the cylinder 
f^nerated by the rectangle DN, that is, by a solid less than W. There- 
ibre, since the sum of the cylinders inscribed in the hemisphere, 
together with a solid less than W, is equal to the hemisphere ; and, 
since the sum of the cylinders described about the cone is equal to 
"the cone together with a solid less than W ; adding equals to equals 
the sum of all these cylinders, together with a solid less than W, is 
^ual to the sum of the hemisphere and the cone together with a 
■olid less than W. Therefore, the difference between the whole of 
Uie cylinders and the sum of the hemisphere and the eone, is equal 
to the difference of two solids, which are each of them less than W; 
bat this difference must also be less than W, therefore the difference 
between the two series of cylinders and the sum of the hemisphere 
end cone is less than the giren solid W. Q. E. P. 

PROP. XX. 

IThe same things being supposed as in the last proposition, the sum of aH 
the cylinders inscribed in the hemispherCy and described about the cone, 
is equal to a cylinder, having the same base and altitude with the hemi' 
sphere. 

Let the figure DCB be constructed as before, and supposed to re- 
r^ve about CD ; the cylinders inscribed in the hemisphere, tbtit is, 
ifce cylinders described by the reyplution of the rectangles Hh, Gg, Ff, 
bagetber with those described about the cone, that 'vi, th^ . cylinders 
iMcribed by the revolution of the rectangles Hs, Gr, Fq, and DN are 
k^mI to the cylinder described by the revolution of the rectangle 
DB. 

Let L be the point in which GO meets Uie circle ADB, then, because 
C6L is a ri^ angle if CL be joined, the circles described with tjipe 
distances CG and GL are equal to the circle described with the dif* 
huce OL (2. Cor. 6. 1. Sup.) or GO ; now, CG is equal to GR, be- 
cause CD is equal to DE, and therefore also, the circles described with 
tlie distances GR and GL are together equal to the circle described 
^ith the distance GO, that is, the circles described by the revolution 
i>f GR and GL about the point G, are together equal to the circle 
cl escribed by the revolution of GO about the same point G ; therefore 
%1so, the cylinders that stand upon the two first of these circles having 
the common altitudes GH, are equal to the cylinder which stands on 
the remaining circle, and which has the same altitude GH. The cy- 
linders described by the revolution of the rectangles Gg and Gr are 
therefore equal to the cylinder described by the rectangle GP. And 
is the same may be shewn of all the rest, therefore the cylinders de- 
'cribedby the rectangles Hh, Gg, Ff, and by the rectangles Hs, Gr, 

Ee 
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Fq, DN, are together equal to the cylinder described by DB, that \h 
to the cylinder having the same base and altitude with the hemisphere 
€tE. D. 

PROP. XXL 

Every sphere is taoo-ihirds of the circumscribing cylinder. 

Let the figure be constructed as in the two last propositions, and if 
the hemisphere described by BDC be not equal to two-thirds of the 
cylinder described by BD, let it be greater by the solid W. Thei^ 
as the cone described by CDE is one-ti^rd of the cylinder (18. 3 ~ 
described by BD, the cone and the hemisphere together will 
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the cylinder by W. But that cylinder is equal to the sum of-afids 
cylinders described by the rectangles Hh, Gg, Ff, Hs, Gr, Fq, Df 
(20. 3. Sup.) ; therefore the hemisphere and the cone added togetha 
exceed the sum of all these cylinders by the given solid W ; wbick 
is absurd, for it has been shewn (19. 3. Sup.), that the hemispben 
and the cone together di£fer from the sum of the cylinders by a sM 
less than W. The hemisphere is therefore equal to two-thirds of the 
cylinder described by the rectangle BD ; and therefore the wboti 
sphere is e.qual to two-thirds of the cylinder described by twice die 
rectangle BD, that is, to two-thirds of the circumscribing cylinder ' 

V^^ £i* mJ» 
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TRiGONOMETRris the application of Arithmetic to Geometry : or$ 
more precisely, it is the application of number to express the 
relations of the sides and angles of triangles to one another. It there-* 
fore necessarily supposes' the elementary operations of itrithmetic to 
be «inderstood, and it borrows from that science several of the signs 
or characters which peculiarly belong to it. Thus, the product of 
two numhets A and B, is either denoted by A.6 or AXB ; and the 
products of two or more into one, or into more than one, as of A+B 
into C, or of A+B into C+D, a re expr essed thus : (A+B) C, (A+B) 

(C+D), or sometimes thus, A+B X C, and A+B X C'+D. 
The quotient of one number A, divided by another B, is written 

thus, — . 

The sign y/ is used to signify the square root : Thus y^ M is the 
square root of M, or it is a number which, if multiplied into itself, wil^ 

produce M . So also, y^ M* + N* is the square root of M^ +N« , &c. 
The elements of Plane Trigonometry, as laid down here, are divided 
into three sections ; the first explains the principles ; the second de- 
livers the iMles of calculation ; the third contains the construction of 
trigonometrical tables, together with the investigation of some theo* 
rems, useful for extending trigonometry to th^ solution of the more 
difficult problems. 



SECTION I. 



LEMMA I. 



Al^ omgU at the centre of a circle is to four right angles as the arch on 
which it fiands is to the whole circumference. 

Let ABC be an angle at the centre of the circle ACF, standing on 
the circumference AC : the angle ABC is to four right angles as the 
arqh AC to the whole circumference ACF. 
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Produce AB till it meet the circle in E, and draw DBF perpendicu- 
lar to AE. 

Then, because ABC, ABD are 
two angles at the centre of the circle 
4CF, the angle ABC is to the angle 
ABD as the arch AC to the arch AD, 
(33. 6.) ; and therefore also, the 
angle ABC is to four times the an- 
gle ABD as the arch AC to four times 
the arch AD (4. 6.). 

But ABD is a right angle, and 
therefore four times the arch AD is 
equal to the whole circumference 
ACF ; therefore, the angle ABC is _ 

to four right angles as the arch AC xo the whole circumference ACF. 

Cor. £q«al angles at the centres of different circles stand on arch- 
es which have the same ratio to their circumferences. For, if the 
angle ABC, at the centre of the circles ACE, GHK, stand on the 
arches AC, GH, AC is to the whole circumference of the circle ACE, 
as the angl^ ABC to^four right angles ; and the arch HG is to the 
whole circumference of the circle GHK in thq same ratio. There- 
fore, k<\ 




DEFINITIONS. 



I. 

If two straight lines intersect one another in the centre of a circle, (he 
arch of the circumference intercepted between them is called the 
Measure of the angle which they contain. Thus the arch AC is the 
measure of the angle ABC. 

II. 

If the circumference of a circle be divided into 360 equal parts, each 
of these parts is called a Degree ; and if a degree be divided int6 
60 equal parts, each of these is called a minute ; and if a Minute be 
divided into 60 equal parts, each of them is called a Second, and so 
on. And as many degrees, minutes, seconds, &:c. as are in any arch, 
so many degrees, minutes, seconds, ^c. are said to be in the angle 
measured by that arch. 

CoR. 1. Any arch is to tlie whole circumference ©f which it is a 
part, as the number of degrees, and parts of a degree contained in it 
is to the number 360. And any angle is to four right angles as the 
number of degrees and parts of a degree in the arch* which is the 
pleasure of that anglo. is to 360. 
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Con. ii. Hence also, the arches which measure the same an^e^ 
whatever be the radii with whiokthey are described, contain the same 
namber of degrees, and parts of a degree. For the number of degrees 
and parts of a degree contained in each of these arches has the same 
ratio to the number 360, that the angle which they measure has to 
four right angles (Cor. Lem. 1.). 

The degrees, minutes, seconds, ^c. contained in any arch or angle, 
are usually written as in this example, 49<'. 36'. 24". 42"' ; that is, 
49 degrees, 36 minutes, 24 seconds, and 42 thirds. 

lil. 

Two angled, which are together equal to two right angles, or two 

arches which are together equal to a semicircle, are called the Sup- 

plements of one another. ^ 

IV. 
A straight line CD drawn through C, one of the extremities, of the 

arch AC, perpendicular to the di- _. 

ameter passing through the other Ji S. 

extremity A, is called the Sine of 

the arch AC , or of the angle ABC , yr -r 

of whieh AC is the mesrsure. 

CoR. 1 . The sine of a quadrant, or 
of a right angle, is equal to the ra- 
dius. 

Cor. 2. The sine of an arch is half 
the chord of twice that arch : this 
is evident by producing the sine 
bf any arch till it cut the circum- 
ference. . 

V. 

The segment DA of the diameter passing through A, one extremity of 
the arch AC, between the sine CD and the point A, is called the 
Versed sine of the arch AC, or of the angle ABC, 

VI. 

A straight line AE touching the circle at A,' one extremity of the arch 
AC, and meeting the diameter BC, which passes through C the 
other extremity, is called the Tangent of the arch AC, or of the 
angle ABC. 

Cor. The tangent of half a right angle is equal to the radius. 

VII. 

The straight line BE, between the centre and the extremity of the 
tangent AE is called the Secant of the arch AC, or of the angle ABC. 

CoK, to Def. 4, 6, 7, the sine, tangent, and secant of any angle'ABC, 
are likewise the sine, tangent^ and secant of its supplement CBF. 




/ ♦/ 



tangent, and secant of an 
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It ii manifest, from Def. 4, that CD U the sine of the angle CBl-'. 

Let CB be produced till it meet the circle again in I ; mid it u alio 

mauifeat, that AE is the tangent, %id BE the secant, of the angle 

ABI, or CBF, from Def. 6, 7. 
Coa. to Def. 4, &, 6, 1. The tine rersecl si 

arch, which is the measure of any 

giTen ao^e ABC, is to the sine, 

versed sine, tat^nt and secant, of 

any other arch which is the mea- 
sure of the same angle, as the 

radius of the first arch is to the 

radius of the second. 

Let AC, MN be measures of the an- 

gle ABC, according to Def! 1. ; ■" 6 M D 

CB the sine, DA the versed sine, AE the tangent, and BE the se- 
caatofthearchAC,accordingtoDef.4,6,6,7; NOthesine, OM 
the versed Bine, MP the tangent, and BP the secant of the arch BfN, 
according to the same definitions. Since CD, NO, AE, MP 
rallel,CD l NO : : rad. CB > rad. NB, and AE : MP ; : rad. AB : lid. 
BH, also BE : BP : : AB : BM ; likewise because BC : BD : : BN 
BO, that is, BA : BD : ; BM : BO, by conversion and alternation, 
AD : HO ; : AB ; MB. Hence the corolUrr ii manifest. And thue- 
fbrei if tables be constructed, exhibiting in numbers the 
tangents, secants, and versed sines of certain angles to a given radias, 
they will exhibit the ratios of the sines, tangents, &c. of the same 
angles to any radius whatsoever. 

In such tables, which are called Trigonometrical Tables, the radius is 
either supposed I, or some number in the series 10, 100, 1000, be 
The use and construction of these tables are about to be explained. 

vm. 

The difference between any angle and a right angle, 
arch and a quadrant, is called 
ihiiComplement of that angle, or 
of that arch. Thus, if BH be 
perpendicular toAB, the angle 
CBH is the complement of the 
angle ABC, and the arch HC 
the complement of AC ; also 
the complement of the obluao 
angle FBC is the angle HBC, 
ib excess above a right angle ; 
and the complement of th^ arch 
FCijHC, 
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IX. 

4 

The sine, tangent, or secant of the complement of any angle is called 
the Cosincy Cotangenty or Cosecant of that angle. Thus, let CL or 
DB, which is equal to CL, he the sine of the angle CBH ; HK the 
tangent, and BK the secant of the same angle ; CL or BD is the co- 
sine, HK the cotangent, and BK the cosecant of the angle ABC. 

Cor. 1 . The radius is a mean proportional between the tangent and 
tiie cotangent of any angle ABC ; that is, tao. ABC X cot. ABC s= 
R« . 

For, since HK, BA are parallel, the angles HKB, ABC are equal, and 
KHB, BAE are right angles ; therefore the triangles BAE, KHB 
are similar, and therefore AE is to AB, as BH or BA to HK. 

CoR. 2. The radius is a mean proportional between the cosine and 
secant of any angle ABC ; or 
COS. ABC X sec. ABC=R« . 

Since CD, AE are parallel, BD is to BC or BA, as BA to BE. 

PROP. I. 

In a right angled plane triangle , as the hypotenuse to either of (he 
sides J so the radius to the sine of the angle opposite to that side : and 
as either of the sides is to the other side^ so is the radius to the tangent 
%f the angle opposite to that side. 

Let ABC be a right angled plane triangle, of which BC is the hy- 
potenuse. From the centre C, with any radius CD, describe the 
arch DE ; draw DF at right angles to CE, and from E draw EG 
touching the circle in E, and meeting CB in G ; DF is the sine, and 
EG the tangent of the arch DE, or of the angle C. 

The two triangles DFC, BAC are equiangular, because the an^es, 
DFC, BAC are right angles, and 
the an^eatC is common. There- 
fore, C? : BA : : CD : DF ; but 
CD IS the radius, and DF the 
tine of the angle C, (Def. 4.) ; 
therefore CB : BA : : R : sin. 
C. 

Also, because EG touches the 
circle in E, CEG is a right angle, 
and therefore equal to the angle 
BAC ; and since the angle at C is common to the triangles CBA, CGE, 
these triangles are equiangular, wherefore CA : AB : : CE : EG ; 
but CE is the radius, and EG the tangent of the angle C ] therefore, 
CA : AB :: R : tan, C. 

Coa. 1. As the radius to the secant of the angle C, so the side 
adjacent to 1;hat anele to the hyjpotenuse. ,For CG is the secant 9f 

Ff 
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the angle C (def. 7.), and the triangles CGE, CBA being equiangular 
CA : CB : : CE : CG, that is, CA : CB : : R : sec. C. 

Cor. 2. If the analogies in this proposition, and in the aboTe co- 
rollary be arithmetically expressed, making the radius=l, they give 

sin. CJ*=^-^; tan. 0=-—, sec. C=----. Also, since sin. C=co8. B^ 
BO AO AO 

AB 
beeavse B is the complement of C, cos. Bc=^, and for the same 

p AC 
reason, cos. ^=^. 

Cob. 3. In erery triangle, if a perpendicular be drawn, firola aiij 
of the angles on the opposite side, dxe seg- 
ments of that side are to one another as -A, 
the tangents of the parts into which the 
opposite angle is divided by the perpen- 
dicular. TtiTi if in the triangle ABC, AD 
be drawn perpendicular to the base BC, 
each of the triangles CAD, ABD being 
right angled, AD : DC : : R : tan. CAD, ^ 
and AD : Dfe : : R : tan. DAB ; therefore, ^ 
€;x aequo, DC : DB : : tan. CAD : tan. BADr 

SCHOLIUM. 

The proposition, just demonstrated, is most easily remembered, bj 
stating it thus : If in a right angled triangle the hypotenuse bie made 
the radius, the sides become the sines of the opposite an^es ; and if 
one of the sides be made the radius, the other side becomes die latt- 
gent of the opposite ai^le, and the hypotenuse the secant of it. 

PROP. II. 

The sides of a plane triangle are to one another as the sines of the ofp9- 

site angles. 

From A any an^e in the triangle ABC, 
let AD b^ drawn perpendicular to BC. 
And because the triangle ABD is right 
^ angled at D, AB : AD : : R : sin. B ; and 
for the same reason, AC : AD : : R : 
sin. Cj and inversely, AD : AC : : sin. 
C : R ; therefore, ex aequo inversely, 
AB : AC : : sin. C : sin. B. In the same 
manner, it may be demonstrated, that 
AB : BC : : sin. C : sin. A. Therefore 
&c. q,. E. D. 
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fte mm of the aina of any two arckt$ of a drelt, is to ffie diferenee 
of Iktiriinei, as thetangeTUofkalfthemmofAearcha Ui the tmgtttt 
of half their difftrence. 

Let AB, AC be tno arches of a circle ABGD ; let E be the centre, 
and AEG the diameter which passes through A : sin. AC + sin- AB ; 
sin. AC— sia. AB : : tan. ^ (AC+AB) ; tan. J (AC— AB). 

Draw BF parallel to AG, meeting the circle again in P. Draw BH 
and CL perpendicular to AE, and they will be the sines of the arches 
AB and AC ; produce CL till it meet the circle again in D ; join DF, 
FC, DE, EB, EC, DB. 

Now, since EL from the centre is perpendicnlar to CD, it bisects 
the line CD in L and the arch CAD 
in A : DL is therefore eqnal to 
LC, or to the sine ofthe arch AC ; 
and BH or LK being the sine of 

AB, DK is the sum of the sines 
ofthe arches AC and AB, and CK 
is the difference 'of their sines •; 
DAB also is the sum of the arch- 
es AG Fwd AB, because AD is e- 
qual to AC, and BC is their dif- 
ference. Now, in the triangle 
DFC, because FK is perpendicu- 
lar to DC, (3. cor. 1.) DK : KC 
: : tan. DFK : tan. CFK ; but tan. DFK=:tan. J arc. BD, because the 
angle DFK (20. 3.) is the half of DEB, and is therefore measured by 
half the arch DB. For the same reason, tan. CFK = tan. \ arc. BC ; 
and conseqnently, DK : KC : : tan. ^ arc. BD : tan. 4 arc. BC. Bat 
DK is the sum of the sines of the arches AB and AC ; and KCis the 
difference of their sines ; also BD is the sum of the arches AB and 

AC, and BC the difference of those arches. Therefore, &c. Q, £. D. 

CoK. 1. Because EL is the cosine of AC, and EH of AB, FK is 
the sum of these cosines, and KB their difference ; for FK= i FB-f- 
EL = EH+EL, and KB = LH = EH— EL. Now, FK : KB : : tan. 
FDK : tan. BDK ; and tan. FDK=cotan. DFK, because DFK is the 
complement ofFDK; therefore, FK : KB : : cotan. DFK : tan. BDK ; 
that is, FK : KB : : cotan. ^ arc. DB ; tan. ^ arc. BC. The sum of 
the cosines ftf two arches is therefore to the difference of the same 
cosines, as the cotangent of half tiie sum of the arches to the tangent 
of half their difference. 

C«R. 2. In the right angled trian^e FKD, FK : KD : : R : tan. 
DFK ; Now FK=cog. AB + cos. AC, KD = sin. AB -f sin. AC, and 
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tan. DFK = ten. * (AB + AC), therefore cos. AB + coi. AC : sin. 
AB + sin. AC : : R : tan. J (AB + AC). 

In the same manner, by help of the triangle FKC, it may be showa 
that cos. AB + cos. AC : sin. AC — sin. AB : : R : tan. \ (AC->— AB). 

CoR. 3. If the two arches AB and AC be together equal to 90®, 
the tangent of half their sum, that is, of 45^, is equal to the radius. 
And the arch BC being the excess of DC above DB, or above 90^, 
the half of the arch BC will be equal to the excess of the half of DC 
above the half of DB, that is, to the excess of AC above 45^* ; there- 
fore, when the sum of two arches is 90^, the sum of the sines of those 
arches is to their difference as the radius to the tangent of the difierence 
between either of them and 46^, ' 

PROP. IV. 

Tkt.z'mi of any two sides of a triangle is to their differenee, as the tan* 
gent of ludf the sum of the angles opposite to those sides, to the tOf^M 
of half their difference. 

Let ABC be any plane triangle ; 
CA+AB : CA— AB iitmj^.^ (B+C) : tan. J (B— ^). 
For (2.) CA : AB : : sin. B : sin. C ; 
and therefore (E. 5.) 

CA+AB : CA— AB : : sin. B+sin. C : sin. B-^m. C. 
But, by the last, sin. B-f-sin. C : sin. B — sin. C : : 
tan. \ (B+C) : tan. J (B— C) ; therefore also, (11. 5.) 
CA+AB : CA— AB : : tan. J (B+C) : tan. \ (B— C). 
Q. E. D. 




Otherwise, without the 3d. 

Let^BC be a triangle ; the sum of AB atd AC any two sides, is td 
tiie difference of AB and AC as the tangent of half the sum of the an* 
gles ACB and ABC, to the tangent of half their difference. 
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Abootthe centre A with the radlds AB, the greater of the two sides, 
describe a circle meeting BC produced in D, and AC produced in £ 
fimd F. Join DA, £B, FB ; and draw FG parallel to CB, meeting EB 
inG. 




. Because the exterior angle EAB is equal to the two interior ABC, 
ACB, (32. 1.) : and the angle £FB, at ^e circumference is equal to 
half the angle EAB at the centre (20. 3.) ; therefore EFB is half the 
sum of the an^es opposite to the sides AB and AC. 

Again, the exterior angle ACB is equal to the two interior CAD, 
ADC, and therefore CAD is the di£ference of the angles ACB, ADC, 
that is of ACB, ABC, for ABC is equal to ADC. Wherefore also DBF, 
which is the half of CAD, or BFG, which is equal to D6F, is half the 
difference of the angles opposite to the sides AB, AC. 

' Now because the angle FBE in a semicircle is a right angle, 6E is- 
the tangent of the angle EFB, and BG the tangent of the an^e BFG to* 
the radius FB ; and BE is therefore to BG as the tangent of half the sum 
of the angles ACB, ABC to the tangent of half their difference. Also 
CE is the sum of the sides of the triangle ABC, and CF their differ- 
ence ; and because BC is parallel to FG, CE : CF : : BE : BG, (2. 6.) 
that is, the sum of the two sides of the triangle ABC is to their differ- 
ence as the tangent of half the sum of the angles opposite to those sides 
to the tangentof half their difference. C^ E. D. 

PROP. V. 

If a perpendicular be drawn from any angle of a triangle to the opposite 
side^ or base ; the sum of the segments of the base is to the sum of the 
other two sides of the triangle, as the difference of those sides to the dif- 
ference of the segments of the base. 

For (K. 6.), the rectangle under the sum and difference of the seg- 
ments of the bsise is equal to the rectangle under the sum and differ- 
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«nce of the tides, and therefore (16. 6.) the Bum o£ the segments of 
the base is to the sum of the sides as the difference of the sides to the 
difference of the segments of the base. Q. E. D. 

PROP. VL 

In any triangle, twice tJie rectangle contained by any two sides is to the 
difference between the sum of the squares of those sides, and the square 
of the base, as the radius to the cosine of the angle included by the two 
sides. 

Let ABC be any triangle, 2AB.BC is 
to the difference between AB« + BC* 
and AC^ as radius to cos. B. 

From A draw AD perpendicular to 
BC, and (12. and 13. 2.) the difference 
between the sum of the squares of AB 
and BC, and the sijuare on AC is equal 
to 2BC.BD. 

Bat BC.BA : BC.BD : : BA : BD : : _ 
R : COS. B, therefore also 2BC.BA : B 
2BC.BD : : R : cos. B. Now 2BC.BD is the difference between AB^ 
+BC* and AC^ , therefore twice 
the rectangle AB.BO is to the dif- 
ference between AB3+ BC>, and 
AC' as radius to the cosine of B. 
Wherefore, &c. Q, E. D. 

Cor. Iftheradius=l,BD=5:BA 
Xcos. B, (1.), and 2BC.BAXcos. 
B=2BC.BD, and therefore when 
B is acute, 2BC.BA Xcos. B=BC2 
+BA2— AC2, and adding AC* to 
both ; ACa+2 cos. B X BC.BA = 
BCa+BAa ; and taking 2 COS. BXBC.BA from both, AC«=BC«— 2 
cos. BXBC.BA+BA^. Wherefore AC= ^ (BC»— 2 cos. BXBC. 
BA+BA2). 

If B is an obtuse angle, it is she wn in the same way that AC = 
^ (BCa+2 cos. BXBC.BA+BAs;. 

PROP. VII. 

Four times the rectangle contained by any two sides of a triangle, is to the 
rectangle contained by two straight lines, of which one is the base or 
third side of the triangle increased by the difference of the two s^ides, 
and the other the base diminished by the difference of the same sides, as 
the square of the radius to the square of the sine of half (he angle include 
ed between the two sides of the triangle. 

Let ABC be a triangle, of which BC is the base, and AB the greater 
of the twosides ; 4AB.AC : (BC+(AB-AC)) X (BC-(AB-AC)) : 
Ra : (sin. iBAC)3. 
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Pro^nce the side.AC to D, so that AD=:AB ; join BD, and draw 

A 




AE, CF at right angles to it ; from the centre C with the radius CD 
describe the semicircle 6DH, cutting BD in K, BC in G, and meet- 
ing BC produced in H. 

It is plain that CD is the difference of the sides, and therefore that 
6H is the base increased, and BG the base diminished by the differ- 
ence of the sides ; it is also evident, because the triangle BAD is isos- 
celes, that DE is the half of BD, and DF is the half of DK, wherefore DE 
- DF=the half of BD-DK, (6. 6.) that is EF= i BK. And because 
AE is drawn parallel to CF, a side of the triangle CFD, AC : AD : : 
jE^ : ED, (2. 6.) ; and rectangles of th^ same altitude being as their 
bases ACAD : ADa : : EF.ED : ED^, (1. 6.), and therefore 4AC.AD - 
ADa : : 4EF.ED : ED^ or alternately, 4AC.AD : 4EF.ED : : AD^ : 
EDa. . ^ •V' • * 

But^nce 4EF=2BK, 4EF.ED=2BK.ED=lED.BK=DB.BK=i 
HB.BG ; therefore, 4AC.AD : DB.BK : : AD* : ED*. Now AD : 
ED : : R : gin. EAC=sin. ^ BAC (L Trig.) and AD^ : ED^ : : Ra : 
(sin. i BAC)a: therefore, (11. 6.) 4AC.AD : HB.BG : : R» : (sin. 4 
BAC)«, or since AB=AD, 4AC.AB : HB.BG : : R^ : (sin | BAC)*. 
Now 4AC.AB is four times the rectangle contained by the sides of 
the triangle ; HB.BG is that contained by BC+(AB- AC) and BC— 
(AB-AC). Ther efore, &c . Q, E. D . 

CoR. Hence 2 y^AC.AD : y^HB.BG : : R : sin. ^ BAC. 

PROP. VIII. 

F&ur times ike rectangle contained hy any two sides of a triangle, is io 
the rectangle contained by two straight lines, of which one is the sum 
i)f those Mes increased by the base of the triangle, and the other the 
sism ef the sawie sides diminished by the ha>se, as the square of the ra- 

I dius to ike square of the cosine of half the angle included between the 
two sides of the triangle. 

Let ABC be a triangle, of which BC is the base, igad AB the great- 
er of the other two sides, 4AB.AC : (AB+AC+BC) (AB+AC— BC) 
::R« : (cos. J BAC V. 

From the centre U, with the radios CB, describe the circle BLM, 
meeting AC, produced, in L and M. Produce AL to N, so that AN 
==AB ; Ut AD^AB ; draw AE perpendicular to RD ; join BN, and 
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let it meet the circle again in P ; let CO be perpendicular to BN^aad 
\tt it meet A£ in H. 

It is evident that MN=AB + AC + BC ; and that LN=*AB+AC 
— BC. Now, because BD is bisected in E, (3. 3.) and DN in A, BN 
U parallel to AE, and is therefore perpendicular to BD, and the tri- 
^gles DAE, DNB are equiangular ; wherefcure, since DN=2AD, 
BN=2AE, alid BP=2BO=2RE; also PN=2AR. 

But because the triangles ARC and AED are equiangular, AC : 
AD : : AR : AE, and because rectei^es of the same altitude are as 




their bases, (1. 6.), ACAD ; AD* : : AR.AE : AEa, and alternately 
ACAD : AR.AE : : AD^ : AE^, and 4ACAD : 4AR.AE : : AD^ : 
AEa . But 4 AR.AE = 2AR X 2AE = NP.NB = MN J^L ; therefore 
4AC.AD : MN.NL : : ADa : AE*. But AD : AE : : R : cos. DAE 
(1) = cos. I (BAC) : Wherefore 4AC.AD : MN.NL : ; R« : (cos. | 
BAC)a. 

Now 4 AC AD is four times the rectangle under the sides AC and 
AB, (fur AD = AB), and MN.NL is the rectangle under the sum of 
the sides increased by the base, and the sum of the sides diminished 
by the base. Therefore, &c. Q. E. D. 

CoR. 1. Henpe 2 y/ACAB : : y/MN.NL : : R : cos. | BAC 
Cor. 2. Since by Prop. 7. 4AC.AB : (BC+(AB-AC)X (BC — 
(AB— BC)) : : Ra : (sin. | BAC)^ ; and as has been now proved, 
4AC.AB : (AB+AC+BC) (AB+AC-BC) ; : Ra : (cos. ^ BAC)«; 
therefore ex aequo, (AB+AC+BC) (AB+AC-BC) : rBC+ (AB 
-AC)) (BC-(AB-AC)) : : (cos. ^ BAC)* : (sin.^BAC)*. But 
the cosine of any arch is to the sine, as the radius to the tangent of 
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the dame drch ; therefore, (AB+AC+BC) (AB+AC*-BC) : (BC-f 
( AB~AC)) (BC- (AB.^AC)) ^i R^ : (tan ^ BAC)^; and 

^ (AB+AC-hBC) (AB+'AC-BC) ; 

^ (BC+AB-AC) (BC-(AB-AO)) : : R : tan i BAC. 
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.If there be two unequal magnitudes, half their difference added to half 
their sum is equal to the greater ; and half their difference-taken from 
half their sum is equal to the less. 

Let AB and BC he two unequal magnitudes, of which AB is the 

greater ; suppose AC bisected in D, _ 

and AE equal to BC. It is manifest, A E D B 6 

that AC is the sum, and EB the differ- 
ence of the magnitudes. And because AC is bisected in D, AD is e- 
qual to DC ; but AE is also equal to BC, therefore DE is equal to DB, 
and DE or DB is half the difference of the magnitudes. But AB is 
equal to BD and DA, that is to half the difference added to half the 
«um ; and BC is equal to the excess of DC, half the sUm above DB, 
half the difference. Therefore, &c. Q;. E. D. 

Cor. Hence, if the sum and the difference of two magnitudes be 
given, the magnitudes themselves may be found ; for to half the sum 
add half the difference, and it will give the greater ; from half the dum^ 
subtract half the difference, and it will give the les°. 
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SECT, It. 

OP THE RULES OF TRIGONOMETRICAL 

CALCULATION^ . 

* 

The General- Problem which Trigonometry proposes to resolve 
is : In any plane triangle, of the three sides and the three angles, any 
three being given, and one of these three being a side, to find any of the 
other three, ^ 

The things here said to be given are understood to be expressed 
by their numerical values ; the angles, in degrees,'9iinntes, &c. ; and 
the sides in feet, or anv otbet known measure. 

Gg 
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The reason of tl^e restriction in this problem to those caaei in 
which at least one side is given, is evident from this, that by the an- 
gles alone being given, the magnitndes of the sides are not determined. 
Innumerable triangles, equiangular to one another, may exist, without 
the sides .of any one of them being equal to those of any other ; though 
the ratios of their sides to one another will be the same in them dl, 
(4. .6.) If, therefore, only the three angles are given, nothing can 
be determined of the triangle but the ratios of the sides, which may 
be found by trigonometry, as being the same with the ratios of the 
sines of the opposite angles. 

For the conveniency of calculation, it is usual to divide the gene- 
ral problem into two ; according as the triangle has, or has not, one 
of its angles a right angle. 



PROB. I. 

In a right angled triangle, of the three sides and three angles, any-tm 
being given, besides Sie right angle, and one of those two being a side, 
it is required to find the other three. 

It is evident, that when one of the acute an^es of a right angled tri- 
angle is given, the other is given, being the complement of the fomer 
to a right angle ; it is also evident that the sine of any of the acute an- 
gles is the cosine of the other. 

This problem admits of several cases, and the solutions, or rales ibr 
calculation, which all depend on the first Proposition, may be conve- 
niently exhibited in the form of a TaMe ; where the first column con- 
tains the things given ; the second, the things required ; and the third, 
the rules or proportions by which they are found. 



GIYEN. 


SOUGHT. 


SOLUTIOir. 




CB and B, the 
hypotenuse and 
an angle. 


AC. 
AB. 


R : sin B : : CB : AC. 
R : cos B : : CB : AB. 


1 

2 


AC and C, a 

side and one of 
the acute angles. 


BC. 
AB. 


Cos C : R : : AC : BC. 
R : tan C ; : AC : AB. 


3 
4 


CB and BA, 
the hypotenuse 
and a side. 


C. 
AC. 


CB : BA : : R : sin C 
R : cos C : : CB : AC. 


5 
6 


AC and AB, 
the two sides. 


C. 
CB. 


AC : AB : : R : tan C. 
Cos C : R : : AC : CB. 


7 

8 
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Rer/iarks on the Solutions in the Table. 

In the second case, when AC and C are given to find the hypote- 
nuse BC, a solution may also be obtained by help of the secant, for 
CA : CB : : R : sec. C. ; if, therefore, this proportion be made R : 
sec. C : : AC : CB, CB will be found. 

In the third case, when the hypotenuse BC and the side AB are 
^yen to find AC, this may be done either as directed in the Table, 
o r by the 4 7th of the first; for since AC«=BC«-BAa, AC=: 

^BC^— BA'. This value of AC will be easy to calculate by Isga* 
rithms, if the quantity BC^ — BA' be separated into two multiplieiii, 
which may be done ; because (C or. 5. 2.), BC^— BAg =g(BC+BA) 
(BC- BA). Therefore AC = ^ (BC+BA) (BC— BA). 
When AC and AB are given, BC may be found from the 47th, as 

in the preceding instance, for BC=y'BAa+AC3. But BA^+AC* 
cannot be separated into two multipliers ; and therefore, when BA 
and AC are large numbers, this rule is inconvenient for computation 
by logarithms. It is best in such cases to seek first'fer the tangent of 
C, by the analogy in the Table, AC : AB : : R : tan. C ; but if C it- 
self is not required, it is sufficient, having found tan. C by this pro* 
portion, to take firom the Trigonometric Tables the cosine that cor- 
responds to tan. C, and then to compute CB from the proportion cos. 
C:R::AC:CB, 

PROBLEM II. 

In an oblique angled triangle, of the three sides and three angles, any 
three being given, and one of these three being a side, it is required to 
find the other three. 

This problem has fo^ cases, in each of which the solution depends 
on son^e of the foregoing propositions. 

CASE I. 

Two angles A and B, and one side AB, of a triangle ABC, being 
given, to find the other sides. 
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SOLUTION. 



Because the angles A and B are giyen, C is also given, being the 
fopplement of A+B ; and, (2.) 

Sin. C : sin. A : : AB : BC ; also, 
Sin. C : sin. B : : AB : AC. 




B C 

CASE II. 



Two sides AB and AC, and the angle B opposite to one of them 
being given, to find the other angles A and C, and also the other nde 
BC. 



SOLUTION. 



The angle C is found from this proportion, AC : AB : : sin B : sin 
C. Also, A=180*-B-C ; and then, sin B : sin A : : AC : CB, bj 
Case 1. 

In this case, the angle C may have two values ; for its sine being 
found by the proportion above, the angle belonging to that sine may 
either be that which is found in the tables, or it may be the supple- 
ment of it, (Cor. def. 4.). Thb ambiguity, however, does aot arise 
from any defect in the solution, but from a circumstance essential iq 
the problem, viz. that whenever AC is less than AB, there are two 
triangles which have the sides AB, AC, and the angle at B of the 
same magnitude in each, but which are nevertheless unequal, the 
angle opposite to AB in the one, being the supplement of that which 
is opposite to it in the other. The truth of this appears by describing 
from the centre A with the radius AC, an arch intersecting BC in C 
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and C ; then, if AC and AC be drawn, it is evident that the triangles 
ABC, ABC have the side AB and the angle at B common, and the 
sides AC and AC equal, but have not the remaining side of the one 
equal to the remaining side of the other, that is, BQ to BC, nor their 
other angles, equal, viz. BC'A to BCA, nor BAC to BAC. But in 
these triangles the. angles ACB, ACB are the supplements of one 
another. For the triangle CAC is isosceles, and the angle ACC= 
the ACC, and therefore, ACB, which is the supplement of AC C, is 
also the supplement of ACC or ACB ; and these two angles, ACB, 
ACB are the angles found by the computation above. 

From these two angles, the two angles BAC, BAC will be found : 
the angle BAC is the supplement of the two angles ACB, ABC, 
(32. 1.), and therefore its sine is the same with the sine of the sum of 
AiJC and ACB. But BAC is the difference of the angles ACB, 
ABC ; for it is the difference of the angles ACC and ABC, (because 
ACC, that is ACC is equal to the sum of the angles ABC, BAC, 
(32. 1.)). Therefore to find BC, having found C, make sin C : sin 
(C+B) : : AB : BC ; and again, dn C : sin (C~B) : : AB : BC. 

Thus, when AB is greater than AC, and C consequently greater 
than B, there are two triangles whirh satisfy the conditions of the 
question. But when AC is greater than AB, the intersections C and 
C fall on opposite sides of B, sa that the two triangles have not the 
same angle at B common to them, and the solution ceases to be ambi- 
guous, the angle required being necessarily less than B, and therefore 
an acute angle. 

CASE III. 

Two sides AB and AC, and the angle A, between them, being given, 
to find the other angles B and C, and also the side BC. 

SOLUTION. 

First, make AB+AC : AB-AC : : tan ^ (C+B) : tan i (C— B.). 
, Then, since | (C+B) and ^ (C— B) are both given, B and C may be 
found. For B=a (C+B)+ ^ (C-.B),andC=KC+B)-^(C-.B.). 
(Lem. 2.). 

To find BC. 

Having found B, make sin B : sin A : : AC : BC. 

But BC may also be found without s eeking for the angles B and C ; 
for BC = ^ ABa -5 cos A X AB. AC + AC^ , Prop. &. 

This method of finding BC is extremely usefiil in many geometri- 
cal investigations, but it is not very well adapted for computation by 
logarithms, because the quantity under the radical sign cannot be 
separated into simple multipliers. Therefore, when AB and AC are 
expressed by large numbers, the other solution, by finding the an< 
gles^ and then cpmputing BC, is preferable. 
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CASE IV. 

The three sides A6, BC, AC, hdng pyen, to find the angles 
A, B| C. 

SOLVTIOir I. 

Take F such that EC : BA+AC : BA^AC : F, then F is either 
die sam or the difference of BD, DC, the segments of the base, (bX 
If F be greater than BC, F is the sum, and BC the difference of bD, 
DC ; but, if F be less than BC, BC is the sum, and F the difference 
of BD and DC. In either case, the sum of BD and DC, and th^ 
difference being given, BD and DC are found. (Lem. 2.) 

Then, (1.) CA : CD : : R : cos. C ; and BA : BD ; : R : cos. B; 
wherefore C and B are given, and consequently A, 

A 




C B 




C D 



SOLUTION II. 



Let D be the difference of the sides AB, AC. Then (Cor. 7.) 
2 y/ AB.AC : ^ (BC+D)(BC— D) : : R : sin i BAC. 



SOLUTION III. 



Le t S be t he s um of the 8id e8 BA and AC. Then (1 Cor. 8.) 
^^ AB.AC : ^ (S+BCy(S=rBC) : : R : cos ^ BAC. 



SOLUnON IV. 



S and D retaining the significations above, (2 Cor. 8.) 
y (S+BC) (S— BC) : v'(BC+D)(BC— D) : : R ; tan i BAC. 

It may be observed of these four solutions, that the first has the 
advantage of being easily remembered, but that the others are rather 
more expeditious in calculation. The second solution is preferable 
to the third, when the angle sought is less than a right angle ; on the 
ether hand, the third is preferable to the second, wheii the angle 
sought is greater than a right angle ; and in extreme cases, that is, 
when the an^e sought is very acute or very obtuse^ this distinction 
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is very material to ,be considered. The reason is, that the sines of an- 
gles, which are nearly =90**, or the cosines of angles, which arc 
nearly=0, vary very little for a considerable variation in the corres- 
ponding angles, as may be seen from looking into the tables of sines 
and cosines. The consequence of this is, thiat when the sine or co- 
sine of such an angle is given, (that is, a sine or cosine nearly equal 
to the radius,) the angle itself cannot be very accurately found. If, 
for instance, the natural sine .9998500 is given, it will be immediately 
perceived from the tables, that the arch corresponding i^ between 
89<^, and 89<^, 1' ; but it cannot be found true to seconds, because the 
sines of 89*> and of 89°, 1', differ only by 60 (in the two lasj places), 
whereas the arches themselves differ by 60 seconds. Two arches, 
therefore, that differ by 1", or even by more than 1", have the same 
sine' in the tables, if they fall in the last degree of the quadrant. 

The fourth solution, which finds the angle firom its tangent, is not 
liable to this objection ; nevertheless, when an arch approaches very 
near to 90, the variations of the tangents become excessive, and are 
too irregular to allow the proportional parts to be found with exact- 
ness, so that when the angle sought is extremely obtuse, and its half 
of consequence very near to 90, the third solution is the best. 

It may always be known, whether the angle sought is greater or 
less than a right angle by the square of the side opposite to it being 
greater or less than the squares of the other two sides. 



SECTION iir. 



CONSTRUCTION OF TRIGONOMETRICAL TABLES. 

In all the calculations performed by the preceding rules, tables of 
sines and tangents are necessarily employed, the construction of which 
remains to be explained. 

These tables usually contain the sines, &c. to every minute of the 
quadrant from 1' to 90<*, and the-first thing required to be done is to 
compute the sine of 1', or of the least arch in the tables. 

1. If ADB be a circle, of which the centre is C, DB any arch of 
that circle, and the arch DBE double of DB ; and if the chords DE, 
DB be drawn, and also the perpendiculars to them from C,. viz. CFy 
CG, it has been demonstrated, (8. 1. Sup.) that CG is a mean propor- 



\ 
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tional between AH, half the radios, and AF, the line made up of the ra- 
dios and the perpendicular CF. Now CF is the cosine of the arch BD, 
and CG the cosine of the half of 6D ; whence the cosine of the half qf 
any arch 6D, of a circle of which the radius =1, is a mean propox^. 
tional between ^ and 1-f-cos 6D. Or for the jgreater genenJitj, 
supposing A = any arch, cos 4^ A is a mean proportional between | 
andl+cos A, and therefore (cos JA)* = ^(1 + cos A) or cos ^A = 

^J(1+C08"A). 

2. From this, theorem, (which is the same that is demonstrated 
(8. 1. Sup., only that it is here expressed trigonometrically), it is 
evident, that if the cosine of any arch be given, the cosine of half 
that arch may be found. Let BD, therefore, be equal to 60^, so that 
the chord BD=radius, then the cosine or perpendicular CF was 
shewn (9. 1. Sup.) to be=^, and therefore cos ^ BD, or cos 30»= 



In the same manner, cos 15^=^ 



^i(l+cos30«), and cos 7«>, 30'=^i(l+cos IS*'), &c. In this 
way the cosine of ^**, 45', of 1«>, 52', 30", and so on, will be 'com- 
puted, till after twelve bisections of the arch of 60°, the cosine of 
62". 44"'. 03"". 45v. is found. But from the cosine of an arch its ' 
sine may be found, for if from the square of the radius, that is, from 
1 , the square of the cosine be taken away, the remainder is the square 
of the sine, and its square root is the sine itself. Thus, the sine of 
62". 44". 03"". 45v. is found. 

3. But it is manifest, that the sines of very small arches are to one 
another nearly as the arches themselves. For it has been shewn, 
that the number of the sides of an equilateral polygon inscribed in a 
circle may be so great, that the perimeter of the polygon aiid the cir- 
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eumference of the circle may differ by a line less than any given line, 
or which is the same, may be- nearly to one another in the ratio of 
equality. Therefore their like parte will also be nearly in the ratio 
of equality, so that the side of the polygon will be to the arch which 
it subtends nearly in the ratio of equality ; and therefore, half the 
side of the polygon to half the arch subtended by it, that is to say, 
the sine of any very small arch will be to the arch itself, nearly in 
the ratio of equality. Therefore, if two arches are both very .small; 
the first will be to the second as the sine of the first to the sine of 
the second. Hence, from the sine of 62". 44'". 03"". 46^. being found, 
the sine of 1' becomes. known ; for, as 62". 44". 03"". 46^ to 1, so 
18 the sine of the former arch to the sine of the latter. Thus the 
sine of V is foundsO.0002908882. 

4. The sine 1' being thus found, the sines of 2', of 3', or of any 
Dumber of minutes, found by the following proposition. . 

THEOREM. 

Let AB, AC, AD be three such arches, that BC the difference of 
tiie first and second is equal to CD the difference of the second and 
third ; the radius is to the cosine of the common difference BC as the 
Bine of AC, the middle arch, to half the sum of the sines of AB and 

AD, the extreme arches. 

Draw CE to the centre ; let BF, CG, and DH perpendicular to 

AE, be the sines of the arches AB, AC, AD. Join BD, and let it 
meet CE in I ; draw IK perpendicular to AE, also 6L and IM per- 
pendicular to DH. Then, because the 
arch BD is bisected in C, EC is at right 
angles to BD, and bisccte it in I ; also 
BI is the sine, and EI the cosine of BC 
orCD. And, since BD is bisected in I, 
and IM is parallel to BL, (2. 6.), LD is 
also bisected in M, Now BF is equal to 
HL, therefore, BF+DH=DH+HL= 
DL + 2LH = 2LM + 2LH = 2MH or 
2KI ; and therefore IK is half the sum 
of BF and DH. But because the tri* 
angles CGE, IKE are equiangular, CE : 
El : : CG : IK, and it has been shewn that EI=cos BC, and IK=^ 
(BF+DH); therefore R : cos BC : : sin AC : ^ (sin AB+sin AD). 
it E. D. 

CoR. Hence, if the point B coincide with A, 
R : cos. BC : : sin. BC : ^ sin. BD, that is the radius is to the cosine 
of any arch, as the sine of the arch is to half the sine of twice the 
arch ; or if any arch=aA, J sin. 2A=sin. AX cos. A, or sin. 2A = 2 
sin. Ax COS. A. 

Therefore also, sin 2'=2' sin I'X cos 1'; so that from the sine and 
cosipe of one minute the sine of 2' is found. 

Hh 
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Again, l\ 2', 3' being three sack arches that the difference between 
the first and second is the same as between the second and thirds 
R : cos 1' : : sin r : ^ (sin 1' + sin 3'), or sin 1' + sin 3' = 2 cos I'X 
sin 2', and taking sin 1' from both, sin 3' = 2 cos TX sin 2'— sin 1. 

In like manner, sin 4'=2f cos I'X sin 3'— sin 2*, 

sin 6'=2 cos I'X sin 4'— sin 3', 
sin 6'=:2 cos VX sin S'-^sin 4', &c. 

Thus a table containing the sines for every minute of the qnadraot 
may be computed ; and as the multiplier^ cos 1' remains always the 
same, the calculation is easy. 

For computing the sines of arches that diffef by more than 1', the 
method is the same. Let A, A+B, A+2B be three such arches, 
then, by this theorem, R : cos B : : sin (A+B) : | (sin A + n* 
(A-|'2B}) ; and therefore making the radius 1, 
sin A+sin (A4-2B)=2 cos B Xsin (A+B), 

or sin (A+2fi)=2 cos BXsin (A+B)- sin A. 

By means of these theorems, a table of tiie sines, and consequentlj 
also of the cosines, of arches of any number of degrees and minuteSr 

from to 90, may be constructed. Then, because tan A = — ^> 

cos A 

the table of tangents is computed by dividing the sine of any arch bj 
the cosine of the same arch. When the tangents have been foondia 
this manner as far as 45®, the tangents for the other half of the quad- 
rant may be found more easily by another rule. For the tapgeat of 
an arch above 45^ beio^ the co-tangent of an arch as much under 
45® ; and the radius being a mean proportional between the tangent 
and co-tangent of any arch, (1. Cor. def. 9.), it follows, if the differ- 
ence between any arch and 45® be called D, that tan (45® —D) : 1 : : 

1 : tan (45®+D), so that tan (46®+D) =: — -i__. . 
^ \ / ^Q (46® — D) 

Lastly, the secants are calculated from (Cor. 2. def. 9.) where it is 
shewn that the radius is a mean proportional between the cosine and 

the secant of any arch, so that if A be any arch, sec A = . 

cos A 

The versed sines are found by subtracting the cosines from the ra- 
dius. 

5. The preceding Theorem is one of four, which, when arithmeti- 
cally expressed, are frequently used in the application of trigonome* 
try to the solution of problems. 

Imo, If in the last Theorem, the arch AC=A, the arch BC = B, 
and the radius EC=1 , then AD = A-f-B, and AB = A— B ; and bv 
what has jnst been demonstrated, 

1 : cos B : : sin A : J sin (A+B)+J sin (A— B), 

and therefore 
sin Axcos B = I sin (A-f B) + i sin (A-B). 
2do, Because BF, IK, DH are parallel, the straight lines BD and 
FII are cut proportiqnally, and therefore FH, the difference of the 
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stnugbt lines^ FE and HE, is bisected in K ; and therefore, as was 
ihiswn in the last Tbearem, K£ is half the sum of FE and HE, that is,' 
of the cosines of- the arches A6 and AD. But because of the simi- 
lar triangles EGC, EKI, EC : El : : GE : EK ; now, GE is the co- 
sine of AC, therefore, 

R : cos BC ; : cos AC : \ cos AD + ^ cos AB, 

or ] : cos B : : cos A : ^ cos (A+B) + \ cos (A— B) ; 

and therefore, 
cos AXcos B=^ cos (A+B) + \ cos (A-^B) ; 

d^to, Again, the triangles IDM, CEG are equiangular, for the an- 
gles KIM, EID are equal, being each of them right angles, and there- 
fore, taking away the angle ElM, the angle DIM is equal to the angle 
EIK, that is to the angle ECG ; and the angles DM1, CGE are also 
equal, being both right angles, and therefore, the triangles IDM, CGE 
have the sides about their equal angles proportionals, and conse- 
quently, EC : CG : : DI : IM ; now, IM is half the difference of the 
cosines FE and EH, therefore, 

R : sin AC : : sin BC : \ cos AB— ^ cos AD, 
or 1 : sin A : : sin B : : ^ cos (A— B)— ^- cos (A+B) ; 

and also, 
sin AXsin B=i cos (A-B)— ^ cos (A+B). 
4/0, Lastly, in the same triangles ECG, DIM, llC : EG : : ID : 
DM ; now, DM is half the difference of the sines DH and BF, there- 
fore, 

R : cos AC : : sin BC : \ sin AD —J sin AB. 

or 1 : cos A : : sin B : j^ sin (A+B) —J sin (A+B) ; 

and therefore, 

cos AXsin B=^ sin (A+B)-^ sin (A— B). 

6. If therefore A and B be any two arches whatsoever, the radius 
being supposed 1 ; 

I. sin AXcos B=J sin (A+B)+^ sin (A-B). 
n. cos, AXcos B=^ cos (A— B)+i cos (A+B). 

III. SIB AXsin B=| cos (A— B)— J cos (A+B). 

IV. cos AXsin B=^ sin (A+B)— ^ sin (A-B). 
From these four Theoi'ems are also deduced other four- 

For adding the first and fourth together, 
am AXcos B+cos A Xsin B=sin (A+B). 

Also, by taking the fourth from the first, 
sin AXcos B— cos AXsin -sin (A— B.). 
Again, adding the se d and third, 
cos AXcos B+sin A Xsin B= cos (A^B.) ; 
And, lastly, subtracting the third from the second, 
cos AXcos B— sin AXsin B=co8 (A+B). 
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7. Again, since by the first of the aboFe t)ieorei|i8, 

sin A Xcos B=i sin(A+B)-f i sin (A-B),if A+B=S^d A-B=«:D, 

S+D S-D S+D 

then (Lem. 2.) A = — — , and B= ; wherefore sin — -- X coi 

S— D 

= \ sin S+l sin D. But as S and D may be any arches what- 

ever, to preserve the former notation, they may be called A and 6, 
which also express any arches whatever t thus, 

. A+B A-B ...... ^ 

sm xcos —o — =i sm A-t-^ sm B, or 

^ . A+B A-B . ... ^ 

2 sin -— X cos — -— =sm A+sm B. 
z 2 

In the same manner, from Theor. 2. is derived, 

A+B A - B 

2*co8 --— xcos •— — =cos B+cos A. From the 3d, 

/it IS 

A+B A— B 

2 sin --^— X sin — ^— =cos B— cos A ; and from the 4th, 
2 2 *" 

A+B . A-B . , . « 
2 cos — ;r — X sm — r— =sm A— sm B. 

2 2 

In all these Theorems, the arch B is stip^sed less than A. 

8. Theorems of the same kind with respect to the tangents of 
arches may be deduced from the preceding. Because the tangent of 
any arch is equal to the sine of the arch divided by its cosine, 

tan (A+B) = ^*'^ ..Tw^x - But it has just shewn, that 
^ cos^A+B) 

sin (A + B) = sin A Xcos B+cos AXsin B, and that 

cos (A + B) = cos A Xcos B— sin AXsin B ; therefore tan (A+B) 

sin AXvCOs B + COS AXsin B j j. j- . ^i. ^. , ■. 

=^ T—T i5 : — rrrr-' — s^> ^uid dividmg both the numerator and 

COS AXcos B — sm AXsm B ® 

denominator of this fraction by cos A X cos B, tan (A + B) = 

tan A + tan B , vi. ^ /* o\ tan A— tain B 

r — - — -r—— — _. In like manner, tan (A— B) ^="tti rm — «• 

1— tanAXtanB ' ^ * 1+tanAXtanB 

9. If the theorem demonstrated in Prop. 3. be expressed in the 
same manner with those above, it gives 
sin Aj+ s inB tan \ ( A+B) 
sin A — sin B tan \ (A— B) 
Also by Cor. 1 , to the 3d, 
cos A + cos B_cot \ (A+B) 
cos A — cos B"~tan \ (A— B) 
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And by Cor. 3^ to the same proposition » 
sin A + sin B tan |(A + B) 



cos A + cos B R 

sin A + sin B , , . »>v 

»'c-5;aT-cos-B=*«°HA+B). 



, or since R is here supposed = 



10. In all the preceding theorems, R, the radius is supposed = 1, 
because in this way the propositions are most concbely expressed, 
and are also mpst readily applied to trigonometrical calculation. But 
if it be required to enunciate any of them geometrically, the multi- 
plier R, which has disappeared, by being made = 1, must be restored, 
and it will always be evident from inspection in what terms this multi- 
plier is wanting. Thus, Theor. 1, 2 sin AXcos B = sin (A + B) + 
sin (A— B), is a true proposition, taken arithmetically ; but taken 
geometrically, is absurd, unless we supply the radius as a multiplier 
of the terms on the right hand of the sine of equality. It then be- 
comes 2 sin AXcos B=R (sin (A+B) -f sin (A— B)) ; or twice the 
rectangle under the sine of A, and the cosine of B equal to the rect^ 
angle under the radius, and the sum of the sines of A+B and A—B. 

In general, the number of linear multipliers^ that is of lines whose 
numerical values aie multiplied together, must be the same in every 
term, otherwise we will compare unlike magnitudes with one another. 

The propositions in this section are useful in many of the higher 
branches of the Mathematics, and are the foundation of what is call- 
ed the Arithmetic of Sines, 
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PROP. I. 



If a sphere he cut by a plane through ihe cerUrey the $ecii(m is a circle^ 
havif^ the same centre with ike sphere^ and equal fo the circle by ihe 
revolution of which the sphere was described, 

FOR all the straight lines drawn from the centre to the saper&ies 
of the sphere are eqpal to the radios of the generating semicix' 
cle, (Def. 7. 3. Sup.). Therefore the como^on section of the spheri- 
cal superficies, and of a plane passing through its centre, is a line, 
lying in one plane, and having all its points equally distant from the 
centre of the sphere ; therefore it is the circumference of a circle, 
(Def. 11. 1.), having for its centre the centre of the sphere, and for 
its radius the radius of the sphere, that is of the semicircle by which 
the sphere has been described. It is equal, therefore, to the circle* 
of which that semicircle was a part. Q^ £. D. 



DEFINITIONS. 



I. 

Any circle, which is a section of a sphere by a plane through its 
centre, is called a great circle of the sphere. 

CoR. All great circles of- a sphere are equal ; and any two of them 
bisect one another. 

They are all equal, having all the same radii, as has just been shewn; 
and any two of them bisect one another, for as they have the same 
centre, their conunon section is a diameter of both, and therefore 
bisects both. 
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II. 

The pole of a great circle of a sphere is a point in the* superficies 
of the sphere, from which all straight lines drawn to the circum- 
ference of the circle are equal. 

m. 

A spherical angle is an angle on the superficies of a sphere, contain- 
ed hy the arches of two great circles which intersect one another ; 

* » and- is the same with the inclination of the planes of these great 
circles. 

rv. 

A spherical triangle is a figure, upon the superficies of a sphere, 
comprehended by three arches of three great circles, each of 
which is less than a semicircle • 

PROP. II. 

J%e arth of a great circU^ between the pole and the circumference of 

another great cirdeyis a qtutdrant* 

Let ABC be a great circle, and D its pole ; if DC, an arch of a 
great circle, pass thraiigh D, and meet ABC in C, the arch /DC is a 
quadrant 

Let tiie circle, of which CD is an arch, meet ABC again in A, and 
let AC be the common section of the 
planes of these great circles, which 
will pass through £, the centre of the 
sphere : Join DA, DC. Because 
AD=DC, (Def. 2.), and equal straight 
lines, in the same circle, cut off equal 
arches, (28. 3.) the arch AD=?the 
arch DC ; but ADC is a semicircle, 
therefore the arches AD, DC are 
each of them quadrants. Q^ £. D. 

CoR. 1. If D£ be drawn, the angle AED is a right angle ; and D£ 
being therefore at right angles to every line it meets with in the plane 
of the circle ABC is at right angles to that plane, (4. 2. Sup). There- 
fore the straight line drawn from the pole of any great circle to the 
centre of the sphere is at right angles to the plane of that circle ; and, 
conversely, a straight fine drawn from .the centre of the sphere per- 
pendicular to the plane of any great circle, meets the superficies of 
the sphere in the pole of that circle. 

Coll. 2. The circle ABC has two poles, one on each side of its 
plane, which are the extremities of a diameter of the sphere perpen- 
dicular to the plane ABC ; and no other points but these two can be 
poles of the circle ABC. 
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PROP. III. 

If the pole of a great circle be the same with the intersection of other tm 
' great circles ; the arch of thefirst-mentioned circle intercepted bet7»eeii 

the other ti»o, is the measure of the spherical angle which the same two 

circles make with one another. 

Let the great circles BA, CA on the superficies of a spher^, of 
which the centre is D, intersect one another in A, and let BC be io 
arch of another great circle, of which the pole is A ; 6C is the mea- 
sure of the spherical angle BAG. 

Join AD, DB, DC ; since A is the pole of 
BC, 4B, AC are quadrants, (2.), and the an- 
gles ADB, ADC are right angles ; therefore 
(4- def 2 Sup.), the angle CDB is the inclina- 
tion of the planes of the circles AB, AC, and 
is (def. 3.) equal to the spherical angle BAC ; 
but the arch 6C measures the angle BDC, 
therefore it also measures the spherical angle 
BAC. *Ct E. D. ^. 

CoR. If two arches of great circles, AB and AC, which intenect 
one another in A, he each of them quadrants, A will be the pdeof 
the great circle which passes through B and C, the extremities of those 
arches. For since the arches AB and AC are quadrants, the angles 
ADB, ADC are right angles, and AD is therefore perpendicular to the- 
plane BDC, that is to the plane of the great circle which psCsses 
through B and C. The point A is therefore (Cor. 1. 2.) the pole of 
the great circle which passes through B and C. 

PROP. VI. 

If the planes of two great circles of a sphere be at right angles to one 
another, the circumference of each of the circles passes through the 
poles of the other ; and if the circumference of one great circle pass 
through^ the poles of another y the planes of these circles are at right 
angles, • 

Let ACBD, AEBF be two great circles, the planes of which arc at 
right angles to one another, the poles of the circle AEBF are in the 
circumference ACBD, and the poles of the circle ACBD in the cir- 
cumference AEBF. 

From G the centre of the sphere, draw GC in the plane ACBD 
perpendicular to AB. Then, because GC in the plane ACBD, at 



* When in any reference no mention is made of a Book, or of the Plane Trigonomo- 
»ry, the Spherical Trigonometry is meant. 
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right angles to tbe plaB« AEBF, 
is at right sngte§ to the comraoB 
aectioD of the tteo planes, it a 
(Def. 2. 2. Sup.) also at right Qtt- 
gles to the plane AEBF, and there' 
fore (Cor. 1. 2.) C is the polfe of 
the circle AEBF ; and if .CG be 
produced to D, D is the other pole 
of the circle AEBF. 

Jn the same manner, by drawing 
GE in the plane AEBF, perpen- 
dicular to AB, and producing it to 
F, it has shewn that E. and F are u 

the poles' of the circle ACBD. Therefore, the poles of each of 
these circles are in the circumference of the other. ^ 

Again, If C be one of the poles of the circle AEBF, the great 
circle ACBD which passes through C, is at right angles to the circle 
AEBF. For, CG being drawn from the pole to the centre of the 
drcle AEBF is at right angles (Cor. 1. S.) to the plane of that cii- 
ele ; and therefore, erery plane pitssing through CG (17. 8. Sup.) is 
at right angles to the plane AEBF ; now, the plane ACBD passes 
through CG. Therefore, &c. Q, E. D. 

CoH. 1. If of two great circles, the first passes throi^h the poles 
of the second, the second aha passes through the poles of the lirst. 
P'Or, if the first passes through the poles of the aacoud, the plane of 
the first must be at right angles to the plane of the second, by the 
second part of this proposition ; and therefor", by the SrsE part of it, 
' the circumference of each passes through the poles of the other. 

CoK. 3. All great circles that have a coBunon diameter have their 
poles in the circumference of a circle, the plane ei which is perpen- 
iioular to that diameter. 

PROP. V. 

>fn isratelea spherical tttaYigtti the OMglti at the base art ejual. 

Let A^^ be a spherical triangle, hanag the sidea AB equal to the 
side AC ; the spherical dn^es ABC and ACB are equal. 

Let D be the centre of the sphere ; j^ 
join DB, DC, DA, aod from A oo the ~ 

straight lines DB, DC> draw the perpen- 
diculars AE, AF ; and from the points 
E and F draw 'm the plane DBC the 
straight lines EG, FG perpendicular to 
DB and DC, meeting one another in G ; 
JoiH AG. 

Because DE is at rig^t ai^es lo each 
of the straight lines AE, EG, it is at 
right singles to the plane AEG, which 
1i 
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passes through AC, EG (4. 2. Sup.) ; and therefore, every jilam 
that passes through DE is ut right angles to the plaae AEG (17. !. 
Sup.) ; wherefore, the |Oane DBC is at right angles to the plme 
AEG. For the same reason, the plane DBC is at right angles totlie. 
plane AFG, and therefore AG, the cojmnon section of the plaoee 
AFG, AEG is at right angles (!8. 2. Sup.) to the plane DBC, and the 
ai^es AGE, AGF are consequently right angles. 

Bat since the arch AB is equal to the arch AC, the angle ADB is 
equal to the angle ADC. Therefore the triangles ADE, ADF, have 
the angles EDA, FDA equal, as also the angles AED, AFD, which are 
right angles ; »id they hare the side AD common, therefore the otbor 
sides are equtd, viz. AE to AF, (26. 1.), and DE to DF. Again, be- 
cause the angles AGE, AGF are right angles, the squares on AG and 
GE are equal to the square of AE ; and the squares of AG and GF to 
the square of AF. Bat the squares of AE and AF are equal, there- 
fore the squares of AQ and GE are equal to the squares of AG and 
6F,and taking away the common square of AG, the remaining sqnarea 
of GE and GF are equal, and GE is therefore equal to GF. Where- 
fore, in the triangles AFG, AEG, the side GF is equal to the sideGE, 
find AF has been proved to be equal to AE, and the base AG is com- 
mon, therefore, the angle AFG is equal to the angle AEG (8. 1.). 
But the angle AFG is the angle which the plane ADC makes with tbe 
plane DBC (4. def. 2. Sup.) because FA and FG, which are drawoin 
these planes, are at right angles to DF, the common sectiouof tbe 
planes. The angle AFG (3. def.) is therefore equal to tfie spherical 
angle ACB ; and, for the same reason, the angle AEG is equal to ()k 
spherical angle ABC. But the angles AFG, AEG are equal. Then- 
fore the spherical angles ACB, ABC are also equal. Q, E, D. 

PROP. VI. 

ff the aiighg at the base of a spherical triangle be eijual, the IriongU it 
isoaeelts. 

Let ABC be a spherical triangle having the angles ABC, ACB equal 
to one another ; the sides AC and AB are also equal. 

Let D be thcveatre of the sphere; join DB, DC, DA, and from A 
on the straight lines DB, DC, draw the perpendiculars AE, AF ; and 
from the points E and F, draw in the a 

plane DBC the straight lines EG, FG 
perpendicular to DB and DC, meeting 
one another in G ; join AG. 

Then, it may be proved, as was done 
in the last proposition, that AG is at 
right angles to the plane BCD, and that 
therefore the angles AGF, AGE are 
right angles, and also that the angles 
AFG, AEG are' equal to the angles 
which the planes DAC, DAB make 
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With the plane DBC. But because the spherical angles ACB, ABC 
are equal, the angles which the planes DAC, DAB make with the 
plane DBC are equal, (3. def.), and therefore the angles AFG, »AEG 
are also equal. The triangles AGE, AGF have therefore two angles 
of the one equal to two angles of the other, and they have also the 
side AG common, wherefore they are equal, and the side AF is equal 
to the side A£. 

Again, because the triangles ADF, ADE are t-ight angled at F and 
£, the squares of DF and FA are equal to the square of DA, that 
is, to the squares of DE and DA ; now, the square of AF is equal to 
the square of AE, therefore the square of DF is equal to the square of 
DE, and the side DF to the side DE. Therefore, in the triangles 
DAJP, DAE, because DF is equal to D£, and DA conunon, and also 
AF equal to AE, the angle ADF is equal to the angle ADE ; therefore 
also the arches AC and AB, which are the measures of the angles ADF 
and ADE, are equal to one another ; and the triangle ABC is isosceles. 
Q, E. D. 

PROP. VII. 

Any tv^ sides of a spherical triangle are greater than the third. 

Let ABC be a spherical triangle, any two sides AB, BC are greater 
than the third side AC. 

Let D be the centre of the 
sphere ; join DA, DB, DC. 

The solid angle at D is contained 
by three plane angles ADB, ADC, 
BDC ; any two of which, ADB, 
BDC ar^ greater (20. 2. Sup.) 
than the third ADC ; and therefore 
any two of the arches AB, AC, BC, 
which measure these angles, as 
AB and BC, must also be greater 
than the third AC. Q. E. D. 

PROP. VIII. 

The three sides of a spherical triangle are less than the circumfer^ce of 

a great circle. 

Let ABC be a Spherical triangle as before, the three sides AB, BC, 
AC are less than the circumference of a great circle. 

Let D be the centre of the sphere : The solid angle at D is con- 
tained by three plane angles BDA, BDC, ADC, which together are 
less than four tight angles (21. S. Sup.) therefore the sides AB, BC,. 
AC, which are the measures of these angles, are together less than 
four quadrants described with the radiu9 AD, that is, than the circum- 
ference of a great circle. Q.. E, D. 
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PROP. IX. 

In a spherical triatigit the greater angle is opposHt to the greater side ; 

a»d conversely. 

Let ABC be a spherical triangle » the greater angle A is opposed to 
the greater side BC. 
. Let the angle BAD be made 
equal to ^e angle B, and then 
BD, DA will be equal, (6.), and 
therefore AD, DC are equal to 
BC ; but AD, DC are greater 
ttaa AC (7.), therefore BC is 
greater than AC, that k, the 
greater ai^e A is opposite to the 
greater side BC. The converse 
is demonstrated as- Prop. 19. 1. 
Elcm. 9, E. D. 

PROP, X. 

According as the sum of two of the sides of a sphertcal triangle is^great- 
er than a semicircle, equal to it, or less, each ef the interior angles e^ 
the base is' greater than the exterior and opposite an^al the kaie, 
equal to it, or less ; and also the sum of the two interior assgles at ih 
base greater than two right angles, equal to two right angles, or Its* 

^ than two right angles. 

Let ABC be a spherical triangle, of which, the sides are AB aad 
BC ; produce any of the two sides as AB, and the base AC, till 
they nieet again in D ; then, the arch ABD is a semiGircle, and thft 
spherical angles at A and D are equal, because each of ihem is^ the 
inclination of the circle ABD to the circle ACD. 

1. If AB, BC be equal to 
a semicircle, that is, to AD, 3?^ 
BC will be equal to BD, and 
thereibre (5.) the angle D, 
or the angle A will be equal 
to the angle BCD, that is, the 
interior, an^ at tl^e basei 
equal tp the exterior and 
opposite. 

2. If AB, BC together be gieaiter ihmsi si^eirqle^ that is. greater. 
thai> A^D, BC will be groatep th^n BD ; and therelbjrft (9.), tkean- 
^e D, th^t is the angle A, is greater thaivthe ang^ BCD» 

3. In tl^ same Dinner it is she;wn, if AB, BC togethf^r be less than 
a semicircle, that the angle A is 1^ tlian-.the 9u^e^ BCP. 
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Now, since the angles BCD, BCA are equal to two right angles, if 
the angle A be greater than BCD, A nod ACB together will be great- 
er than two right angles. If A be equal to BCD, A and ACB toge- 
ther, will be equal to two right angles ; and if A be less than BCD, 
A and ACB will be less thai) two right angles. Qp £. D. 

I 

PROP. XI. 

If the angular points of a spherical triangle be made the poles of three 
great circles^ these three circles by their intersections will form a trian- 
gle, which is said to be supplemental to thefomner ; and the two trian- 
gles arc such, that the sides of the one are the supplements of th^ 
arches which measure the angles of the other. 

Let ABC be a spherical triangle ; and from the points A, B, and C 
as poles, let the great circles FE, ED, DF be described, intersecting 
one another in F, D and E ; the sides of the triangle FED are the 
supplements of the measures of the angles A, B, C, Yiz. FE of the 
angle BAC, DE of the angle ABC, and DF of the angle ACB : And 
again, AC is the supplement of the angle DF&, AB of the angle 
FED, and BC of the angle EDF. 

Let AB produced meet DE, £F in 
G, M ; let AC meet FD, FE in K, L ; 
and let BC meet FD^ DE in N, H. 

Since A is the pole of FE, and the 
circle AC passes through A^ EF will 
pass through the pole of AC (1. Cor. 4.) 
and since AC passes through C, the 
pole of FD, FD will pass through the 
pole of AC ; therefore the pole of AG 
is in the point F, in which the arches 
DF, EF intersect each other. In the 
same manner, D is the pole of BC, and 
£ the pole of AB. 

And since F, £ are the poles of AL, AM, the arches FL and El^f 
(2.) are quadrants, and FL, EM together, that is, FE and ML toge-f 
ther, are equal to a semicircle. But since A is the pole of ML, M(i 
is the measare of the stogie BAC, (3.), consequently FE is the sup- 
plement of the measure of the an^e BAC. In the same manner, 
£D, DF are the supplements of the measures of the angles ABC, BCA. 

Since likewise CN, BI{ are quadra^its, CN and BH together, that 
is, NH and BC together, are equal to a semicircle ; and since D is 
the pole of NH^ NH is the measure of the angle FDE, therefore the 
m»as^e of the ao^ FDE is the suppkment of the side BC. In the 
same manner, it i» shewn that the measures of the angles DEF, EFD 
are the supplements of the sides AB, AC, in the triangle ABC. 
Q, E. D. 
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Tht three ar^Us of a spherical triangle are greater than tteo, and Urn 
than six, r^ltl angles. 

The measuresof the angles A, B, C, in the triaogle ABC, tc^ether 
with the three sides of the supplemeotal triangte DEF, are (11.) 
equal to three semicircles ; bat the three sides of the triangle FDE, 
are (8.) less than two semicircles ; therefore the measures of the 
angles A, p, C are greater than a semicircle ; and hence the angle; 
A, B, C are greater than two right angles. 

And because the interior angles of say triangle, together with the 
exterior, are equal to six right angles, the interior alone are leas thw 
- six ri^t angles. Q, £. D. 

PROP. xm. 

If to the circumference of a great circle, from a point, in the surface 
of the sphere, ■which is not (fte pole of that circle, arches of great 
circles be dravm ; the greatest of these arches is that a-kich passes 
through the pede of tliejirst-tmntioned circle, and the supp/etnent of 

it is Ihe least ; and of the other arches, that which is nearer to the 
greatest is greater than that which is more remote. 

Let ADD be the circumference of a great circle, of which the 
pole is H, and let C be any other point ; through C and H let the 
semicircle AGB be drawn meeting the circle ADB in A and B ; and 
let the arches CD, CE, CF also be deacribed. From C draw CG 
perpendicular to AB, and then, because the circle AHCB which 
passes through H, the pole of the circle ADB, is at right an^es te 
ADB. CG is perpendicular to the plane ADB. Join GD, GE, GF. 
CA, CD, CE, CF, CB. TT 

Because A6 is the diameter of 
the circle ADB, and G a point in 
it, which is not the centre, (for 
the centre is in the point where 
the perpendicular from H meets 
AB), therefore AG, the part of 
the diameter in which the centre 
is, is the greatest, (7. 3.), andGB 
, the least of all the straight lines 
that can be drawn from G to the _ 

«ircumference ; and GD, which is 

nearer to AB, is greater than GE, which is more remote. But the 
triangles CGA, CGD are right angled at G, and therefore AV' = 
AG»+GC», and DCs=DGa+GC» ; but AG«+GC'7DG»+GC»j 
because .4G7DG; therefore AC^tDCs, and ACyDC. .4nd be- 
rause the chord AC is greater than the chord DC, the arch AC is 




SPHERICAL TRIGONOMETRY. 



265 



greater than the arch DC. Id the same manner, since 6D is greater 
than GE, and GE than GF, it is shewn that CD is greater than CE, 
and CE than CF. Wherefore also the arch CD is greater than the 
arch CE, and the arch CE greater than the arch CF, and CF than CB ; 
that is, of all the arches of great circles drawn from C to the circum- 
ference of the circle ADB, AC which passes through the pole H, is 
the greatest, and CB its supplement is the least ; and of the others, 
that which is nearer to AC the greatest, is greater than that which is 
jDore remote. Q, E. D. 

PROP. XIV. 



Jn a right angled spherical triangle^ the sides containing the right angk, 
are of the same affection with the angles opposite to iheniy that is, if the 
sides be greater or less than quadrants^ the opposite angles will be 
greater or less than right angles, and conversely. 

Let ABC be a spherical triangle, right angled at A, any side AB will 
be of the same affection with the opposite angle ACB. 

Produce the arches AC, AB, till they meet again in D, and bisect 
AD in E. Then ACD, ABD are semicircles, and AE an arch of 90*. 
Also, because CAB is by hypothesis a right angle, the plane of the 
circle ABD is perpendicular 
to the plane of the circle 
ACD, so that the pole of 
ACD is in ABD, (cor. 1. 4.), 
and is therefore the point E. 
Let EC be an arch of a great 
circle passing through E and 
C, 

Then because E is the 
pole of the circle ACD, EC 
is a (2.) quadrant, and the 
plane of the circle EC (4.) 
is at right angles to the plane 
of the circle ACD, that is, 
the spherical angle ACE is a 
right angle ; and therefore, 
when AB is less than AE, 
the angle ACB, being less 
than ACE, is leas than a right 
angle. But when AB is greats 
er than AE, the angle ACB 
is greater than ACE, or than a right angle. In the same way may the 
converse be demonstrated. Therefore, &c. Q. E. D. 
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1. Let CD 611 within the triangle ; then, since ADC, BDC are 
right angled spherical triangles, the angles A, 6 must each be of the 
same affection with CD, (14). 



A. 




B » 



2, Let CD fall without the triangle ; then (14.) the angle B is of 
the same affection with CD ; and the angle CAD is of the same affec- 
tion with CD ; therefore the angle CAD and B are of the same af- 
fection, and the an^e CAB and B are therefore of different affections. 
Ct E. D. 

Cor. Hence, if the angles A and B be of the same affection, the 
perpendicular will fall within the base ; for if it did not, A and B would 
be of different affection. And if the angles A and B be of different 
affection, the perpendicular will fall without the triangle ; for, if it 
did not, the angles A and B would be of the same affiection, contrary to 
the supposition. 

PROP. XVII. 

If to the hose of a spherical triangle a perpendicular be drawn from the 
opposite angle, which either falls witMn the triangle, or is the nearest 
^fihe two that fall without; the least of the segments of the base is ad^ 
jacent to the least of the sides of the triangle, or to the greatest, accord- 
ing as the sum of Ae sides is lets or greater than n semicircle. 

Let ABEF be a graat circle of a sphere, H its pole, and GHD any 
circle passing through H, wluch therefore is perpendicular to the cir- 
cle ABEF. Let A and B be two points in the circle ABEF, on oppo- 
site sides of the point D^ and let 
D be nearer to A than to B, and let 
C be any point in the circle GHD 
between H and D. Through the 
points A and C, B and C, let the 
arches AC and BC be drawn, and 
let them be produced till they meet 
the circle ABEF in the points E and 
F, then the arches ACE, BCF are 
semicircles. Also ACB,ACF, CPE, 
£CB are four spherical triangles 
contained by arches of the same 
circles, and having the same perpen- 
diculars CD and CG, 

Kk 
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1. Now because C£ is nearer to the arch CHG than CB is, C£ is 
greater than CB, and therefore C£ and CA are greater than CB and 
CA, wherefore CB and CA are less than a semicircle ; but because 
AD isbj supposition less than D6, AC is also less than CB, (13A 
and therefore in this case, viz. when the perpendicular falls within 
the triangle, and when the sum of the sides is less than a semicircle, 
the least segment is adjacent to the least side. 

3. Again, in the triangle FCA the two sides FC and CA are less 
than a semicircle ; for, since AC is less than CB, AC and CF arc less 
than BC and CF, Also, AC is less than CF, because it is more re- 
mote from CHG than CF is ; therefore in this case also, viz. when 
the perpendicular falls without the triangle, and when the sum of the 
sides is less than a semicircle, the least segment of the base AD is 
adjacent to the least side. 

3. But in the triangle FCE the two sides FC and CE are greater 
than a semicircle ; for, since FC is greater than CA, FC and CE are 
gi*eater than AC and CE. And because AC is less than CB, EC is 
greater than CF, and ^C is therefore nearer to the perpendicular 
CHG than CF is, wherefore EG is the least segment of the base, and 
is adjacent to the grea^r side. 

4. In the triangle ECB the two sides EC, CB are greater than a 
ficmicircle ; for, since by supposition CB is greater than CA, EC and 
CB are greater than EC and CA. Also, EC is greater than CB, 
wherefore in this case, also, the least segment of (Jie base EG is ad- 
jacent to the greatest side of the triangle. Therefore, when the 
sum of the sides is greater than a semicircle, the least segment of 
the base is adjacent to tlie greatest side, whether the perpendicular 
fall within or without the triangle : and it has been shewn, that when 
the sum of the sides is less than a semicircle, the least segment of the 
base is adjacent to the least of the sides, whether the perpendicular 
fall within or without the triangle. Wherefore, &c. Q. E. D. 



PROP. XVIII. 

In right angled spherical triangles, the sine of either of the »idcs ahoui 
the right angle, is to the radius of the sphere, as the tangent of tht 
remaining side is to the tangent of the angle opposite to tJiai side. 

Let ABC be a triangle, baying the right angle at A ; and let AB be 
either of the sides, the sine of the side AB will be to the radius, a* 
the tangent of the other side AC to the tangent of the angle ABC, 
opposite to AC. Let D be the centre of the sphere ; join AD, BD, 
CD, and let AF be drawn perpendicular to BD, which therefore will 
be the sine of the arch AB, and from tlie point F, let there be drawn 
in the plane BDC the straight line FE at right angles to BD, meet- 
ing DC in E, and let AE be joined. Since therefore the straight 
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line l^F is at rigbt aAgles to both FA ' 
;uid FE, it will alio be at right at^es 
to the plane AEF (4. 2. Sup.){ where- 
fore the plane ABD, which passes 
through DF is perpen^icalur to the 
plane AEF (17. ». Sup.), and the 
plaae AEF perpendicular to ABD : 
But the plane ACD or AED, is abo 
perpeadicular to the same ABD, be- 
caoae the spherical angle BAG ia a 
right angle : Therefore AE, the com- 
mon section of the planes AED, AEF, 
is at right angles to the plane ABD, 
(18. 2. Sup.), and EAF, EAD are 
right angles. Therefore AE is the tangent of the arch AC ; and in 
the rectilineal triangle AEF, having a right angle at A, AF is to the 
radius at AE to the tangent of the angle AFE, (1. PI. Tr.) ; but AF 
is the sine of the arch AB, and AE the tangeht of the arch AC ;^ and 
the an^e AFE is the inclination of the planes CBD, ABD, (4. def 2. 
Sop.), or is equal to the spherical angle ABC ; Therefore the sine of 
the arch AB is to the radius as the tangent of the arch AC to the tan- 
gent of the opposite angle ABC. Q. E. D. 

CoH. Since by this proposition, sin AB : R r : tan AC : tan ABC ; 
and because R : cot ABC : : tan ABC : R (I. Cor. def. 9, PI. Tr.) 
by equality, sin AB : cot ABC : ; tan AC : R. 

PROP. XIX. 

M right angled spherical triangles the sine of Ike hypotenuse is lo the ra- 
dim as the sum of either side is to the sine of the atigle opposite to that 

Let the triangle ABC be right angled at A, and let AC be either of 
the sides ; the sign of the hypofennse BC will be to tbe'radius as the 
sineoftbearch ACis to tiie sine of the angle ABC. 

Let D be the centre of the sphere, and let CE be drawn perpendi- 
cular to DB, which will therefore be the sine of the hypotenuse BC ; ' 
and frotai the point E l6t there bfe 
drawn in the pliine ABO Uie straight 
line EF perpbudicQlar to DB, and 
let CF be joined : then OF wilt be 
at ri^ anglec to the plane ABD, 
because as wati BhoA^ of EA in the 
pteceding propwltion, it is the cam.' 
man section of two plan«i, DCF, 
£CF, each perpendicular to the 
plaaeADB. WhereforeCFD.CFE 
^ right angles, and CF is the sine 
of the arch AC ; and in the triangle CPE having the rjjtht angle CFK 
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C£ is to the radius, as CF to the sine of the angle CEF (1. PL Tr). 
But, since CE, FE are at right angles to DEB, which is the common 
section of the planes CBD, ABD, the angle CEF is equal to the incli- 
nation of these planes, (4. def. 2. Sup.), that is to the spherical angle 
ABC. Therefore the sine of the hypotenuse CB, is to the radius, as 
the sine of the side AC to the sine of the opposite angle ABC. Q. E. D. 

PROP. XX. 

Jn right angled spherical triangles, the CQsine of the hypotenuse is to the 
radius as the cotangent of either of the angles is to tiie tangent of tkt 
remaining angle. 

Let ABC be a spherical triangle, having a right angle at A, the co- 
sine of the hypotenuse BC is to the radius as the cotangent of the an- 
gle ABC to the tangent of the angle ACB. 

Describe the circle DE, of which B is the pole^and let it meet AC 
in F, and the circle BC in £ ; ^md since the circle BD passes through 




the pole B, of the circle DF, DF must pass through the pole of BD, 
(4.) And since AC is perpendicular to BD, the plane of the circle 
AC is perpendicular to the plane of the circle BAD, and therefore 
AC must also (4.) pass through the pole of BAD ; wherefore, tb^ 
pole of the circle BAD is in the point F, where the circles ACj DE, 
intersect. The arches FA, FD are therefore quadrants, and likewise 
the arches BD, BE. Therefore, in the triangle CEF, right an^ed 
at the point E, CE is the complement of BC, the hypotenuse of the 
triangle ABC ; EF is the complement of the arch ED, the measure 
of the angle ABC, and FC, the hypotenuse of the triangle CEF, is the 
complement of AC, and the arch AD, which is the measure of the an- 
gle CFE, is the complement of AB, 

But (18.) in the triangle CEF, sin CE : R : : tan EF : tan ECF, 
that is, in the triangle ACB, cos BQ : R : : cot ABC : tan ACB. 
Q, E. D. 
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Cor. tiecaase cos BC : R : : cot ABC : tan ACB, and (Cor. 1, def. 9, 
PI. Tr.) cot ACB : R : : R : tan ACB, ex aequo, cot ACB : cos BC : : 
R : cot ABC. 

PROP. XXI. 

In right angled spherical triangles^ the cosine of an angle is to the radius 
as the tangent of the side adjacent to that angle is to the tangent of the 
hypotenuse. 

Thq same construction remaining : In the triangle CEF, sin FE : 
R : : tan CE : tan CFE (18.); but sin EF =* cos ABC ; tanCE=cot 
BC, and tan CFE = cot AB, therefore cos ABC : R : : cot BC : cot 
AB. Now, because (Cor. 1. def. 9. PL Tr.) cot BC : R : : R : tan 
BC, and cot AB : R : : R : tan AB, by equality inversely, cot BC ; 
cot AB : : tan AB : tan BC ; therefore (11. 6.) cos ABC : R : : tan 
AB : taA BC, Therefore, &c. Q, E. D. 




CoR. 1. From the demonstration it is manifest, that the tangents of 
any two arches AB, BC are reciprocally proportional to their cotan- 
gents. 

Cor. 2. Because cos ABC : R : : tan AB : tan BC, and R : cot 
BC : : tan BC : R, by equality, cos ABC : cot BC : : tan AB : R. 
That is, the cosine of any of the oblique angles is to the cotangent 
of the hypotenuse, as the tangent of the side adjacent to the apgle is to 
the radius^ 

PROP. XXII. 

Tn right angled spherical triangles, the cosine of either of the sides is 
to thi radiusy as the cosine of the hypotenuse is to the cosine of the 
other side. 

The same construction remaining : In the triangle CEF, sin CF : 
R : : sin CE : sin CFE, n9.) ; but sin CF = cos CA, sin CE = cos 
BC, and sin CFE s= cos AB ; therefore, cos CA : R : : cos BC : cqs 
AB. Q, E. D. 
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PROP. XXIII. 

In right angled spherical triangles^ the cosine of either of the sides is to 
the radius^ as the cosine of the ar^le opposite to that side is to ike 
sine of the other angle. 

The same construction remaining : In tl^e triangle CEF, sin CF : 
R : : sin EF : sin ECF, (19.) ; but sin CF = cos CA, sin EF = cos 
ABC, and sin ECF^sin BCA ; therefore, cos CA : R : : cos ABC : 
sin BCA. Q, £. D. 

PROP. XXIV. 

In spherical triangleSy whether right ar^led or oblique angled^ the suuf 
of the sides are proportional to &e sines of Ae at^les opposite to them* 

First, Let ABC be a right angled triangle, having a right angle at 
A ; therefore, (19.) the sine of the hypotenuse BC is to the radias, 
(or the sine of the right angle at A), 
as the sine of the side AC to the 
dine of the angle B. And, in like 
manner, the sine of BC is to the 
sine of the angle A, as the sine of 
AB to the sine of the angle C ; 
wherefore (11.6.) the sine of the 
side AC is to the sine of the angle 
B, as the sine of AB to the sine of 
the angle C. 

Secondly, Let ABC be an oblique angled triangle, the sice of anv 
of the sides BC will be to the sine of any of the other two AC, as the 
sine of the angle A opposite to BC, is to the sine of the angle B op- 
posite to AC. Through the point C, let there be drawn an arch of 4 
great circle CD perpendicular to AB ; and in the right aisled tnan^ 






gle BCD, sin BC : R : : sin CD : sin B, (19.) ; and in the triangle 
ADC, sin AC : R : : sin CD : sin A ; wherefore, by equality inversely, 
sin BC : sin AC : : sin A : sin B. In the same manner, it may be 
proved that sin BC : sin AB : : 6iQ A : sin C, kc. Thereforei &c. 
Q. E. D. 
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PROP. XXV. 

Ih oblique angled spherical triangles, a perpendicular arch being dTai;sm 
from any of the angles upon the opposite side, the cosines of the angles 
nt the base are proportional to the sines of the seginents of the vertical 
angle. 

Let ABC be a triangle, and the arch CD perpendicular to the base 
BA ; the cosine of the angle B will be tlo the cosine of the angle A, 
as the sine of the angle BCD to the sine of the angle ACD. 

For haying drawn CD perpendicular to AB, in the right angled 
triangle BCD, (23.) cos CD : R : : cos B : sin DCB ; and in the right 
angled triangle ACD, cos CD : R : : cos A : sin ACD ; therefore 
(11.5.) cos B : sin DCB : : cos A : sin ACD, and alternately, cos B : 
cos A : ; sin BCD : sin ACD. q, E. D. 



PROP. XXVI. 

The same things remaining, the cosines of the sides BC, CJl, are propor- 
tional to the cosines of BD, DA, the segments of the base. 

For in the triangle BCD, (22.), c<>s BC : cos BD : : cos DC : R. 
and in the triangle ACD, cos AC : cos AD : : cos DC : R ; therefore 
(11. 6.) cos BC : cos BD : : cos AC : cos AD, and alternately, cos 
BC : cos AC : : cos BD : cos AD. Q, E. D. 

PROP. XXVII. 

Hie same construction remaining, the sines of BD, DA the segments of the 
base are reciprocally proportional to the tangents cfB and A, the an- 
gles at the base. 

In the triangle BCD, (18.), sin BD : R : : tan DC :vtan B ; and in 
the triangle ACD, sin AD : R : : tan DC : tan A ; therefore, by equal- 
ity inversely, sin BD : sin AD : : tan A : tan B. Q. E. D. 
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PROP* XXVIII. 

The same constrtictioH remaining, the connet of the segments of the vetti- 
col angle are reciprocally proportional to the tangents of iie sides. 

Because (SI*)* cos BCD : R : : tan CD : tan BC, and alsd^ cos 
ACD : R : : tan CD : tan AC, by equality inyersely, cos BCD : cos 
ACD : : tan AC : tan BC. ft. E. D. 

PROP. XXIX. 

If from an angle of a spherical triangle ihert he dran)n a perpendicu- 
lar to the opposite side, or base, the rectangle contained by the tofh 
gents of half the sum, and of half the difference (f the segmentt of 
the base is equal to the rectangle contained by the tangents oj half At 
sum, and of half the difference of the two sides of the triangle. 

Let ABC be a spherical triangle, and let the arch CD be drawn 
from the angle C at right angles to the base AB, tan | (m-^-n) X tan J 
(to— n) = ^ tan (a+6) X ^ tan (a— 6). 

Let BC=a, AC=b ; DD=m, AD=m Because (26.) cos a : cos 
b : : cos m ; cos n, (E. 6.) cos a + ^ • cos a — cos b : : cos m+cos n : 
cos m— cos n. But (1. Cor. 3. PI. Trig.), cos a+cos b : cos a— cos b 
: : cot I (a +6) : tan ^ (a—b), and also, cos m+cos n : cos m— cos n 
: : cot i (m+?t) : tan 4 (m^n). Therefore, (11. 5.) cot \ (a+6) : 
taq^ (a—b) : : cot ^ (m+») : tan ^ (m—n). And because rectan- 
gles of the same altitude are as their bases, tan i (o + 6) X cot J 
(a + b) : tan ^ (a+b) X tan ^ (a -6) : : tan J (m + n) Xcot i (m+n) 
: tan ^ (m X/i) + tan ^(m—n). Now the first and third terms of this 
proportion are equal, being each equal to the square of the radius, 
(1. Cor. PL Trig.), therefore the remaining two are equal, (9. 6.) or 
tan ^ (w + n) Xtan ^ (m^n) = tan ^ (a + 6) Xtan ^ {a^b) ; that is, 
tan ^ (BD + AD) X tan i (BD-AD) = tan 4 (BC + AC) X tan i 
(BC-AC). Q, E. D. "* 

CoR. 1. Because the sides of equal rectangles are reciprocally pro- 
portional, tan i (BD + AD) : tan 4: (BC+AC) : : tan ^ (BC— AC) : 
tani(BD-AD). 

CoR. 2. Since, when the perpendicular CD falls within the trian- 
gle, BD + AD = AB, the base ; and when CD falls without the tri- 
angle BD— AD = AB, therefore in the first case, the proportion in 
the last corollary bccomea, tan { (AB) : tan | (BC + AC) : : tan J 
(BC — AC) : tan ^ (BD— AD) ; and in the second case, it becomes by 
inversion and alternation, tan A (AB) : tan 4 (BC + AC) : : tan ^ 
rBC-AC) : tan i (BD+AD). ' 
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SCHOtlUM. 

TfiTE preceding proposition, which is very useful in spherical tfigo • 
nometry, may be easily remembered from its analogy to the proposi- 
tion in plane trigonometry, that the rectangle under half the sum, 
and half the difference of the sides of a plane triangle^ is equal to 
the rectangle under half the sum, and half the difference of the seg- 
ments oi the base. See {K, 6.), also 4th Case PI. Tr. We are in- 
debted to Napier for this and the two following theorems, which are 
so well adapted to calculation by Logarithms ^hat they must be con- 
sidered as three of the most valuable propositions in Trigonometry^ 

PROP. XXX. 

if a perpendicular he drawn from an ar^le of a spherical triangle to tht 
opposite side or hase^ the sine of the sum of the angles at the base is to 
ike sine of their difference as ^e tangent of half the base to the tangent 
of half the difference of its segments, when the perpendicular falls with- 
«n ; but cts the co-tangent of half the base to the co-tangent of half the 
swm of the segments^ when the perpendicular falls without the triangle : 
And the sine of the sum of the twe sides is- to the sine of thtir diff^erenoc 
a« the co-tangent of half the angle contairied by the sides, to the tangent 
of half the diff^erence oj the angles which the perpendicular makes with 
-die same sides, when it falls Tsnthin, or to the tangent of half the sum of 
these angles, when it falls Tsyithowt the triangle. 

If ABC be a spherical triangle, and AD a perpendicular to the huso. 
BC, sin (C-HB) : sin (C-B) : : tan | BC : tan ^ (BD-DC), when 
AD falls wHIiin the triangle ; but sin (C+B) : sin (C- B) : : cot J 
BC ; cot i (BD+DC), when AD falls without. And again, 

Li 
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sin (AB+AC) : sin (AB-AC) : : cot^BAC : tan J fBAD—CAD), 
when AD M]b within ; but when AD falls without uie triao^e, 
*n (AB+AC) : sin (AB-AC : : cot J BAC .: tan ^ (BAD+CAD). 

For in the triangle BAC (27.), tan B : tan C : : sin CD : sin BD, 
and therefore (E. 5.), tan C + tan B : tan C— tan B : : sin BD + sia 
CD : sin BD— sin CD. Now, (by the annexed Lemma) tan u +t^ 
B : tan C— tan B : : sin (C+B) : sin (C-B), and sin BD+ sin CD : 
sin BD-sin CD : : tan | (BD+CD) : tan ^ (BD «CD),(3. PL Trig.)^ 
therefore, because ratios which are equal to the ^ame ratio are equal 
to one another (11. 5.), sin (C+B) : sin (C-^B) : : tan| (BD+CD) :. 
tani(BD-CD). 





.Now when AD is within the triangle, BD+CD=BC, and therefore 
»in (C+B) : sin (C - B) : : tan ^ BC : tan J (BD-CD). And again, 
when AD is without the triangle, BD — CD=BC, and therefore sin 
(C+B) : sin (C-B) : : tan ^ (BD+CD) : tan x BC, or because the 
tangents of any two arches are reciprocally as their co-tangents, sin 
(C+B) : sin (C-B) ; : cot J BC : cot i (BD+CD). 

The second part of the proposition is next to be demonstrated. Be- 
cause (28.) tan AB : tan AC : : cos CAD : cos BAD, tan AB + tan 
AC : tan AB-tan AC : : cos CAD+oosBAD : cos CAD—fcos BAD. 
But (Lemma) tan AB + tan AC : tan AB— tan AC : : sin (AB+AC) : 
sin (AB-AC), and (1. cor. 3. PI. Trig.) cos CAD + cos BAD : cos 
CAD— cosBAD : : cot ^(BAD+CAD) : tan ^ (BAD -CAD). There- 
fore (11. 5.) sin (AB+AC) : sin (AB— AC) : : coti(BAD+CAD): 
taa I (BAD— CAD). Now, when AD is within the triande, 
BAD+CAD = BAC, and therefore sin (AB+AC) : sin (AB— AC) : : 
cot l BAC ; tan J- (BAD-CAD). 
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fiat if AD be without the trian^e, BAD— CAD=BAC, and there- 
fere sin (AB^AC) : tin (AB-AC) : : 
cet \ (BAD+CAD) : tan \ BAG ; or hecanse 
cot \ (BAD+CAD) : tan \ BAG : : cot 4 BAG : 

ian i (BAD+CAD), tin (AB+AG) : sin (AB-AG) : : cot J BAG : 

^tQ \ (BAD+CAD). Wherefore, &c. q, £. D. 



liElCHA. 

I 

ipiA sum of iSk^ tangenii cf uny two arckes^ m <# Iftc differetue of ^eir 
tcuigents^ a$ the Wne of the mm of the arches^ to the nne of their dij^ 
ference. 

Let A and B be two arches, tan A +lanB : tan A^tan B : : sin 
(A+B) : sin (A-B). 

For, by § 6. page 243, An AXoos B + cos AXsin B^sin (A+B), 

and therefore dividios all by cos A cos B, -J - 

^^ ^ cosA^cosB 

sin (A + B) , . ^ sin A ^ . ^ ^ . -. 

53 ^ ^, that 18, because r-= tan A, tan A+tan B 

cos A X cos B cos A 

sa LJL—I.. In the same manner it is proved that tan A— tan B 

cosAxcosB 

;=- A-T—^. Therefore tan A + tan B : tan A —tan B : : sin 

cos A X cos B 

(A+B) : sin (A- B). Q, E. D. 



PROP. XXXI. 



The sine of haJfthe sum of any two angles of a spherical triangle is to 
the sine of half their difference, as the tangent of half the side adjacent 
to these angles is to the tangent of half the difference of the sides op' 
posite to them ; and the cosine of half the sum of the same angles is to 
the cosine of half their difference, as the tangent of half the side ad' 
jacent to them, to the tangent of half the sum of the sides opposite. 

If t C+Bs:2S, C-Bxb2D, the base BC=2B, and the difference 
of ^e segments of the base, or BD-<-GD=:=2X. Then, because (30.) 
sin (C+B) : sin (G-B) : : tan | BG : tan | (BD - CD), sin 2S : sin 
2D : : tan B : tan X. Now, sin 2S«sin (S + S)=2 sin S x cos S, 
(Sect. III. cor. PI. Tr.). In the same manner, sin 2D= 2 sin Px 
-cos D. Thereibre sin S x cos S : sin D x eos D : : tiui B ^ tan Xr 
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D 
C B 

Again, in the spherical triangle ABC it has heen proved,- that sii 
C4-siD B : sin C— sin B : : sin AB+sin AC : sin AB — sin AC, and 
since sin C + sjin B=r2 sip J (C+e)X cqs I (C-9), (Sect III. X 
PL Tr.) === ^ ski 3>(co8 D ; and 8i^ C > ain B=r« cost ^ (C+R>Xaii 
I (C— B) == 2 cos S Xsin D. Therefore 2 sin S Xcos D : 2 CQt& X 
sin D : : sin AB + sin AC : sin AB - sin AC. But (3. PL Tr. sin 
AB+sin AC : sin AR- sin AC : : tan 1 (AB+AC) : tfm * (A»- AC) : : 
tan Z : tan A, S heing equal to ^ (AB + AC) and 4 to i (4B-r AC,)b 
Therefore sin S X cos D : cos S Xsin P :: tan, S : t^an A^ Sinpetbcn 
tenX^sinDXco^ ^>^^cp«SXsin D^ 

tan B sin S X cos S ' tan S sin S Xcos D 

• tanX tanA_ fsin D)» X cos SXcos D__^(si9 P)» 

^^ ^^^ ' tan B ^tan x'^rsin S)^ X^"^ x'TorD^(W S)«* 
' Put (22 ^ ^'° ^ (^P- P^)^tan j (AB+AC) tap ^^t^pS 

**'''^^^-^tani(AB^AC)==' tan J BC ' ^^ '^'tji^ A"^tao. B' 

, ^ ^ tan X tan S X tan A , tan X tan A (tan A)". 

and therefor^,- — ^= -,-— _. ^ - , as ^Iso^ — b Xr~-^=7r^ tjL 

tan B (tan B) « tan B tan s; (tan B)^ 

^ tan X tan A (sin D)^ , (tan A)» (sinD)* ^t^m A 

But-^ srX: — ^=; . ^L ; whence- ?,x.=r-: — ^ ; and zr 

tan B tan S (sin S)^ (tan B)* (sin S)^ ' tan B 

= , or sin S : sin D : : tan B : tan A, that is, sin (C+B) : sin 

sin b 

(C - B) : : tan 4 BC : tan i ( AB - AC) ; which is the first part of the 

proposition. 

tan A cosSXsinD . , tan S sin S Xcos D 

Again, since- — --=: .- ----- , orinVerselv — ^ = — :— -i 

^ tans sm SXcos D -tan A cosSXsinD* 

tan X sin DXcos D ^, /. u w i- .- tan X 

and since — - = -rr-p; 7; ; therefore by multiphcation, „ X 

tan B siri SXcos S j if 'tan B 

• tan S__(cos D)2 
tan A (cos S)^* 

But it was already shewn Ihat-^ — v»= — /r- ^^z — jWhercfore 9^s» 

•^ tan B (tanB)3 ■ ^ -. 

tan X tan S__(tan S)3 

tan B'^tanA'"(tanB)*' 

^^ tanX tanS (cos D2) , . ,, , 

Now, — -x ;=7 — = — 5TT^ as has just heen shewn. 

tanB tan A (cos S)3 •* 

cos D tan S 

=:; — ojOrcos 



(cos 0)2 (tanS)« 

Therefore) cNi=/* -tT^* ^^ consequently 

(cos Sy (tan Bj* > •^ 



cos S tanB 



\ 
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S : G08 D : : tan B : tan S, that is cos (C+B) : cos (C— B) : : tan ^. 
BC : tan I (C-)-B) ; which is the second part of the proposition. 
Therefore, &c. Q;. E. D. 

Cor. 1. Bj applying this proposition to the triangle supplemental' 
to ABC (1 1.), and hj coMsidering, that the sine of half the sum or half 
the difference of the supplements of two arches, is the same with the 
^ine of half the sum or half the difference of the arches themselves ; 
and that the same is true of the cosines,, and of the tangents of half 
the sum or half the difference of the supplements of two arches ; but 
that the tangent of half the supplement of an arch is the same with the 
cotangent of half the arch itself; it will follow, that the sine of half the 
«nin of any two sides of a spherica^ triangle, is to the sine ot half their 
difference as the cotangentof half the anglie contained between them» 
to the tangent of half the difference of th^ angles opposite to them : 
and also that the cosine of half the sum of these sides, is to the co-. 
sine of half their difference, as the cotangent of half the angle con- 
tained between them, to the tangeiit of half tfie sum of the angles op- 
posite to them. 

CoR. 2. If therefore A, B, C be the three angles of a spherical tri- 
angle, a, 6, a the sides opposite to them, 

I. sin i (A-fB) : sin ^ (A * B) : : tan { c : tan | (A~6). 

II. cos I ^A-fB) : C0& ^ (A— Bj : : tan ^ c : tan^ (a-f 6). 

III. sin i {a+b) : sin i (a-6) ; : tan 4 C : tan i (A— B). 

IV. cos \ («+6) : cos 4 (a-6) :': tan 4C : tan 4 (A-fB). 



470. 
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PROBLEM !. 

& a right angled iphertcal iriar^U^ of the ihree sides and Aree angks^ 
any two being given^ besides the r^ht angle^ to find the other three* 

This problem has sixteen cases, the^ solations cf which are con-, 
tkined i^ the following table, where ABC is any spherical triangle 
light angled at A. t • ' ^ 



siTBir. 


BOUftHT. 


BOLVTZOV. • 




BC and B. 


AC. 

AB. 

C; 


R : sin BC : : sin B : sin AC, (19). 
R : cos B : ; tan BC : tan AB, (21). 
R : cos BC : : taa B : cot C, (20), 


1 
2 
3 


r 

AC and C. 


AB. 

BC, 

B. 


R : sin AC : : tan'C : tan AB, (18). 
cos C : R : : tan AC : t«i BC,f21> 
R : cos AC : : sin C : cos B, (23). 


4 
6 

6 

7 
8 
9 


AC and B. 


AB. 

BC. 

C. 


tan B : tan AC : : R : sin AB, ( 18). 
sin B : sin AC : : R : sin BC, (19)- 
cos AC : cos B : : R : sin C, (23). 


ACandBC. 




AB. 
B. 
C. 


cos AC : c*s BC : : R : cos AB,(22). 
sin BC : sin AC : : R sin B, (19). 
tan BC : tan AC : : R : cos C, (21). 


10 
11 

12 

13 
14 
14 


AB and AC. 


BC. 
B. 
C. 


R : cos AB : : cos AC : cos BC,(22). 
sin AB : R : : tan AC : tan B, (18). 
sin AC : R : : tan AB : tan C, (18). 


]^and C. 


AB. 
AC. 
BC. 


sin B : cos C : : R : cos AB, (23). 
sin C : cos B : : R : cos AC, (23). 
tan B : cot C : : R : cos BC, (20). 


15 
16 

m 



•w«i»w««n 
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TABLE for detennining the affections of the Sides and Angles founi 

by the preceding rules. 



AC and B of the same affection, (14). 

If BCz.90*', AB and B of the same affection, otherwise dif- 
different, (Cor. 15.) 

If BCz.90^ C and B of the same affection, otherwise dif- 
ferent, ^ (16.) 



AB and C are of the same affection, (14.) 

If AC and C are of same affection, BC2.90^ ; otherwise 

BC790*, (Cor. 16.) 

B and AC are of the same affection, (^^O 



Ambiguous. 
Ambiguous. 
Ambiguous. 



When BCz.90''', AB and AC of the same; otherwise of 
different affection, ( 1 ^* ) 

AC and B of the same affection, (14.) 

When BCz.eo», AC and C of the same ; otherwise of dif- 
ferent affection, ^ (Cor. 16.) 



BCz.90®, when AB and AC are of the same affection, 

(1. Cor. 15.^ 
B and AC of the same affection, (^^0 

C and AB of the same affection, (14.) 



AB and C of the same affection, (1^*) 
AC and B of the same affection, (14.; 
When B and C are of the same affection, BCz.90*, other- 
wise, BC790^, (16.) 



I 
2 



5 

6 



7 
8 
9 



10 
11 

12 



13 
14 
14 



15 
16 

16 



The cases marked ambiguous are those in which the thing sought^ 
has two values, and maj either be equal to a certain angle, or to the^ 
supplement of that angle. ' Of these there are three, in all of which- 
the things giyen are a side, and the angle opposite to it ; and accord- 
ingly, it is easy to shew, that two right angled spherical triangles may 
^always be found, that have a side and the angle opposite to it the same 
in both, but^of which the remaining sides, and the remaining angle of 
the one, are the supplements of the remaining sides and the remain- 
ing angle of the other, each of each. 

Though the affection of the arch or angle found may in all the otho; 
cases be determined by the rules in the second of the preceding tables , 
it is of use to remark^ that all these rules except two, may be r^f^ur 
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ed to one, triz. that when tiie thing found by the rules in (he first tahle u 
either a tangent or a cosine ; and when, of the tangents or cosines employ- 
ed in the computation of it, one only belongs to an obtuse angle, the angle 
required is also obtuse. 

TKitf, in the 16th case, when cos AB is foand, if C he an ohtase all- 
ele, because of cos C, AB must be obtuse ; and in case 16. if either 
B or C be obtose, BC is greater than 90^, but if B and C are either 
both acute, or both obtuse, BC is less than 90^. 

It is erident, that this rule does not applj when that which is found 
if the sine of an arch ; and this, besides the three ambigaons cases, 
happens also in other two viz. the 1st and 11th. The ambiguitj is 
obyiated, in these tweo cases, by this rule, that the sides of a spherical 
right angled triangle are of the same affection with the opposite angles. 
. Two redes are therefore sufficient to reroore the ambiguity in all 
the cases of the right angled triangle, in which it can possibly be r^ 
mored. 



s»HfeRic5wL lrltiGd>i«»ife**t. 



ins 



It may be useful to express (he same solutions as in the annexed 
table. Let A be at the right dhg^fce ^ iii the figure, and let the side op- 
posite to it be a ; let b be the side opposite to B, and c the side oppo- 
site to C. i 



:^ 



•k\ ■ >. » ■■>- 



* • - 



oiYSir. 



a and B. 



h and C; a. 



h ann B. 



floueuT. 



h. 
c, 
C. 



Ci 



B. 

ft ■ II tf I 



i e. 
C. 



a aod b. 



■> * 



BOLUTlun. 



sin b = sin a X sin B. 
tan c = tan a X cos B. 
cot C = cos a X tan B. 



tan c = sin b X tan C. 

tan 6 

tan d = 7;, 

cos C 

cos 1& = cos b X sin C. 



tan b , 

din c = ; — 5* 
tanB 

sin h 

sin x> 
cosB 



8ijiC = 



cos b 



i> 1 1 



c. 



C. 



6 alid c. 



a. 

B. I 
C. 



B and C. 



cos a 

skitj = 7* 

cos 

smBiii-: • 

Sin a 
■ tad * 

€0SC=s=r ' 

tan a 



«*i<i 



rfUb 



C. 



COS 4 = cos b X cos c. 

^ ^ tan 6 
sm c 

tan c 

taoC=* ^— 7- 
sin b 



b. 
j a. 



cosC 

cos c = _• n* 
sm 15 

cosB 



cos b = 



sin C* 
cotC 

^^«^=tanB- 



1 1 
3 



4 

5 

6 



' iV '•• " 



10 

ni 
12 



7 

8 
9 



13 
14 

14 



la 
15 
i6 



Mm 



ftU 
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PROBLEM II. 

» 

/» any oblique anghd sphnriecU triangle j of Ike three ndes and three an^ 
gleSy any three being given, it is required to find the other three. 

In this Table, the references (c. 4.), (c. 5.), &c. are to the cases 
in the preceding Table, (16.), (27.), &c. to the propositions in Sphe- 
rical Trigonometry. 



1 



•2 






Tw6 sides 
AB, AC, 

and the in- 
cluded angle 
A. 



souttirr. 



One of the 

other angles, 

B^ 



The third 
side 
BC. 



soLimcar. 



Let fall the perpendicular CD 
from the unknown angle, not 
required, on AB. 

R : cos A : : tan AC : tan ADj 
(c. 2.) ; therefore BD is 
known, and sin BD : sin AD : 
tan A T tan B, (27.) ; B and A 
are of the same or different 
affection, according as AB is 
greater or less than BD, (16.) 



-taf. 



Let fall the perpendicular CD 
from one of the unknown 
angles on the side AB. 

R : cos A : : tan AC : tan AD, 
(c. 2.) ; thi^refore BD is 
known,and cos AD : -cos BD:: 
cos AC : cos BC, (26) ; ac- 
cording as the segments AD 
and DB are of the same or 
different affection, AC and 
CB will be of the same or 
different affection. 
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TABLE continued. 





olTiir. 


8 


f '■ ' 




Two an^es, 




A and ACB, 




and 




AC, 




the side be- 


4 


tween them. 

^1. 







BQV6HT. 



The side 
BC. 



The {bird 
angle ' 
B. 



BOI.UTI0V. 






From C the extFemity of AC next 
the side songht, let fall the per- 
pendicular CD on AB. 

R : cos AC : : tan A : cot ACD, 
(c.3.); therefore BCD is known, 
and cos BCP : cos ACD : : tan 
AC : tan BC, f 28.). BC is leas 
or greater than 90^, according 
as the angles A and BCD are 
of the same, or different affec- 
tion. 



rrr^ 



Let fall the perpendicular CD 
from one of the given angles op 
the opposite side AB. 

R : cos AC ! : tan A : cot ACD, 
(c. 3.); therefore the angle BCD 
is given, and sin ACD : sin BCD 
: : C09 A : cos B, (25.) ; B 
and A are of the same or 
different affection, according as 
CD ^s within or without the 
trian^e, that is, according as 
ACB is greater or less than 
BCD, (16.) 




27^ 
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TABLE continued. 



•iTJor. 



o 



6 



andaaaogle, 

opposi^ to. 
i>i»e9£Uieqx, 



B 
opppsit^ tx) 
(he 9^er gi- 
ven si^e 
AC. 



SOUBOT. 






■ 



The angle. 
^4e6 



AB. 



vfwmon. 



t.'. ' l I.!. 



TT 



Sii) BC : sin AC : : sin A : sin B, 
(94)* The affection of B is 
umtiigUQlM, mAeafi it can be de- 
termined by this rale» that ac- 
QQrding as AC + BC is greater 
or less than 180o, A + B is 
glieater or less th^ 1<Q0P, (10). 



T .TT 



I 



tvfm ACB the angle sought draw 
CD. peiqpeadicular to AB ; then 
R : cos AC : : tan A : cot ACD, 
(q. 3.) ; and tan ttC : tan AC : 
09s ACD : cos! BCD, (28.) 
ACP ± BCD = ASB, md 
ACB. is ambigao^8, because of 
tlg^ ^biguous si|p,4r on -rr^ 

L^ fell (the perpendicular CD from 
ibe angle 0, contained by the I 
giyeii sides, upoi) the side AB. 
R : cos A : : tan AC : tan AD. 
(c. 2.) ; cos AQ : cos BC ; 
cos AD : cos BD, (26.) 
AB=AD ± BD, wherefore A 
is ambiguous. 
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TABLE continued. 



61TB!f. 



T 



■ LJA.. -. .-, 



•J 



Two anglj^ 

and a iide 

AC 
oppoute tp 
one of then)» 

B. 



Tbe side 
HC 

opposite 
to ik^ 
Other 

given ap- 
^le A. 



^^■^^h^ 



"*?■ 



The 8id4 
AB 

adjacent 
to thd 
givep 

A,«, 






10 



1 ' r.* " "w Hi ' 

The third 
ACB. 



11 






The three 

sides, 

AB, AC, 

and 

BC. 



Sif) B : sin A : : sin AC : sin BC, 
(24.); the affection of BC is un- 
certain, except when it can be de- 
termined by this rnle, that accotd- 
ing as AH-B is £rreater or less than 
ISC', AC-KBC is also greater or 
less than 180<», (10.). 



f ■ !■ I fl 



■l'< y U p 



From the unknown angle C, draw 
CD perpendicular to AB ; then 
R : cos A : : tan AC : tan AD, 
; c. 2. ; tan B : tan A : : sin AD : 
sin BD. BD IB ambiguous, and 
^refor« AB =« AD ± BD inajp 
have ^or yalu6i» some of which- 
will be exclude hy this coiMUtion, 
th»t AB must l^ lesfi than 18Q*. 



i**! 



II i n 



^^^ 



mmm^mr'^^'^^' 



From th^ miglid required, C, draw 
CD perpendicular to AB« 
R : co« AC : : tan A : cot ACD^ 
(c. 30« co« A : cos B : : sin ACD : 
sin BCD, {%S.). The affecUpn 
of BCD is uncertain, and there- 
fore ACB = ACD ± BCD, has 
four values, some of which may 
be excluded by the condition, that 
ACB is less than 180*^. 



One of the 

angles 

A. 



From C one of the angles not re- 
qviired, dr;»w CD perpendicular to 
AB. Find an arch E such that 
tan ;- AB : tan J (AC-f BC) : : tan 
^ (AC BC) : tan i E ; then, if 
AB be orreHtef than E, AB is the 
sum, and E the difference of AD 
and DB ; but if AB be less than 
E, E is the sum, and AB the dif- 
ference of AD, DB, '29.). In ei- 
ther case, AD and DB are kuowr 
and tan AC : tan AD : : R : cos A. 
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12 

• 


OITBV. 


MUOKT. 


SOLUnOH. 


The three 

angles 
A, B) C 


One g( the 
sides 
BC. 


Suppose the supplemeots of the 
three giyen angles, A, B, C, to 
he a, by c, and to he the~ sides 
of a spherical triangle. Find, 
by the last c(»e, the angle of 
this trian^e, opposite to the 
side a, and it will be the sup- 
plement of the side of the given 
trian^e opposite to the angle 
A, that is, of BC, (11.) ; and 
therefore BC is found. 



In the foregoing table, the rules are given for ascertaining the af-. 
lection of the arch or angle found, whenever it can be done : Most of 
these rules are contained in this one rule, which is of general applica- 
tion, viz. thai when the thing found is either a tangent or a cosine^ and of 
the tangents or cosines employed in the computation of tt, either one or 
three belong to obtuse angles, the angle found is also obhue^ This rule 
is particularly to be attei^ded to in cases 5. and 7. where it removes 
part of the ambiguity. 

It may be necessary to remark with respect to'the I tth case, Uiat 
the segments of the base computed there are those cut off by the near- 
est perpendicular ; and also, that when the sum of the sides is less than 
180®, the least segment is adjacent to the least side of the triangle;; 
otherwise to the greatest (17.) 
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The last table may also be convenieDtlj expressed in the following 
Manner, denoting the side opposite to the angle A, by a, to B by 6, and 
to C by c ; and also the segments of the base, or of opposite angle, by 
X and y. 



4 



6iysir» 



Two sides 

6 and c^ and 

the angle- 

between 

them A. 



Angles 
AandC 

and 
side h. 



Sides 
a and b 

and 
angle A 



80U»BT. 



& 



■w:. 



a 



a 



B 



JB 



SOLUTIOV. 



Find ar, so that 
tan rr=:tan 6Xcos A ; then 
^^^sjD^xXtanA^ ' 
sin (c'-or) 



then cos a= 



Fiiid X, as above, 

cos ftXcos (c— x) 



cos X 



Find a;, so that 

cot a;=rcos ^ Xtan A : then 

tan 6Xcos x 

tan ass: r-» 

cos (c— ap) 



then cos B= 



Find a;, ais above, 

cos Ax sin (c— a;) 

sin X 



it-k 



sin B=: 



sin 6 X sin A 



sm a 



^mmX. 



Find .r, so that 
cot a;s=co6 6xtan A : then 

cos orXtan b 

cos 0= r . 

tan a 



Find a:, so that 

tan a:=tan b Xt;os A ; and find 

y, so that 

cos aXcos X 
cos y=- 



cos b 



I x^x±y. 



u' 



/ 



.y 



<. 



sao 



SJPHEKICAC TAIlSONOMfiTltr. 



TABLE continued. 



OITEV. 1 BOUftHT 



I ■< I »ht am 



8 



10 



11 



12 



The angles 
AandB 
and the 

side b. 



a, Of c. 



A, B, C. 



a 



a 



BOLVTIOJS. 



sin 5 X sin A 



sin ers±- 



sin B 



Find a;, se that 
tan-x=tan 6Xcos A ; and y, so 
that 

sin xXtad A 



Find of, so that 
cot x=^C08 b Xtan A ; and also y, 
so that 

sin drXcos B 

sin 1/= -T . 

^ cos A 



■■■■fe 



Let a+t+c=». 



y' sin 6Xsin c 



sin 



or cos \ A= 



-^ SlU \, 5 >;.«»iil ;^ 



a; 



^ 6ia o Xsjia c 



Let A+BH-C=6, 



&in i a: 



v/ cos J :? X cos ' ', r^ — A) 



or cos 



, v^cos J.S B »cos i3 c) 



y/a>ID A^XSJD C 



■h^ 



4 



APPENWX 



TO 



SPHERICAL 



TRIGONOMETRY, 



CONTAINING 



NAPIER'fi RULES OP THE CIRCULAR PARTS. 



THE rule of the Circular Parts ^ inveDted by Napier, is of great 
use in Spherical Trigooometiy, by reducing all the theorems 
employed in the solution of right angled triangles to two. These two 
are not new propositions, but are merely enunciations, which, by help 
of a particular arrangement and classification of the parts of a triangle, 
include all the six propositions, with their corollaries, which have 
been demonstrated above from the 18th to the 23d inclusive. I'hey 
are perhaps the happiest example of artificial memory that is known. 



DEFINITIONS. 



L 

If in a spherical triangle, we set aside the right angle, and consider 
only the five remaining parts of the triangle, viz. the three sides 
and the two oblique angles, then the two sides which contain the 
right angle, and Uie complements of the other three, namely, of the 
two angles and the hypotenuse, are called the Circular Parts. 

Thus, in the triangle ABC right angled at A, the circular parts are 
AC, AB with the complements of B, BC, and C. These parts are 
called circular ; because, when they are named in the natural order 
of their succession, they go round the triangle. 

II. 

When of the five circular parts any one is taken, for the middle part^ 
then of the remaining four, the two which are immediately adjacent 
to it, on the right and left, are called the adjacent parts ; and the 
other two, each of which is separated from the middle by an adjacent 
part, are called opposite parts. 

Nn 



teS APPENDIX TO 

Thus in the right angled triangle ABC, A being the right angile, AC^ 
AB, 90*— B, 90«>— BC, 90^ — C, are the circular parts, by Dcf. 1. ; 
and if any one as AC be reckoned the middle part, then AB and 90* 
— >C, which are contiguous to it on different sides, are called adjacent 
parts ; and 90*^— B, 90*^ — BC are the opposite parts. In like manner 




if AB is taken for the middle part, AC and 90<» - B are the adjacent 
parts: 90o BC, and SK)*»— Care the opposite. Or if 90*' BCbethe 
middle part, 90*^ — B, 90^ - C are adjacent ; AC and AB opposite, &c 
This arrangement being made, the rule of the drcular part is coi- 
tained in the following 

PROPOSITION. 

M a right ttnghd spherical triat^h, the rtctangle ^nder the radius md 
the sine ^ the middle part, is equal to the rectat^le under the tangents 
t>f the adjacent parts ; or to the rectangle under the cosines of the op* 
posite parts. 

The truth of the two theorems included in this enunciation may be 
easily proved, by taking each of the five circular parts in succession 
for the middle part, when the general proposition will be found to co- 
incide with some one of the analogies in the table already given for 
the resolution of the cases of right angled spherical trian^es. ThnSi 
in the triangle ABC, if the complement of the hypotenuse BC be tak- 
en as the ntiddle part, 90<> B, and 90*— C, are the adjacent parts, 
AB and AC the opposite. Then the general rule gives these two the- 
T)rems, RXcos BC=cot BXcot C; and RXcos BC=cos ABXcos 
AC. The former of these coincides^ with the cor. to the 20th ; mi 
the latter with the 22d. 

To apply the foregoing general proposition, to resolve any case of 
a right angled spherical triangle, consider which of the three quanti- 
ties named (the two things given and the one required) must be made 
the middle term, in order that the other two may be equidistant from 
it, that is, may be both adjacent, or both opposite ; then one or other 
of the two theorems contained in the above enunciation Will give the 
value of the thing required. 

Suppose, fof example, that AB and BC are given, to find C ; iti« 
^dent that if AB be made the middle part, BC and C are the oppo* 
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site parts, and therefore RXsin AB=sin CXsin BC, for sia C=cot 
(90« — C), and cos (90<^— BC;=sm BC, and consequently 
. _, sin AB 

sm BC 
Again, suppose that BC and C are given to find AC ; it is obvious 
that C is in the middle between the adjacent parts AC and (90^— BC), 

therefore RXcos C=tan ACXcot BC, oirtan AC=.^^i_=c«|C+ 
cot BC 

tan BC ; because, a? has been shewn above, =rp,=tan BC, 

cot BC 

In the same way may all the other cases be resolved. One or two 
trials will always lead to the knowledge of the part which in any givei^ 
case is to be assumed as the middle part ; and a little practice will 
make it easy, even without such trials, to judge at once which of them 
is to be so assumed. It may be useful for the learner to range the names 
of the five circular parts of the triangle round the circumference of 
a circle, at equal distances from one another, by which means the mid- 
dle part will be immediately determined. 

Besides the rule of the circular parts y Napier derived from the last 
of the three theorems ascribed to him above, (schol. 29.), the solu- 
tions of all the cases of* oblique angled triangles. These solutions are 
as follows : A, B, C, denoting the three angles of a spherical triangle, 
and a, b, c, the sides opposite to them. 

I. 
Given two sides 6, c, and the angle A between them. 

To find the angles B and C. 
tani(B-C)=cotiAX?!454^- (31.) cor. 1. 

tani(B+C)=cotiAX^^ii^i:4. (31.) cor. I. 
*^ co8i(6-fc) ^ ' 

To find the third side a. 

tin B : sin A : : sin 6 : sin a. 

II. 
GiY^n tho two sides &, c, and the angle B opposite to one of them. 

To find Cy and the angle opposite to the other side. 

ain b : sin c : : sin B : sin C. 
To find the contaihed angle A. 

cat4A=tanKB-.C) X ^^§±4' (^^O ^^^' ^' 
^ «\ y sin 4 (6-0 
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To fad the third side a. 

SiQ B : : sin A : : sin b : sin a. 

III. 
Given two angles A and B, and the side c between them. 

To find the other two sides a, b. 

«.H»-») =•«•(. x5il^>. (SI.) 
•«■♦(»+.) = «. J .x^^l^. (...) 

To find the third angle C. 
sin a : sin c : : sin A : sin C. 

IV. 
Given two angles A and B, and the side a, opposite to one of theB' 

To find by the side opposite to the other. 

sin A : sin B : : sin a : sin b. 

To find Cy the side between the given angles. 

tanic=Ua-ft)X^^^(^±?l. (31.) 
^ *^ ^ sin i (A-B) ^ ^ 

To find the third angle C. 

sin a : sin c : : sin A : sin €. 

The other two cases, when the three sides are given to fiind the an- 
gles, or when the three angles are given to find the sides, are resolved 
by the 29th, (the first of Napier's Propositions,) in the same way as 
in the table already given for the cases of the oblique angled triangle. 

There is a solution of the case of the three sides being given, which 
it is oflen very convenient to use, and which is set down here, though 
the proposition on which it depends has not been demon8t^ated^ 
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Let a, 69TH[)e the three gireQ sides, to find the an^^e A, contained 
between b and c. 

If Rad. = 1, and o + ^ + « = *> 
^ sin 6 X sm c 



cos^ 



, . _ v/sin f V^X sin h (.<->a) 
^ sin 6 X sin c 



In like manner, if the three angles. A, B, C are giyen to find c^ the 
side between A and B. 
LetA + B + C=S, 



. . v^co8|Sxco8(fS--A) . 

sm I c= , or> 

^sin B X sin C 

, V^cos QS- B) X cos (jSTc) 

*^® * ^=^ ^sin B X sin C 

These theorems, on account of the facility with which Logaritbni^ 
are applied to them, are the most convenient of any for resolving the 
two cases to which they refer. When A is a very obtuse angle, the 
second theorem, which gives the value of the cosine g£ its half, is to 
be used ; otherwise the first theorem, giving the value of the sine of 
its half is preferable. The same is to be observed with respect te 
fhe side 6, the reason ef which was explained. Plane Trig. Sehok 
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FIRST BOOK OF THE ELEMJENTS. 



DEFINITIONS. 
I. 



IN the defiDitions a few changes hare been made, of which it is ne- 
cessary to give some account. One of these changes respects 
the first definition, that of a point, which Euclid has said to be, ' That 
* which has no parts, or which has no magnitude.* Now, it has been 
objected to this definition, that it contains only a negative, and that it is 
not convertible, as every good definition, ought certainly to be. That it 
is not convertible is evident, for though every point is unextended, or 
without magnitude, yet every thing unextended or without magnitude, 
is not a point. To this it is impossible to reply, and therefore it be- 
comes necessary to change the definition altogether, which is accord- 
ingly done here, a point being defined to be, that which lias position 
but not magnitude. Here the affirmative part includes all that is es* 
Siential to a point, and the negative part excludes every thing that is 
not essential to it. I am indebted for this definition to a friend, by 
whose judicious and learned remarks I have oilen profited. 



IL 

After the second definition Euclid has introduced the /bllowing, 
<* the extremities of a line are points." 

Now, this is certainly not a definition, but an inference from the de- 
finitions of a point and of a line. That which terminates a line can 
have no breadth, as the line in which it is has none ; and it can have no 
length, as it would not then be a termination, but a part of that which 
it is supposed to terminate. The termination of a line can therefore 
have no magnitude, and having necessarily position, it is a point. But 
as it is plain, that in all this we are drawing a consequence from two 
definitions already laid down, and not giving a new definition, I have 
taken the liberty of putting it down as a corollary to the second defi- 
liitiooy and have added, that the intersections of me line with another 

Oo 
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are points, as this affords a good illustration of the nature of a point, 
and is an iDference exactly of the same kind with the preceding. The 
same thing nearly has been done with the fourth definition where thit 
which Kuchd gave as a seperate definition, is made a corollary to the 
fourth, because it is in fact an inference deduced firom comparing the 
definitions of a superficies and a line. 

As it is impossible to explain the relation of a superficies, a tine 
and a point to one another, and to the solid in which thej all originate, 
better than Dr. Simson has done, 1 shall here add, with very li^e 
change, the illustration given by that excellent Geometer. 

'* It is necessary to consider a solid, that is, a magnitude which has 
length, bre<idth and thickness, in order to understand aright the defi- 
pitions of a point, line and superficies ; for these all arise from a solid, 
and exist in it : The boundary, or boundaries which contain a solid 
are called superficies, or the boundary which is common to two solids 
which are contiguous, or which divides one solid into two contiguous 
parts, is called a superficies : Thus, if BCGF be one of the boundaries 
which contain the solid hBCD£FGH, or which is the comm6D boun- 
dary of this solid, and the solid BKLCFNMG, and is therefore in the 
one as well as the other solid, it is called a superficies, and has no 
thickness : For if it have any, this thickness must either be a part of the 
thickness of the solid AG, or the solid BM, or a part of the thickness 
of each of them. 1 1 caftnot be a part of the thickness of the solid BM ; be- 
cause, if this solid be removed from the solid AG,the superficies BCGF, 
the boundary of the solid AG, remains still the same as it was. Nor 
can it be a part of the thickness of the solid AG ; because if this be 
removed from the solid BM, the superficies BCGF, the boundary of 
the solid BM, does nevertheless remain ; therefore the superficies 
BCGF has no thickness, but only length and breadth. 

*' The boundary of a superficies is called a line ; or a line is the com- 
mon boundary of two superficies that are contiguous, orit is that which 
divides one superficies into two contiguous parts : Thus, if BC be one 
of the boundaries which contain the superficies ABCD, or which is the 
common boundary of this superficies, and of the superficies KBCL, 
which is contiguous to it, this boundary BC is called a }ine, and has do 
breadth : For, if it have any, this must be part either of the breadth 
of the superficies ABCD, or of 
the superficies KBCL, or part of 
each of them. It is not part of 
the breadth of the superficies 
KBCL ; for if this superficies 
be removed from the superficies 
ABCD, the line BC which is the 
boundary of the superficies ABCD 
remains the same as it was. Nor 
can the breadth that BC is sup- 
posed to have, be a part of the 
breadth of the superficies ABCD ; 
because, if this be removed from 
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the stiperficies KBCL, the line BC, which is the houndary of the su- 
perficies KBCL, does nevertheless remain : Therefore the line BC 
has no hreadth. And because the Hne BC is in a superficies, and that 
a superficies has no thickness, as was shewn ; therefore a line has nei- 
ther breadth nor thickness, but only length. 

'* The boundary of a line is called a point, or a point is the common 
boundary or extremity of two lines that are contiguous : Thus, if B 
be the extremity of the line AB, or the common extremity of the two 
lines AB, KB, this extremity is called a point, and has no length : For, 
if it have any, this length must ei- 
ther be part of th^ length of the 
line AB, or of the i^e KB. It is 
not part of the length of KB ; for, 
if the line KB be removed from 
AB, the point B, which is the ex- 
tremity of the line AB, remains 
the same as it was : Nor is it part 
of the length of the line AB ; for, 
if AB be removed from the line 
KB, the point B, which is the ex- 
tremity of the line KB, does ne- 
vertheless remain ; Therefore the 

point B has no length : And because a point is in a line, and a iin6 
has neither breadth nor thickness, therefore a point has no length, 
breadth, nor thickness. And in this manner the definitions of a pointy 
line, and superficies are to be understood.'* 




III. 

Euclid has defined a straight line to be a line which (as we translate 
it) " lies evenly between its extreme points." This definition is ob- 
viously faulty, the word evenly standing as much in need of an expla- 
nation as the word straight, which it is intended to define. In the 
original, however, it must be confessed, that this inaccuracy is at least 
less striking than in our translation ; for the word which we render 
evenly is e^io*^, equally^ and is accordingly translated ex cequo^ and equa- 
liter by Commandine and Gn;gory. The definition, therefore, is, that a 
jti'aight line is one which lies equally between its extreme points ; 
and if by this we understand a line that lies between its extreme points, 
' so as to be related exactly alike to the spnce on the one side of it, and 
to the space on the other, we have a definition that is perhaps a little 
too metaphysical, but which certainly contains in it the essential cha-> 
racter of a straight line. That Fluclid took the definition in this sense, 
however, is not certain, because he has not attempted to deduce fromL 
it any property whatsoever of a straight line ; and indeed, it should 
seem not easy to do so, without employing some reasonings of a morcv 
BietaphysiGal kind than he has any where admitted into his Elements. 
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To supply tbe dcfecU of hu definition, he has therefore introduced 
the Axiom, that two straight lines cannot inclose a space ; on wl^ich 
Axiom it is, and not on his doiinition of a straight line, that his de- 
monstrations are founded. As this manner of preceeding is cer- 
tiiinly not so regular and scientific as that of laying down a definitioD, 
from which the properties of the thing defined may be logically de- 
duced, I have substituted another definition of a straight line ia the 
room of Euclid's. This definition of a straight line was suggested \(j 
a remark of Boscovich, who, in his Notes on the philosophical Poem 
of Professor Stay, says, '' Rectam lineam rects congniere totam toti 
'' in infinitum productum si bina puncta jinius binis alterius congruant, 
^* patet ex ipsa admodum clara rectitudinis i^j^t quam habemus.'* 
(Supplementum in lib. 3. § 550.) Now, that which Mr. Boscorich 
would consider as an inference from our idea of straightness, seems it- 
self to be the essence of that idea, and to afford the best criterion for 
judging whether any given line be straight or not. On this principle 
we have given the definition above. If there he two lines 'which cannot 
coincide in two points, without coinciding altogether, each of them is 
called a straight line. 

This definition was otherwise expressed in the two former editions : 
it was said, that lines are strai^t lines which cannot coincide in part, 
without coinciding altogether. This was liable to an objection^ viz. 
that it defined straight lines, but not a straight line ; and thongjh Uiis ia 
truth is but a mere cavil, it is better to leave no room for it. The de- 
finition in the form now given is also more simple. 

From the same definition, the proposition which Euclid gives as an 
Axiom, that two straight lines cannot inclose a space, follows as a ne- 
cessary consequence. For, if two lines inclose a space, they must 
intersect one another in two points, and yet, in the intermediate part, 
must not coincide; and therefore by the definition they are not straight 
lines. It follows in the same way, that two straight lines cannot have 
a common segment, or cannot coincide in part, without coinciding al- 
together. 

Afler laying down the definition of a straight line, as in tbe first 
Edition, I was favoured by Dr. Reid of Glasgow with the perusal of 
a MS. containing many excellent observations on the first Book of Eu- 
clid, such as might be expected from a philosopher distinguished for 
the accuracy as well as the extent of his knowledge. He there de- 
lined a straight line nearly as has been done here, viz. " A straight 
" line is that which cannot meet another straight line in more points 
" than one, otherwise they perfectly coincide, and are one and the 
*' same." Dr. Reid also contends, that this must have been Euclid's 
own definition ; because in the first proposition of the eleventh Book, 
that author argues, "that two straight lines cannot have a common seg- 
" ment, for this reason, that a straight line does not meet a straight 
" line in more points than one, otherwise they coincide." Whether 
this amounts to a proof of the definition above having been actually 
Euclid's, 1 will not take upoa rae to decide : but it is certaiolj a proof 
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that the writings of that geometer ought long since to have su^ested 
this definition to his commentators ; and it repiinds me, that I might 
have learned from these writings what I have acknowledged ahove to 
be derived from a remoter source. 

Ther^ is another characteristic, and obvious property of straight 
lines, by which I hkve often thought that they might be very conve- 
niently defined, viz. that the position of the whole of a straight line 
is determined by the position of two of its points, in so much that, when 
two points of a straight line continue fixed, the line itself cannot change 
its position. It might therefore be said, that a straight line is one in 
which, if the position of tooo points he determined, the position of the 
whole line is determined. But this definition, though it amount in fact 
to the same thing with that already given, is rather ipore abstract, and 
not so easily made the foundation of reasoning. I therefore thought 
it best to lay it aside, and to adopt the definition given in the text. 



V. 

The definition of a plane is given from Dr. Simson, Euclid's being 
liable to the same objections with his definition of a straight line ; ' for 
he says, ths^ a plane superficies is one which *' lies evenly between ' 
' *' its extreme lines." The defects of this definition are completely re- 
moved in that which Dr. Simson has given. Another definition differ- 
ent from both might have been adopted, viz. That those superficies 
are called plane, which are such, that if three points of the one coin- 
cide with three points of the other, the whole of the one must coin- 
cide with the WDole of the other. This definition, as it resembles 
that of a straight line, already given, might, perhaps, have been in- 
troduced with some advantage ; but as the purposes of demonstration 
cannot be better answered than by that in the text, it has been thought 
best to make no farther alteration. 



VI. 

In Eiiclid, the general definition of a plane angle is placed befo|:e 
that of a rectilineal angle, and is meant to comprehend those angles 
which are formed by the meeting of the other lines than straight 
hues. A plane angle is said to be '^ the inclination of two lines to 
'^ one another which meet together, but are not. in the same direc- 
*' tion." This definition is omitted here, because that the angles form- 
ed by the iheeting of curve lines, though they may become the sub- 
ject of geometrical investigation, certainly do not belong to the Ele- 
ments ; for the angles that must first be considered are those made 
by the intersection of straight lines with one another. The angles 
formed by the contact or intersection of a straight line and ^ circle, 
•r of two circles, or two curves of any kind with one another, could 
produce nothing but perplexity ta beginners, and cannot possibly 
b% undentood tUl the properties of rectilineal aogleis have beea fu% 
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explained. 0n this groand, I am of opinion, that in an elementelt 
treatise, it may fairly be omitted. Whatever is not useful, skoaU, 
in explaining 'Uie elements of a science, be kept out of sight alto- 
gether ; for, if it does not assist the progress of the understandii^ 
it will certainly retard it. 
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AXIOMS. 

Among the Axioms there have been mad« only two alteratioDft 
The 10th Axiom in Euclid is, that '* two straight lines cannot inclose 
**• a space ;*' which having become a corollary to our definition of i 
straight line, ceases of course to be ranked with self-evident propo- 
sitions. It is therefore removed from among the Axioms, «nd that 
which was before the 11th is accounted the 10th. 

The 12th Axiom of Euclid is, that ** if a straight line meets two 
<< straight lines, so as to make the two interior angles on the same 
*' side of it taken together less than two right angles, these straight 
<* lines being continually produced, shall at length meet upon that 
«( side on which are the angles which are less than two right angles." 
Instead of this proposition, which though true, is by no means selA 
evident ; another &at appeared more obvious, and better entitled to 
be accounted an Axiom, has been introduced, viz. *< that two straight 
*< lines, which intersect one another, cannot be both parallel to the 
'< same straight line.*' On this subject, however, a fuller explana- 
tion is necessary, for which see the note on the 29th Prop. 

PROP. IV. and VIII. B. I. 

The fourth and eighth propositions of the first book are the foun- 
dation of all that follows with respect to the comparison of triangles. 
They are demonstrated by what is called the method of supraposition, 
that is, by laying the one triangle upon the other, and proving that 
they must coincide. To this some objections have been made, as if 
it were ungeometrical to suppose one figure to be removed from its 
place and applied to another figure. " The laying," says Mr. Thomas 
Simson in his Elements, '* of one figure upon another, whatever evi- 
'^ dence it may afford, is a mechanical consideration, and depends on 
" no postulate." It is not clear what Mr. Simson meant here by the 
word mechanical; but he probably intended only to Say, that the 
method of supraposition involves the idea of motion, which belongs 
rather to mechanics than geometry ; for I think it is impossible that 
such a Geometer as he was could mean to assert, that the evidence 
derived from this method is like that which arises from the use of 
instruments, and of the same kind with what is furnished by experi- 
ence and observation. The demonstrations of the fourth and eighth^ 
as they are given by Euclid, arc as certainly a process of pure rea- 
9.r)^ng, depending solely on the idea of equality, as establisjbe^ in tiie 
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3th Axiom, as any thing in geometry. But, if stili the removal of the 
triangle from its place be considered as creating a difheulty, and as 
inelegant, because it involves an idea, that of motion, not essential to 
geometry, this defect may be entirely remedied, provided that, to 
Euchd's three postulates, we be allowed to add the following, viz. 
Tltat if there be tvt'o equal straight hues, and if any figure whatsoever 
he constituted on the one^ a figure every way equal to it may be constituted 
on ike other. Thus if AB and D£ be two equal straight lines, and 
ABC a triangle on the base AB, a triangle DEF every way equal to 
ABC may be supposed to be constituted on DE as a base. By this it 
is not meant to assert that the method of describing the triangle DEF 
is actually known, but merely that the triangle DEF may be conceiv- 
ed to exist in all respects equal to the triangle ABC. Now, there is 
no truth whatsoever that is better entitled than this to be ranked 
among the Postulates or Axioms of geometry ; for the straight lines 
AB and DE being every way equal, there can be nothing helonging to 
the one that may not also belong to the other. 

On the strength of this postulate the fourth Proposition is thus 
demonstrated. 

^ If ABC, DEF be two triangles, such that the two sides AB and AC 
m the one are equal to the two ED, DF of the other, and the angle 
BAC, contained by the sides AB, AC of the one, equal to the angle 
EDF, contained by the sides ED, DF of the other ; the triangle^ 
ABC and EDF are every way equal. 

A 





On AB let a triangle he constituted every way equal to the triangle 
BEF ; then if this triangle coincide with the triangle ABC, it is evi- 
dent that the proposition is true, for it is equal to DEF by hypothesis, ' 
and to ABC, because it coincides with it ; wherefore ABC, DEF are 
equal to one another. But if it does not coincide with ABC, let it 
have the position ABG ; and first suppose G not to fall on AC ; then 
the angle BAG is not equal to the angle BAC. But the angle BAG is 
equal to the angle EDF, therefore EDF and ABC are not equal, and 
they are also equal by hypothesis, which is impossihle. Therefore 
the point G must fall upon AC ; now, if it fall upon AC but not at C, 
then AG is not equal to AC ; but AG is equal to DF, therefore DF 
and AC are not equal, and they are also equal by supposition, which 
is impossible. Therefore G must coincide with C, and the triangle 
AGB with the triangle ACB. But AGB is every way equal to DEF. 
therefor© ACB and DEF are j\Iso every way equjd. ft. E. D. 
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By help 6f the same postulate, the 5th maj als« be very easily 
demonstrated. 

Let ABC be an isosceles triangle, in which AB, AC are the eqvuA 
sides ; the angles ABQ, ACB opposite to these sides are also equal. 

Draw the straight line £F equal to BC, and suppose that on £F the 
triangle D£F is constituted erery way equal to the triangle ABC, that 
is, baring D£ equal to AB, DF to AC, the angle £DF to the an^ 
BAC, the angle ACB to the angle DF£, &c. 

A 





B C E T 

Then, because D£ is equal to AB', and AB is equal to AQ, D£ k 
equal to AC ; and for the same reason, DF is equal to AB. And be- 
cause DF is equal to AB, D£ to AC, and the angle FD£ to the angle 
BAC, the angle ABC is equal to the angle DF£, (4. 1.). But the angU 
ACB is also, by hypothesis, equal to the angle DFE ; therefore the 
angles ABC, ACB are equal to one another. Q,. £. D. 

Thus also, the 8th proposition may be demonstrated independently 
of the 7th. 

Let ABC, DEF be two triangles, of which the sides AB, AC are 
equal to the sides DE, DF each to each, and also the base BC to the 
the base EF } the angle BAC is equal to the angle EDF, 

A 
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Ob BC, which is equal to EF, and on the side of it opposite .to the 
liiangle ABC, let a triangle BGC be constituted every way equal to the 
triangle D£F, that is, having 6B equal to D£^ GC to DF, the angle 
BGC to the angle EDF, &c. : join AG. 

Because GB and AB are each equal, by hypothesis, to DE, AB and 
GB- are equal to one another, nnd the triangle ABG is isosceles. 
Wherefore also (5. 1.) the apgle BAG is equal to the angle BGA. In 
the same way, it is shewn that AC is equal to GC, and the angle CAG 
to the angle CGA. Therefore addirig equals to equals, the two angles 
BAG, CAG together are equal to the two angles BGA, CGA together ; 
that is, the whole angle BAC to the whole BGC. But the angle BGC 
is, by hypothesis, equal to the angle EDF, therefore also the angle 
BAC is equal to the angle EDF. Q, E. D, 

Such demonstrations, it must, however, be acknowledged trespass 
against a rule which Euclid has uniformly adhered to throughout the 
Elements, except where he was forced by necessity to depart from it. 
This rule is, that nothing is ever supposed to be done, the manner of 
doing which has not been already taug|it, so that the construction is 
€lcrived either directly from the three postulates laid down in the be- 
jginning, or from problems already reduced to those postulates. Now^ 
fhis rule is not essential to geometrical deinenstration, wher^, for the 
purpose of discovering the properties of figures, v^e are certainly at 
liberty to suppose any figure to be constructed, or any line to be drawn, 
the existence of which does not involve an impossibility. The only 
use, therefore, of Euclid's rule is to guard against the introduction of 
impossible hypotheses, or the taking for granted that a thing may exist 
which in fact implies a contradiction ; from such suppositions, false 
conclusions might, no doubt, be deduced, and the rule is therefore 
useful in as much as it answers the purpose of excluding them. But 
the foregoing postulatum could never lead to suppose the actual exis- 
tence of any thing that is impossible ; for it only assumes the existence 
of a figure equal and similar to one already existing, but m a different 
part of space from it, or having one of its sides in an assigned position. 
As there is no impossibility in the existence of one of these figures, it 
is evident that there can be none in the existence of the other. 

PROP. VII. 

Dr. Simson has very properly changed the enunciation' of this pro- 
position, ;vhicb, as it ^Uuad^ in the original, is considerably embarras- 
sed and obscure. His e^unoiation, with very little variation, is retain- 
ledhere. 

PROP. XXI. 

b is essential to ihfi \tu\}jl of this proposition, that the straight lines 
drawn to the point within the triangle be drawn from the two extre- 
i^itiea c^ the base ; for, if they be drawn from other points of the base, 
ib^}T ^um qsay exc^eed \h^ sum of the sides of the triangle in any ratip 
XM 49 \^ t^ ^h^ of two tQ^ne, This is demonstrated by rappiflg 

. Pp 
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AlexandriDUS in the 3d Book of his MaikematiaU CoUeciions^ but the 
demoDstratioii is of a kind that does not belong to this place. If it be 
reqaired simplj to diew, that in certain cases the sum of the two lines 
drawn to the point within the triangle may exceed the sum of the sidei 
of the triangle, the demonstration is easy, and is given nearly as follows 
by Pappus, and also by Proclus, in the 4th Book of his Comoientaiy 
on Euclid. 

Let ABC be a triangle, having the angle at A a right an^ ; let D 
be any point in AB ; join CD, then CD will be greater than AC, be- 
cause in the trian^e ACD the angle CAD is greaterthao the aogle ADCw 
From DC cut off D£ equal to AC ; bi- 
sect CE in F, and join BF ; BF and FD 
are greater than BC and C A. 

Because CF is equal to F£, CF and 
FB are equal to £F and FB, but CF 
and FB are greater than BC, therefore . 
EF and FB are greater than BC. To 
EF and FB add ED, and to BC add AC, 
which is eqpsl to ED by construction, 
and BF and FD will be greater than BC and CA. Q, £1. D. 

It is evident, that if the angle BAC be obtuse, the same reasoning 
may be applied. 

This proposition is a sufficient vindication of Euclid for having de« 
monstrated the 21st proposition, which some affect to consider as self- 
evident ; for it proves, that the circumstance on which the truth of 
that proposition depends is not obvious, nor that which at first sight 
it is supposed to be, viz. that of the one triangle being included within 
the other. For this reason I cannot agree with M. Clairaut, ttiat Euclid 
demonstrated this proposition only to avoid the cavils of the Sophists. 
But I must, at the same time, observe, that what the French Geometer 
has said on the subject has certainly been misunderstood, and, in one 
respect, uujustly censured by Dr. Simson. The exact translation of 
his words is as follows : *' If Euclid has taken the trouble to demon- 
^* Strate, that a triangle included within another has tbe sum of its 
<' sides less than the sum of the sides of the triangle in which it is 
^* included, we are not to be surprised. That geometer had to do 
^< with those obstinate Sophists, who made a point of refusing their.as- 
«« sent to the most evident truths," &c. (Elemens de Geometne par Jf» 
Clairaut. Pref.) 

Dr. Simson supposes M. Clairaut to mean, by the proposition 
which he enunciates here, that when one triangle is included in an- 
other, the sum of the two sides of the included triangle is necessarily 
less than the sum of the two sides of the triangle in which it is 
included, whether they be on the same base or not. Now, this is not 
only not Euclid's proposition, as Dr. Simson remarks, but it is not true, 
and is directly contrary to what has just been demonstrated from Pro- 
clus. But the fact seems to be, that M. Clairaut's meaning is entirely 
different, and that he intends to speak not of two of the sides of a tri- 
angle, but of all the three ; so that his proposition is, *^ tl\at wb^ oaf 
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\ ^* triangle is included within another, the sum of all the three sides' of 
'• '' the included triangle is less than the sum of all the three sides of the 
>: ^' other," and this is without doubt true, though | think by no meana 
-^ self-evident. It must be acknowledged also, that it is not exactly 
^ Euclid's proposition, which, however, it comprehends under it, and is 
5[ the general theoirem, of which the other is only a particular case. 
^ Therefore, though M. Clairaut maybe blamed for maintaining that to 

- be an Axiom which requires demonstration, ye\ he is not to be accus- 
. ed of mistaking a false proposition for a true one. 

; PROP. XXU. 

*■ 

Thomas Simpson in his Elements has objected to Euclid's demoa- 
. stration of this proposition, because it contains no proof, th&t the two 

circles made use of in the construction of the Problem must cut one 
' another ; and Dr. Simson, on the other hand, always unwilling to ac- 
•> knowledge the smallest blemish in the works of Euclid, contends, that 
t the demonstration is peifect. The truth, however, certainly is, that 
-. the demonstration admits of some improvement ; for the limitation 
^^ that is made in the enunciation of any Problem ought always to be 

•hewn to be necessarily connected with the construction of it, and this 

- is what Euclid has ne^ected to do in the present instance. The de- 
fect may easily be supplied, and Dr. Simeon himself has done it in 
effect in his note on this proposition, though he denies it to be neces- 
aary. 

Because that of the three straight lines DF, F6, GI|, any two are 

' greater than the third, by hypothesis, FD is less than FG and GH, that 

is, than FH, and therefore the circle described from the centre F, with 

the distance FD must meet ^e line F£ between F and H ; and, for 




B 
C 



the like reas6n, the circle described from the centre G at the distance 
GH, must meet DG between D and G, and therefore, the one pf these 
circles cannot be wholly within the other. Neither can the one be 
wholly without the other, because DF and GH are^greater than FG ; 
die two circles must therefore intersect one another. 
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i^ROP. XXVII. and XXVlII. 

Euclid has been guilty of a isUght inaccuracy in the enunciations ot 
these propositions, by omitting the condition, that the two strai|^t 
lines on which the third line falls, making the alternate angles, &c. 
equal, must be in the same plane, without which they cannot be pa- 
rallel, as is evident from the definition of parallel lines. The only edi- 
tor, I believe, who has remarked this omission, is M. de' Foix, Due 
DE Candalle, in his translation of the Elements published in 1566. 
How it has escaped the notice of subsequent commentators is not ea- 
sily explained, unless because they thought it of little importance ttf 
correct an error by which nobody was likely to be misled. 

PROP. XXIX. 

The subject of parallel lines is one of the most difficult in the Ele- 
ments of Qeometry. It has accordingly been treated of in a great va- 
riety of difierent ways, of which, perhaps, there is none that can be 
said to have given entire satisfaction. The difficulty consists in con- 
verting the 27th and 28th of Euclid, or in demonstrating, that parallel 
straight lines, or such as do not meet one another, when they meet a 
third line, make the alternate angles with it equal, or, vhich comes to 
the same, are equally inclined to it, and make the exterior angle equal 
to the interior and opposite. In order to demonstrate this propositioo, 
Euclid assumed it as an Axiom, that ^' if a straight line meet two stra^ht 
*^ lines, so. as to make the interior angles on the same sidis of it less than 
^< two right angles, these straight lines being continuaUy produced, 
'^ will at length meet on the side on which the angles are that are less 
** than two right angles.'" This proposition, however, is not self-evi- 
dent, and ought the less to be received without proof, that, as Proclus 
has observed, the converse of it is a pro[X)sition that confessedly re- 
quires to be demonstrated. For the converse of it is, that two straight 
lines which meet one another make the interior angles, with any third 
line, less than two right angles ; or, in other words, that the two inte- 
rior angles of any triangle are less than two right angles, which is the 
17th of the First Book of the Elements : and it should seem, that a 
proposition can never rightly be taken for an Axiom, of which the con- 
verse requires a demonstration. 

The methods by which Geometers have attempted to remove this 
blemish from the Elements are of three kinds. 1. by a new definition 
of parallel lines. 2. by introducing a new Axiom concerning paral- 
lel lines, more obvious than Euclid's. 3. By reasoning merely from 
the definition of parallels, and the properties of lines already demon- 
strated, without the assumption of any new Axiom. 

1. One of the definitions that has been substituted fot Eachd's is, 
that straight lines are parallel, which preserve always the same dis- 
tance from one another, by the word distance being ttnden«tood, a per* 
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'icaial^ draimi to one of the lines from any j^bint whatever in the 
*; If these perpendiculars be every where of the same length thc^ 
ht lines are called parallel. This is the definition given bj 
^ (1^, by Boflcovicb, ai^d by Thomas Simpson, in the first edition oi' 
. ements It Is however a faalty definition, for it conceals an 
L in it, ifnd takes for granted a property of straight lines, thai 
T eitlier to be laid down as self-evidet!it, or demonstrated, if pos- 
'ts aTheoreHft. Tho*, if frotii tbe'three points A, B, and C of 
m i^ht line AC, perpendiculars AD, B£, CF be draWn all equal to 
^ tier, it is iiliplidd in- the definition, 

t^ pointt D, £ add F are in the same 
: Rnfe, Wfaieh, tboiii^ it be ti^^, it 
\itli6 MHlAess of the definitioti td iu- 
|of. Tw^ perpendicalars, as AD -^— ^ 

zte doil^ sufficient to determine •" ^ 

on of the straight line DF, and therefore the definition ought 
that tf^o . straight lines are parallel, when there are two 
Ia th* one, from which the perpendiculars drawn to tiic 
*e efqiial, and 6n the same side of it." 
ih6 definition of parallels which M. D'Alembert seems to 
tSi others ; but he acknowledges, and very justly, that it 
IhB a matter of difficulty to demonstrate, that all the perpen- 
iwn from the one of these lines to the othe^ are equal. 
>, Jhrt, Parallele,) 

definition that has been given of parallels is, that they are 

make equal angles with a third line, toward the same parts, 

mstke the exterior angle equal to the interior and opposite. 

, Bezctttl, and several other mathematicians, have adopted this 

, which, it must be aclmowledged, is a perfectly good one, if 




nderstood bj it, that the two lines called parallel, "are such as 
iquai angles with a certain third line, but not with any line that 
)on them. It remains, therefore, to be demonstrated, That if 

CD make equal angles with GH, they will do so also with any 
me whatsoever. The definition, therefore, must be thus un- 

J, That parallel lines are such as make equal angles with a 
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certain third line, or, more simply, lines which are perpendicular to t 
given line. It most then be proved, 1. That straight lines which an 
equally inclined to a certain line or perpendicular to a certain hoe, 
must be equally inchned to all the other lines that fall upon them ; and 
also, 2. That two straight lines which do not meet when produced) 
must make equal angles with any third line that meets them. 

The demonstration of the first of Uiese propositions is not at all &- 
cilitated by the new definition, unless it be previously shewn, -that all 
the^angles of a trian^e are equal to two right angles. 

The second proposition would hardly be necessary if the new defi- 
nition were employed ; for when it is required to draw a line that 
shall not meet a given line, this is dene by drawing a line that shall have 
the same inclination to a third line that the first, or given line has. It 
is known that hues so drawn cannot meet It would no doubt be an 
advantage to have a definition that is not founded on a condition 
purely negative. 

2. As to the Mathematicians who have r^ected Euclid's Axiom, and 
introduced another in its place, it is not necessary that much should be 
said. Clavios is one of the first in this class ; the Axiom he assumes 
is, '' That a line of which the points are all equidistant from a cer~ 
^' tain straight line in the same plane with it, is itself a straight lioe.'^ 
This proposition he does hot, however, assume altogether, as he gives 
a kind of metaphysical proof of it, by which he endeavours to connect 
it with Euclid's definition of a straig;ht line, with which proof at the 
same time he seems not very well satisfied. His reasoning, after this 
proposition is granted (though it ought not to be granted as an Axiom), 
IS logical and ctmclusive, but is prolix and operose, so as to leave 
a strong suspicion that the road pursued is by no means the shortest 
possible, 

The method pursued bySimson, in his Notes on the First Book of 
Euclid, is not very different from that of Clavius. He assumes this 
Axiom, *' That a straight line cannot first come nearer to another 
'' straight line, and then go farther from it without meeting it." (Notes, 
^c, English Edition.) By coming nearer is understood, conformably 
to a previous definition, the diminution of the perpendiculars drawa 
from the one line to the other. This Axiom is more readily assented 
to than that of Clavius, from which, however, it is not very different ; 
but it is not very happily expressed, as the idea not merely of motion, 
but of time, seems to be involved in the notion oi first coming near- 
er, and then going fiirther off. Even if this inaccuracy is passed over, 
the reasoning of Simson, like that of Clavius, is prolix, and evidently 
a circuitous method of coming at the truth. 

Thomas Simpson, in the second edition of his Elements, has present- 
ed this Axiom in a simpler form. ** If two points in a straight line are 
^^ posited at unequal distances from another straight line in the same 
*' plane, those two lines being indefinitely produced on the side of the 
'* least distance will meet one another." 

By help of this Axiom it is easy to prove, that if two straight lines 
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AB, CD are parallel, the perpendiculars to the one, terminated by the 
other, are aU equal, and are also perpendicular to both the parallels. 
That thej are equal is, evident, otherwise the lines would meet bj 
the Axiom. That they are perpendicular to both, is demonstrated 
thus : 

If AC and BD, which are perpendicular ta AB, and equal to one 
another, be not also perpendicular to 
CD, from C let G£ be drawn at right an- 
gles to BD. Then, because AB and CE 
are both perpendicular to BD, they are 
parallel, and therefore the perpendiculars 
AC and BE are equal. But AC is equal to 
BD, (by hypothesis,) therefore BE and BD are equal, which is impos- 
sible ; BD is therefore at right angles to CD. 

Hence the proposition, that " if a straight line fall on two parallel 
'* hues, it makes the alternate angles equal," is easily derir^. Let 





FH and GE be perpendicular to CD, then they will be parallel to one 
another, and also at right angles to AB, and therefore FG and HE are 
equal to one another, by the last proposition. Wherefore in the tri- 
angles EFG, EFH, the sides HE and EF are equal to the sides GF and 
F£, each to each, and also the third side HF to the third .side EG, 
therefore the angle HEF b equal to the ang^e EFG, and they are al- 
ternate angles. ^ £• D. 

This method of treating the doctrine of parallel lines is extremely 
plain and concise, and is perhaps as good as any that can be followed, 
when a new Axiom is assumed. In the text above, I have, however^ 
followed a different method, employing as an Axiom, ** That two 
** straight line^, which cut one another, cannot be both parallel to the 
*' same straight line." This Axiom has been assumed by others, par- 
ticularly by Ludlam, in his very useful little tract, entitled RndimerUs 
of MaUiematics. 

It is a proposition readily enough admitted as self-evident, and leads 
to the demonstration of Euclid^s 29th Proposition, even with more 
brevity than Simson's. * 

3. All the methods above enumerated leave the mind somewhat dis- 
satisged, as we naturally expect to discover the properties of parallel 
lines, as we do those of other geometric quantities, by comparing the 
dlefioiftieii of those lines^ with the properties of straight lines alreadv 
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knovn. The nost aocieDt writer who appears to have attempted to 
do this is Ptolemy the astronomer, who wrote a treatise expressly on 
the sul^et of Parallel Lines. Proclus has preserved some account 
of this work in the Fourth Book of his commentaries : and it is cari- 
ous to observe in it an argument founded on the principle which k 
known to the modems by the name of the sufficient reason. 

To prove, that if two parallel straight lines, AB and CD be cwt b? 
a third line £F, in G and H, the two interior angles AGH, €H6 wiH 




be equal to two right angles, Ptolemy reasons thus : If the angles 
AGH. CHG be not equal to two right angles, let them, if possible, b^ 
greater than two right angles ; then, because the lines AG and CH 
are not more parallel than the lines BG and DH, the aogles 6GH, 
DHG are also greater than two right angles. Therefore, the fo^r 
angles AGH, CHG, BGH,'DHG are greater than four right angles; 
and they are also equal to four right angles, which is absurd. In the 
same manner it is shewn, that the angles AGH, CHG cannot be less 
than two right angles. Therefore they are equal to two right angles. 

But this reasoning is certainly iaconclusive. For why are, we tp 
suppose that the interior angles which the parallels make with the 
line cutting them, are either in every case greater than two rifffat 
angles, or i|;^ every case less than two right angles ? For a«y thji^ 
that we are yet supposed to know, they may be sometioies greater 
than two right angles, and sometimes less, and therefor^ we are mot 
entitled to conclude, because the angles AGH, CHG are greater thaa 
two right angles, that therefore the angles BGH, DHG are also lieces- 
sarily greater than two right angles. It may safely be asserted, there- 
fore, that Ptolemy has not succeeded in his attempt to deIOQn^(l;rate 
the properties of parallel lines without the assistance pf a new Axipin. 

Another attempt to demonstrs^te the same proposition without tb$ 
assistance of a new Axiom has been made by a modern geometeiT, 
Franceschini, Professor of Mathematics in the University of Bolo^a, 
in an essay, which he entitles. La Teorta delle parallele. rigorosamenU 
dimonstrataj printed in his Opuscoli M^ithematki, at Bassano, in 1 787. 

The di$&ulty is there reduced to a proposition nearly the sam<; 
with this, That if BE make an acute apgle with BD, j>nd if D£ be 
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perpendicular to BD at any 
point, BE and DE, if produced, 
will meet. To demoustrate 
this, it is supposed, that BO, 
BC are two parts taken in BE, 
of which BC is greater than 
BO, and that the perpendiculars 
ON, CL are drawn to BD ; then 
ehall BL be greater than BN. 
For, if not, that is, if the per- 
pendicular CL falls either at N, 
or between B and N, as at F ; 
in the first of these cases the angle CNB is equal to the angle ONB, 
because they are both right angles, which is imposMible ; and, in the 
second, the two angles CFN, CNF, of the triangle CNF, exceed two 
right angles. Therefore, adds our author, since, as BC increases, 
BL also increases, and since BC may be increased without limit, so BL 
may become greater than any given line, and tUerefore may be great- 
er than BD ; wherefore, since the perpendiculars to BD from points 
beyond D meet BC, the perpendicular from D necessarily meets it. 
Q. E. D. 

Now it will be found, on examination, that this reasoning is no more 
conclusive than the preceding. For, unless it be proved, that what- 
ever multiple BC is of BO, the same is BL of BN, the indefinite in- 
crease of BC does not necessarily imply the indefinite increase of 
BL, or that BL may be made to exceed BD, On the contrary, BL may 
always increase, and yet may do so in such. a manner as never to ex- 
ceed BD : In order that the demonstration should be conclusive, it 
would be necessary to shew, that when BC increases by a part equal 
to BO, BL increases always by a part equal to BN ; but to do this will 
be found to require the knowledge of those very properties of paral^ 
lei lines that we are seeking to demonstrate. 

Legendre, in his Elements of Geometry, a work entitled to the 
highest praise, for elegance and accuracy, has delivered the doctrine 
of parallel lines without any new Axiom. He has done this in two 
different ways, one in the text, and the other in the notes. ^ In the 
former he has endeavoured to prove, independently of the doctrine of 
parallel lines, that all the angles of a* triangle are equal to two right 
angles ; from which proposition, when it is once established, it is not 
difficult to deduce every thing with respect to parallels. But, though 
bis demonstration of the property of triangles just mentioned is quite 
logical and conclusive, yet it has the fault of being long and indirect, 
proving first, that the tlu*ee angles of a triangle cannot be greater than 
two right angles ; next, that £hey cannot be less, and doing both by 
reasonings abundantly subtle, and not of a kind readily apprehended, 
by those who are only beginning to study the Mathematics. 

The demonstration which he has given in the notes is extremely in* 
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geoioub, and proceeds on this very simple and undeniable Axiom, that 
we cannot compare an angle and a line, as to magnitude, or caonot have 
an equation of any sort between them. This truth is inyolved in the 
distinction between homogeneous and heten^neous quantities, (Euc. 
V. def. 4.), which has long been received in Geometry, but led only to 
negative consequences, till it fell into the hands of Legendre. The 
proposition which he deduces from it is, that if two angles of one tri- 
angle be equal to two angles of another, the third angles of these trian- 
gles are also equal. For, it is evident, that, when two angles of a tri- 
angle are given, and also the side between them, the third angle is there- 
by determined ; so that if A and B be any two angles of a triangle, P 
the side interjacent, and C the third angle, C is determined, as to its 
magnitude, by A, B and P ; and, besides these, there is no other quan- 
tity whatever which can affect the magnitude of C. This is plain, be- 
cause if A, B and P are given, the triangle can be constructed, all the 
triangles in which A, B and P are the same, being equal to one another. 

But of the quantities by which C is determined, P cannot be one ; 
for if it wqrc, then C must be 9l function of the quantities A, B, P ; 
that is to say, the value of C can be expressed by some combination of 
the quantities A, B and P. An equation, therefore, may exist betweei 
the quantities A, B, C, and P ; and consequently the value of P if 
equal to some combination, that is, to some function of the quantities A, 
B and C ; but this is impossible, P being a line, and A, B, C being angles^ 
so that no function of the first of these quantities can be equal to any 
function of the other three. The angle C must therefore be deter- 
mined by the angles A and B alone, without any regard to the magni- 
tude of P, the side interjacent. Hence in all triangles that have twt 
angles in one equal to two in another each to each, the third angles 
are also equal. 

Now, this being demonstrated, it is easy to prove that the three an- 
gles of any triangle-are equal to two right angles. 

Let ABC be a triangle right angled at A, draw AD perpendicular te 
BC. The triangles ABD, ABC have the 
angles BAC, BDA right angles, and the an- 
gle B common to both ; therefore, by what 
has just been proved, their third angles 
BAD, BCA are also equal. In the same 
way it is shewn, that CAD is equal to 
CBA; therefore the two angles BAD, CAD ^ 
are equal to the two BCA, CBA ; but BAD -» 
-f CAD is equal to a right angle, therefore the angles BCA, CBA are 
together equal to a right angle, and consequently the three angles of 
the right angled triangle ABC are equal to two right angles. 

And since it is proved that the obhque angles of every ri^t angled 
triangle are equal to two right angles, and since every triangle may be 
divided into two right angled triangles, the four oblique angles of 
which are equal to the three angles of the triangle, therefore the three 
angles of every triangle are equal to two right angles. Q,. E. D. 
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Though this method of treating the subject is strictly demonstrative, 
yet, as the reasoning in the first of the two preceding demonstrations 
is not perhaps sufficiently simple to be apprehended by those just en- 
tering on mathematical studies, I shall submit to the reader another 
method, not liable to the same objection, which 1 know, from experi- 
ence, to be of use in explaining the Clements. It proceeds, like that 
of the French geometer, by demonstrating, in the tirst place, that the 
angles of any triangle are together equal to two right angles and deduc- 
ing from thence, that two lines, which make with a third line the inte- 
rior angles, less than two right angles, must meet if produced. The 
reasoning used to demonstrate the first of these propositions may be 
objected to by some as involving the idea of motion, and the transfer- 
ence of a line from one place to another. This, however, is no more 
than Euclid has done himself on some occasions : and when it furnish- 
es so short a road to the truth as in the present instance, and does not 
impair the evidence of the conclusion, it seems to be in no respect 
inconsistent with the utmost rigour of demonstration. It is of im- 
portance in explaining the Elements of Science, to connect truths 
by the shortest chain possible ; and till that is done, we can never 
consider them as being placed in their natural order. The reason- 
ing in the first of the following propositions is so simple, that it 
seems hardly susceptible of abbreviation, and it has the advantage 
of connecting immediately two truths so much alike, that one n&ight 
conclude, even from the bare enunciations, that they are but differ- 
ent cases of the same general theorem, viz. That all the angles 
about a point, and all the exterior angles of any rectilineal figure, are 
constantly of the same magnitude, and equal to four right angles. 

DEFINITION. 

If, while one extremity of a straight line re- 
mains fixed at A, the line itself turns about that 
point from the position AB to the position AC, it 
is said to describe the angle BAG contained by 
the lines AB and AC. 



A B 

CoR. If a line turn about a point from the position AB till it come 
into the position AB again, it describes angles which are together equal 
to four right angles. This is evident from the second Cor. to the 15tb. 

PROP. I. 

All the exterior angles of any rectilineal figure are together equal 
to four right angles. 

1. Let the rectilineal figure be the triangle ABC, of which the ex<- 
terior angles are DCA, FAB, GBC ; these angles are together equal 
to four right angles. 
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Let the line CD, placed in the directi»D of BC produced, turn 
about the point C till it coincide with CE, a part of the side CA, and 
have described the exterior angle DC£ or DCA. Let it then be car- 
ried along the hne CA, till it 
be in the position AF, that is . 
in the direction of CA produc- 
ed, and the point A remaining 
fixed, let it turn about A till it 
des'Tioe the angle t Afi, and 
coincide with a part of the line 
Ab. Let It next be carried 
along AB till it come into the 
position BG^ and by turning 
about By let it describe the an- 
gle GBC, so as to coincide 
with a part of BC. Lastly, 
Let it be carried along BC till 
it coincide with CD, its first 
position. Then, because the 
line C D has turned about one of 
its extremities till it has come 
into the position CD again, it has by the corollary to the aboYe defi- 
nition described angles which are together equal to four ri^t an^es ; 
but the angles which it has described are the three exterior angles of 
the triangle ABC, therefore the exterior angles of the triangle ABC 
are equal to four right angles. 

2. If the rectilineal figure have any number of sides, the proposi- 
tion is demonstrated just as in the case of a triangle. Therefore all 
the exterior an:>led of any rectilineal figure are together equal to four 
right angles. Q. E. D. 

CoR. I. Hence, all the interior angles of any triangle are equal to 
two right angles. For all the angles of the triangle, both exterior and 
interior, are equal to six right angles, and the exterior being equal to 
four right angles, the interior are equal to two right angles. 

CoR. 2. An exterior angle of any triangle is equal to the two inte- 
rior and opposite, or the angle DCA is equal to the angles CAB, ABC. 
For the angles CAB, ABC, BCA are equal to two right angles ; and 
the angles ACD, ACB nre also (13. 1.) equal to two right angles; 
therefore the three angles CAB, ABC, BCA are equal to the two ACD, 
ACB ; and taking ACB from both, the angle ACD is equal to the two 
angh^s CAB, ABC. 

CoK. 3. The interior angles of any rectilineal figure are equal to 
twice as many right angles as the figure has sides, wanting four. For 
all the angles exterior and interior are equal to twice as many right an- 
gles as the figure has sides ; but the exterior are equal to four right ao^ 
gles ; therefore the interior are equal to twice as many right angles as 
the figure has sides, wanting four. 
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PROP. IL 



Two straight lines, which make with a third line the interior andes 
on the same side of it less than two right angles, will meet on that side, 
ii produced far enough. 

Let the straight lines AB, CD, make with AC the two angles BAC, 
DC A less than two right angles ; tAB and CD will meet if produced 
toward B and D. ^ 

In AB take AF=AC ; join CF, produce BA to H, and through C 
draw CE, making the angle ACE equal to the angle CAH. 

Because AC is equal to AF, the angles AFC, aCF are also equal (5. 
1.) ; but the exterior angle HAC is equal to the two interior and op- 
posite angles ACF, AFC, and therefore it is double of either of them, 
as of ACF. Now ACE is equal to HAC by construction, therefore 
ACE is double of ACF, and is bisected bj the line CF. In the same 
manner, if F6 be taken equal to FC, and if CG be drawn, it may be 
shewn that CG bisects the angle ACE, and so on continually. But if 
from a magnitude, as the angle ACE, there be taken its half, and from * 
the remainder FCE its half FCG, and from the remainder GCE its half, 
&c. a remainder will at length be found less than the given angle DCE."*^ 




Let GCE be the angle,whose half ECK is less than DCE, then a straight 
line CK is found, which falls between CD and CE, but nevertheless 
meets the line AB in K. Therefore CD, if produced, must meet AB 
in a point between G and K. Therefore, &c. Q. E. D. 

This demonstration is indirect ; but this proposition, if the definition 
of parallels were changed, as suggested at p. 302, would not be neces- 
sary ; and the proof, that lines equally inclined to any one line must be 
so to every line, would follow directly from the angles of a triangle be- 
ing equal to two right angles. The doctrine of parallel lines would in 
this manner be freed from all difficulty. 

PROP. III. 29. 1. Euclid. 

If a straight line fall on two parallel straight lines, it makes the al- 
ternate angles equal to one another ; the exterior equal to the interior 



* Prop. 1 1. Sap. The reference to this proposition involvea nothing inconastent 
HRJth good reasoning, as the demonstration of it does not depend on any thing that has 
gone before^ so that it in»y he introduced in any part of the Biements. 
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and opposite on the same side ; and likewise the two interior ai^lee, 
on the ssune side equal to two right angles. 

Let the straight line £F fall 
on the parallel straight lines E* 

AB, CD ; the alternate angles 
A6H, GHD are equal, the 
exterior angle £GB is equal 
to the interior and opposite 
GHD ;,and the two interior- 
angles BGH, GHD are equal 
to two right angles. 

For if AGH he not equal to 
GHD, let it be greater, then 
adding BGH to both, the angles 
AGH, HGB are greater than the angles DHG, HGB. Bat AGH, 
HGB are equal to two right angles, (13.) ; therefore BGH, GHD are 
less than two right angles, and therefore the lines AB, CD will meet, 
by the last proposition, if produced toward B and D. But they do not 
meet, for they are parallel by hypothesis, and therefore the ao^es 
AGTi, GHD are not unequal, that is, they are equal to one another. 

Now the angle AGH is equal to EGB, because these are vertica], 
and it has been also shewn to be equal to GHD, therefore EGB and 
GHD are equal. Lastly, to each of the equal angles EGB, GHD add 
the angle BGH, then the two EGB, BGH are equal to the two DHG, 
BGH. But EGB, BGH are equal to two right angles, (13. 1.), there- 
fore BGH, GHD are also equal to two right angles. Therefore, &c. 
q. E. D. 




The following proposition is placed here, because it is more con- 
nected with the First Book than with any other. It is useful for ex- 
plaining the nature of Hadley's sextant ; and though involved in the 
explanations usually given of that instrument, it has not, 1 believe, been 
hitherto considered as a distinct Geometric Proposition, though very 
well entitled to be so on account of its simplicity and elegance, as weU 
as its utility. 

THEOREM. 

if an exterior angle of a triangle be bisected, and also one of the 
interior and opposite, the angle contained by the bisecting lines is 
equal to half the other interior and opposite angle of the triangle. 

Let the exterior angle ACD of the triangle ABC be bisected by the 
straight line CE, and the interior and opposite ABC by the straight line 
BE, the angle BEC is equal to half the angle BAC. 

The lines CE, BE will meet ; for since the angle ACD is greater than 
ABC, the half of ACD is greater than the half of ABC, that is, ECD 
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Is greater than ^BC; add 

ECB to both, and the two 

angles £CD, ECB are 

greater than EBC, ECB. 

But ECD, ECB are equal 

to two right angles ; 

therefore ECB,EBC,are 

less than two right angles, 

and therefore the lines d 

CE, BE must meet on the 

same side of BC on which the triangle ABC is. Let them m^et in E. 

Because DCE is the exterior angle of the triangle BCE, it is equal 

to the two adgles CBE, BEC, and therefore twice the angle DCE, that 

is, the angle DCA is equal to twice the angles CBE, and BEC. But 

twice the angles CBE is equal to the angle ABC, therefore the angle 

DAC is equal to the angle ABC, together with twice the angle BEC ; 

and the same angle DCA being the exterior angle of the triangle ABC, 

is equal to the two angles ABC, CAB, wherefore the two angles ABC, 

CAB are equal to ABC and twice BEC. Therefore, taking away ABC 

from both, there remains the angle CAB equal to twice the single BEC, 

•r BEC equal to the half of BAC. Therefore, fee. Q, E. D. 



BOOK IL 



The Demonstrations of this Book are no otherwise changed than by 
introducing into them some characters similar to those of Algebra, 
which is always of great use where the reasoning turns on the addi- 
tion or subtraction of rectangles. To Euclid's demonstrations, others 
are sometimes added, serving to deduce the propositions from the 
fourth, without the assistance of a diagram. 



PROP. A and B. 



These Theoreme are added on account of their great use in geo- 
metry, and their close connection with the other propositions which 
are the subject of this Beok. Prop. A*^ an extension of the 9th and 
10th. 



BOOK III. 

DEFINITIONS. 



The definition which Euclid makes the first of this Book is that oi 
equal circles, wluck ke defines te be '< those of which the diameters 
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-* arc equal." This is rejected from among the definitions, as being; 
a Theorem, the truth of which is proved by sappCMing the circlei 
applied to ooe another, ^o that their centres may coincide, for the 
IV hole of the one must then coincide Mfith the whole of the other. 
The converse, viz. That circles which are equal hare equal diame* 
ters, is proved in the same way. 

The definition of the an^le of a se^ent is also omitted, because it 
does not relate to a rectiline.il an^le, but to one understood to be con- 
tained between a straight line and t portion of the circumference of 
a circle. In like manner, no notice is taken in the 16th proposition/ 
of the angle comprehended between the semicircle and the diameter, 
which is said by £ucUd to be greater than any acute rectilineal ang^e. 
The reason for these nmissioni* has :dready been assigned in the notes 
au the fifth definition of the first Book. 

PROP. XX. 

It has been remarked of this demonstration, that it takes for grant- 
ed, th:tt if two magnitudes be double of two othen*, each of each, the 
sum or difference of the first two is double of the sum or difierence 
of I'le other two, which are two cases of the Ist and 5th of the 5tli 
L« "k. The justness of thi» remark cannot be denied ; and though 
the cJises of the Propositions here referred to are the simplest of any, 
yet the truth of them ought not in strictness to be assumed without 
proof. The proof is easily given. Let A and B, C and D be four 
m i/'.iitudes, such that A=2C, and B=2D ; then A + B=2.(C+D), 
For since A=r!-|-C. and B=D+D, adding equals to equals, A+B= 
(0 -l-D; -t- (C + D)=2'.C + D). So also, if A be greater than B, and 
therefore C greater thnn D, -since A=C-f G. and B=D+D, taking 
equals from equals A— B=^(C-D)+(C -D), thatis, A-B=2(C- 
D). 



BOOK V. 



The subject of proportion has been treated so differently by those 
who have written on elementary geometry, and the method which 
Euclid has followed h;is been so oflen, and so inconsiderately censured, 
that in these notes it will not 4)erhaps be more nece.«5sarv to account for 
the changes that I h ive made than for those that f have not made. 
The changes are hut few, and relate to the hmi^uage, not to the essence 
of the demonstrations ; they will be expl lined after some of the de- 
finitions have been particularly considered. 

DEF. III. 

The definition of ratio given here has been greatly extolled by some 
authors ; but whatever value it may have in the eyes of a metaphvsi- 
rian, it has but httle in th^se of a geometer, because nothing concern- 
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itig the properties of ratios can be deduced from it. Dr. Barrow had 
veryjudiciouslj remarked conceraiDg it, '* thatEucljd had probably 
** po other design in making this definition, than to give a general sum- 
** mary idea of ratio to beginners, by premising this metaphysical defi- 
** nition, to the m^re accurate definitions of ratios that are equal to one 
" another, or one of which is greater or less than the other : I call 
*' it a metaphysical, for it is not properly a mathematical definition^ 
<< since nothing in mathematics depends on it, oris deduced, nor, as I 
" judge, can be deduced, from it." (Barrow's Lectures, Lect. 3.)* 
Dr. Simson thinks the definition has been added by some unskilful edi- 
tor ; but there is no ground fdl* that supposition, other than what ari- 
ses from the definition being of no use. We may, however, well 
enough imagine, that a certain idea of order and method induced Euclid 
to give some general definition of ratio, before he used the term in the 
definition of equal ratios. 

DEF. IV. 

This definition is a little altered in the expression : Euclid has it, 
that *' magnitudes are said to have a ratio to one another, when the 
'^< less can be multiplied so a^ to exceed the greater." 

DEF. V. 

One of the chief obstacles to the ready understanding of the 5tli 
Book of Euclid, is the difficulty that most people find of reconciling the 
idea of jpro portion which they have already acquired, with the account 
of it that is given in this definition. Our first ideas of proportion, ot 
of proportionaUty, are got by trying to compare together the magni- 
tude of external bodies ; and though they be at first abundantly vague- 
and incorrect, they are usually rendered tolerably precise by th^ 
study of arithmetic ; from which we learn to call four numbers pro- 
portionals, when they are such that the quotient which arises from di- 
Tiding the first by the second, (according to the common rule for divi^ 
sion), is the same with the quotient that arises from dividing the third 
Iby the fourth. 

Now, as the operation of arithmetical division is applicable as rear 
dtly to any two magnitudes of the same kind, as to two numbers, the 
notion of proportion thus obtained may be considered as perfectly 
general. For, in arithmetic, afler finding how oflen the divisor is 
contained in the dividend, we multiply the remainder bj^ 10, or 100, 
or 1000, or any power, as it is called, of 10, and proceed to inquire 
how oil the divisor is contained in this new dividend ; and, if there 
l>e any remainder, we go on to multiply it by 10, 100, &c.. as before, 
and to divide the product by the original divisor, and so on, the divi- 
sion sometimes terminating when no remainder is lefl, and sometimes 
going on ad infinitum, in consequence of a remainder being lefl at each 
operation. Now^ this process may easily be: imitated with any two 
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luagnitudes A and B, proriiiing tbey be of the same kind, or sachthat 
the one can be multiplied so as to exceed the other. For, suppose 
iLdt B is the least of ibe two ; take B out of A a« oft as it can be found, 
:iud let the quotient he noted, and al«o the remainder, if there be any; 
ui'ihiplj thi? remiinder by 10, or 100, Lc. so as to exceed B, and let 
B he ukea out of the quantity produced by this mniti plication as on 
as it can be found : let the quotient be noted, and also the remain- 
der, if there be any. Proceed with this remiiinder as before, and so 
on continually : and it is evident, that we hare an operation that is 
apph cable to all magnitudes whatsoever, and that may be performed 
with respect to anv two lines, anv two pfcne figures, er any two solids, 
i:c. 

Now, when we have two magnitudes and two others, and find that 
the drst divided by the second, according to this method, gives the ve- 
r} same series of quotients that the third does when divided by the 
fourth, we say of these magnitudes, as we did of the numbers above 
described, that the first is to the second as the third to the fourth. 
There are only two more circumstances necessary to be considered, 
in order to bring us precisely to Euclid's definition. 

First, It is known from arithmetic, that the multiplication of the 
successive remainders each of them by 10, is equivalent to multiply- 
ing the quantity to be divided by the product of all those tens ; so 
ihiit muhiphing, for instance, the first remainder by 10, the second by 
10. and the third by 10, is the same thing, with respect to the quo- 
tient, as if the quantity to be divided had been at first multiplied by 
1000 ; and therefore, our standard of the proportionality of numben 
may be expressed thus : If the first multiplied any number of timei 
by 10, and then divided by the second, gives the same quotient as 
when the third is multiplied as often by 10, and then divided by the 
fuurth, the four magnitudes are proportionals. 

Again, it is evident, that there is no necessity in these multiplica- 
tions for confining ourselves to 10, or the powers of 10, and that we 
do so, in arithmetic, only for the conveniency of the decimal notaUon ; 
we miiy therefore use any multipliers whatsoever, providing we use 
the same in both cases. Hence, we have this definition of propor- 
tionals, When there are four mtignitudes, and any multiple whatsoever 
of the first, when divided by the second, gives the same quotient with 
the like multiple of the third, when divided by the fourth, the four 
ui.'ii^nitudes arc proportionals, or the first has the same ratio to the se- 
cond that the third has to the fourth. 

We arc now arrived very nearly at Euchd's definition ; for, let A, 
li, C, D be four proportionals, according to the definition just given, 
and m any number ; and let the multiple of A by wi, that is mA, be 
rlividiid l»y B ; and first, let the quotient be the number n exactly , then 
aUo, wLiMi inC is divided by D, the quotient will be n exactly. But, 
when mA divided by B gives n for the quotient, /7jA=nB by the nature 
of division, ho that when 7/iA=nB, fwC=nD, which is one of the con- 
'litiowH of Euclid's definition. 
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Again, when mA is divided bj B, l^t the division not be exactlj^ 
performed, but let n be a whole number less than the exact quotient, 
then nBz^mA, or m\ynB ; and, for the same reason, wC^nD, which 
is another of the conditions of Euclid^s definition. 

Lastly, when mA is divided by B, let n be a whole number greater 
than the exact quotient, then mAz.nB, and because n is also greater 
than the quotient of mC divided by D, (which is the same with the 
other quotient), therefore wC^nD. 

Therefore, uniting all these three conditions, we call A, B, C, D, 
iirbportionals, when they are such, that if niAvnB, r/iCynD ; if mA 
essnB, mC=iiD ; and if mAz.nB, mCz.nD, mand n being aay numbers 
whatsoever. Now, this is ex?ictly the criterion of proportionality 
established by Euclid in the 5th definition, and is derived here by 
generalising Uie common and most familiar idea of proportion. 

It appears from this, that the condition of mA containing B, whether 
with or without a remainder, as often as tnC contains D, with or with- 
out a remainder, and of this being the case whatever value be assigned 
to the number m, includes in it all the three conditions that are men- 
tioned in Euclid's definition ; and hence, that definition may be ex- 
pressed a little more simply by saying, that four magnitudes are pro- 
portionals, when any multiple of the first contains the second, (with or 
without remainder,) as oft as ilhc same multiple of the third contains the 
fourth. But, though this definition is certainly, in the expression, 
more simple than Euclid^s, it is not, as will be found on trial, so easily 
applied to the purpose of demonstration. The three conditions which 
Euclid brings together in his definition, though they somewhat embar- 
rass the expression of it, have the advantage of rendering the demon- 
strations more simple than they would otherwise be, by avoiding all 
discussion about the magnitude of the remainder left, after B is taiken 
out of mA as oft as it can be found. All the attempts, indeed, that have 
been made to demonstrate the properties of proportionals rigorously, 
by means of other definitions than Euclid's, only serve to evince the 
excellence of the method followed by the Greek Geometer, and his 
singular address in the application of it. 

The great objection to the other methods is, that if they are meant 
to be rigorous, they require two demonstrations to every proposition, 
one when thAi vision of mA into parts equal to B can be exactly per- 
formed, the other when it cannot be exactly performed, whatever value 
be assigned to m, or when A and B are what is called incommensura- 
ble ; and this last case will in general be found to require an indirect 
demonstration, or a reductio ad absurdum, 

M. D'Alembert, speaking of the doctrine of proportion, in a dis- 
course that contains many excellent observations, but in which he has 
overlooked Euclid's manner of treating this subject entirely, has the 
following remark : '' On ne pent d^montrcr que de cette maniere, 
*< (la reduction a absurde,) la plupart des propositions qui regardenl 
<< les incommensurables. L'idee de I'infinientre au moins implicite- 
^< jnent dans la notion de ces sortes de quantit^s ; et comme nous n'a* 
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<* yons qu'une id^e negative de Tinfini, on ne pent d^montrer directed 
*• ment, et a priori^ tout ce qui concerne Tinfini math^matiqiie.^* 
{Encifclopedie^ mot GionUtrie,) 

This remark sets in a strong and just light the difficnltj of demoB- 
strating the propositions that regard the proportion of incommenson- 
ble magnitudes, without having recourse to the reductio ad abntrdum; 
but it is surprising, that M. D^'Alembert, a geometer no less learned than 
profound, should have neglected to make mention of Euclid's method, 
the only one in which the difficulty he states is completely overcome. 
It is overcome by the introduction of the idea of indefinitude,(if 1 maybe 
permitted to use the word,) instead of the idea of infinity ; for m and «, 
the multipliers employ ed,are supposed to be indefinite, or to adnutof all 
possible values, and it is by the skilful use of this condition that the ne- 
cessity of indirect demonstrations is avoided. In the whole of geome- 
try, 1 know not that any happier invention is to be found ; and it is 
worth remarking, that Euclid appears in another of his works to have 
availed himself of the idea of iudefinitude with the same success, viz. 
in his books of Porisms, which have been restored by Dr. SimsoD, 
and in which the whole analysis turned on that idea, as 1 have shewn 
-«it length, in the Third Volume of the Transactions of the Royal So- 
ciety of Edinburgh. The investigations of those propositions were 
founded entirely on the principle of certain magnitudes admitting of 
innumerable values ; and the methods of reasoning concenung them 
seem to have been extremely similar to those employed in the fifth of 
the' Elements. It is curious to remark this analogy between the dif- 
ferent works of the same author ; and to. consider, that the skill, in 
the conduct of this very refined and ingenious artifice, acquired in 
treating the properties of proportionals, may have enabled Euclid to 
succeed so well in treating the still more difficult subject of Porisms. 
Viewing in this light Euclid's manner of treating proportion, 1 had 
no desire to change any thing in the principle of his demonstrations. 
I have only sought to improve the language of them, by introducing a 
concise mode of expression, of the same nature with that which we 
use in arithmetic, and in algebra. Ordinary language conveys the 
ideas of the different operations supposed to be performed in these de- 
monstrations so slowly, and breaks them down into so many parts, that 
they make not a sufficient impression on the understan<9||g. This in- 
deed will generally happen when the things treated of are not repre- 
sented to the senses by Diagrams, as they cannot be when we reason 
concerning magnitude in general, as in this part of the Elements. 
Here we ought certainly to adopt the language j^f arithmetic or alge- 
bra, which, by its shortness, and the rapidity with which it places ob- 
jects before us, makes up in the best manner possible for being merely 
a conventional language, and using symbols that have no resemblance 
to the things expressed by them. Such a language, therefore, I have 
endeavoured to introduce here ; and I am convinced, that if it shall 
be found an improvement, it is the only one of which the fifth of Eu- 
vlid will adroit. In other respect? I have followed Dr. Simspn's edi' 
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tioiiy to the accuracy of which it would be difficult to make any addi* 
tion. 

In one thing 1 must observe, that the doctrine of proportion, as lai^ 
down here, is meant to be more general than in Euclid's Elements. It 
is intended to inclade the properties of proportional numbers as well 
as of all magnitudes. Euclid has not this design, for he has given a 
detinition of proportional numbers in the seventh Book, very different 
from that of proportional magnitudes in the fifth ; and it is not easy to 
justify tlie logic of this manner of proceeding ; for we can never speak 
of two numbers and two magnitudes both having the same ratios, un- 
less the word ratio have in both cases the same signification. All the 
propositions about proportionals here given are therefore understood 
to be applicable to numbers ; and accordingly, in the eighth Book, 
- the proposition that proves equiangular parallelograms to be in a ra- 
tio compounded of the ratios of the numbers proportional to their sides, 
is demonstrated by help of the propositions of the fiflh Book. 

On account of this, the word quantity ^ rather than magnitude^ ought 
in strictness tu have been used in the enunciation of these propositions, 
because we employ the word Qjnantity to denote not only things ex- 
tended, to which alone we give the name of Magnitudes, but also num- 
bers. It will be sufficient, however, to remark, that all the proposi- 
tions respecting the ratios of magnitudes relate equally to all things of 
which multiples can be taken, that is, to all that is usually expressed 
by the word Quantity in its most extended signification, taking care al- 
ways to observe, that ratio takes place only among like quantities. 
(See De£. 4.) 

DEF. X. 

The definition of compound ratio was first given accurately by Dr. 
Simson ; for, though Euclid used the term, he did so without defining 
it. I have placed this definition before those of duplicate and tripti- 
eate ratio, as it is in fact more general, and as the relation of all the 
three definitions is best seen when they are ranged in this order. It 
is then plain, that two equal ratios compound a ratio duplicate of cither 
of them ; three equal ratios, a ratio triplicate of either of them, &c. 

It w^s justly observed by Dr. Simson, that the expression, compound 
ratio, is introduced merely to prevent circumlocution, and for the sake 
principally of enunciating those propositions with conciseness that 
are demonstrated by reasoning ex cequo, that is, by reasoning froy the 
22d or 23d of this Book. This will be evident to any one who con- 
siders carefully the Prop. F. of this, or the 23d of the 6th Book. 

An objection which naturally occurs to the use of the term compound 
ratio, arises from its not being evident how the ratios described in 
the definition determine in any way the ratio which they are said 
to compound, since the magnitudes compounding them are assumed 
at pleasure. It may be of use for removing this difficulty, to state 
the matter as follows : if there be any number of ratios (among mag- 
nitudes of the same kind) such that Uie consequent of any of then^ i^ 
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the antecedent of that whic^ immediately follows, the first of the in- 
tecedents has to the last of the consequents a ratio which evidentlj 
depends on the intermediate ratios, because if they are determined, 
it is determined also ; and this dependence of one ratio on all the other 
ratios, is expressed by saying that it is compounded of them. Thus, 

if ^9 ., - ,--«be any series of ratios, such as described aboTe, the 

. A . A B 

ratio ^, or of A to E is said to be compounded of the ratios ^, ^, &c. 

£ B C 

A A B 

The ratio - is eyidently determined by the ratios - , - , &c. beqanse 

E B C , ■ 

if each of the latter is fixed and invariable, the former cannot chai^. 
The exact nature of this dependence, and how the one thing is deter- 
mined by the other, it is not the business of the definition to explain, 
but merely to give a name to^ a relation which it may be of importance 
to consider more attentiyely. 



BOOK VI. 

DEFINITION II. 



Thiis definition is changed from that of reciprocal Jigures, which wite 
of no use, to one that corresponds to the language used in the 14th and 
15th propositions, and in other parts of geometry. 

PROP. XXVII, XXVIII, XXIX. 

As considerable liberty has been taken with these propositions, it 
li necessary that the reasons for doing so should be explained. In the 
first place, when the enunciations are translated literally firom the 
Greek, they sound very harshly, and are, in fact, extremely obscure. 
The phrase of applying to a straight line, a parallelogram deficient, or 
exceeding by another parallelogram, is so eliptical, and so little analo- 
gous to ordinary language, that there could be no doubt of the proprie- 
ty of at least changing the enunciations. 

It next occurred, that the Problems themselves in the 2Cth and 29th 
propositions are proposed in a more general form than is necessary in 
an elementary work, and that, therefore, to take those cases of them 
that are the most useful, as they happen to be the most simple, must 
be the best way of accommodating them to the capacity of a learner. 
The problem which Euclid proposes in the 28th is, " To a given 
" straight line to apply a parallelogram equal to a given rectilineal ^- 
•* gure, and deficient by a parallelogram similar to a given parallelo- 
-* gram ;" which may be more intelligibly enunciated thus : ** To cot 
'' a given line, so that the parallelogram which has in it a given angle, 
« and is contained under one of the segments of the given line, and a 
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** straight line which has a given' ratio to the other segment, may be 
*• equal to a given space ;" instead of which problem I have substitut- 
ed this other : '* To divide a given straight line so that the rectangle 
** under its segments may be equal to a given space." In the actual so- 
lution of problems, the greater generality of the former proposition 
is an advantage more apparent than real, and is fully compensated 
by the simplicity of the latter, to which it is always easily reducible. 

The same may be said of the 29th, which Euclid enunciates thus : 
** To a given straight line to apply a parallelogram equal to a given 
^* rectilineal figure exceeding by a parallelogram similar to a given 
parallelogram." This might be proposed otherwise : " To pro- 
duce a given line, so that the parallelogram having in it a given an- 
gle, and contained by the whole line produced, and a straight line 
that has a given ratio to the part produced, may be equal to a given 
'' rectilineal tigure." Instead of this, is given the following problem, 
more simple, and, as was observed in the former instance very little 
less general . '' To produce a given straight line, so that the rectangle 
contained by the segments, between the extremities of the givea 
line, and the point to which it is produced, may be equal to a given 
" space." 

PROP. A, B, ft, &c. 

Nine propositions are added to this Book on account of their utility 
and their connection with this part of the Elements. The first four 
of them are in Dr. Simson's edition, and among these Prop. A is given 
immediately afler the third, being, in fact, a second case of that pro- 
position, and capable of being included with it, in one enunciation. 
Prop. D. is remarkable for being a theorem of Ptolemy the Astrono- 
mer, in his Mfv«A« ^yfret^n, and the foundation of the construction 
of his trigonometrical tables. Prop. E is the simplest case of the 
former ; it is also useful in trigonometry, and, under another form, 
was the 97th, or. in some editions, the 94th of Euclid's Data. The 
propositions F and G are very useful properties of the circle, and 
are taken from the Lod Plant of Apollonius. Prop. H is a very re- 
markable property of the triangle ; and K is a proposition which, 
though it has been hitherto considered as belonging particularly to 
trigonometry, is so oflen of use in other parts of the Mathematics, 
that it may be properly ranked among the elementary tbcoremg of 
Geometry. 
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BOOK I. 

PROP. V and VI, &c. 

THE demonstrations of the 5th and 6th propositions require the 
method of exhaustions, that is to say, they prove a certain pro- 
perty to belong to the circle, because it belongs to the rectilineal fi- 
i;ures inscribed in it, or described about it according to a certain law^ 
in the case when those figures approach to the circles so nearly as not 
to fall short of it, or to exceed it^'by any assignable diflerence. This 
principle is general, and is th^ only one by which we can possibly 
compare curvilineal with rectilineal spaces, or .the length of curre 
lines with the length of straight lines, whether we follow the methods 
of the ancient or of the modem geometers. It is therefore a gretfb 
injustice to the latter methods to represent them as standing on a foun- 
dation less secure than the former ; they stand in reality on the same, 
and the only difference is, that the application of the principle, com- 
mon to them b9th, is more general and expeditious in the one case 
than in the other. This identity of principle, and affinity of the 
methods used in the elementary and the higher mathematics, it seems 
the more necessary to observe, that some learned mathematicians haive 
appeared not to be sufficiently aware of it, and have even endeavour^ 
ed to demonstrate the contrary. An instance of this is to be met 
with in the preface of the valuable edition of the works of Archimedes, 
lately printed at Oxford. In that preface, Torelli, the learned com- 
mentator, whose labours have done so much to elucidate the writings 
of the Greek Geometer, but who is so unwilling to acknowledge the 
merit of the modern analysis, undertakes to prove, that it is impossible, 
from the relation which the rectilineal figures inscribed in, and cir- 
cumscribed about, a given curve, have to one another, to conclude 
any thing concerning the properties of the curvilineal space itself, 
except in certain circumstances which he has not precisely described. 
With this view he attempts to shew, that if we are to reason from the 
relation which certain rectilineal figures belonging to the circle have 
to one another, notwithstanding that those figures may approach so 
near to the circular spaces within which they are inscribed, as not to 
differ from them by any assignable magnitude, we shall be led into 
dtror, send shall .seem to prove, that the circle is to the sguare of its 
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. jUam^er exactly as 3 to 4. Now, as this is a conclusion which the 
Ascoveries of Archimedes himself prove so clearly to be false, To- 
relli argues, that the principle^ from which it is deduced must be false 
also ; and in this he would no doubt be right, if )iis former conclu- 
. sioD had been fairly dra^n. But the truth is, that a very gross para- 
logism is to be found in that part of his reasoning, where he makes 
a transition from the ratios of the small rectangles, inscribed in the 
circular spaces, to the ratios of the sums of those rectangles, or of 
the whole rectilineal figures. In doing this, he takes for granted a 
proposition, which, it is wonderful, that one who had studied geome- 
' try in the school of Archimedes, should for a moment have supposed 
tb be true. The proposition is this : If A, B, C, D, E, F, be any 
number of magnitudes, and a, 6, c, cZ, e, /, as mapy others ; and 
if A : B : : a : 6, 
C : D : : c : d, 

E : F : : e : /, then the sum of A, C and E will be to the sum of B, 
D and F, as the sum of a, c and e, to the sum of 6. d and/, or A-J- 
C+E : B+p+F : : a+c+e : b+d+f. Now, this proposition, 
which Torelli supposes to be perfectly general, is not true, except in 
two cases, yiz. either first, when A : C : : a : c, and 

A : E : : a : e ; and consequently, 

B : D : : b : d, and 

B :F :: b :/; or, secondly, when 

all the ratios of A to B, C to D, E to F, &c. are equal to one another. 

To demonstrate this, let us suppose that there are four magnitudes, 

and four others, 

thus A : B : : a : b, and 

C : D : : c : (2, then we canpot have 
A+C : B+D : : 0+c : ft+rf, unless either, A : C : : a : c, and B : 
D : : b : d'j or A : C : : b : d, and consequently a : b : : c : d, 

T^J^e a magnitude K, such that a : c : : A : K, and another L, such 
. that b : d : : B :h; and suppose it true, that A-j-C : 
B+D : : fl+c : ft+d. Then, because by inversion; 
K : A : : c : a, and, by hypothesis, A : B : : a : 6, and 
ako B : L : : 6 : d, ex aequo, K : li :: c id; and con- 
sequently, K : L : : C : p. 

Again, bea^ause A : K : : a ; c, by addition, 

A+K : K : : a-^^c ; c ; and, for the same reason, 
B-hL : L : : b-^-d-: d, or, by inversion, 
L : B+L : : d : b-^-d. And, since.|lhas been shewn, 
that K :h : : c : d; therefore ex aequo, * 



K, A, B, L, 
c, a. b d. 



A+K, K, L, B+L. 
a+c, c, rf, b d. 



A+K : B+l# : : a+c : b+d ; but by hypothesis, 
A+C : B+D :: a+c : 6+rf, therefore 
A+K : A+C : : B+I. : B+D. 
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Now. first, let K and C be supposed equal, then it is eTident. tbatL 
and n are hI*o equal ; axid tkeretbre. since by constmctioD a : c : : 
A : K we hare oifo a : c : : A : C : and, for the same reason, bid:: 
B : D. and the*e aoaio^es Ibnn the first of the two coDditions, of 
which one is a£rmed abore to be alwajs essential to the troth of 
Torelli's propocition 

Next, it K be greater than C, then since 

A+K : A+C : : B-rL : B+D. by diraioa, 

A4-K : K -C : : B+L : L - D. Bat, as was shewn 

k : L : : C : D, by con?er«ion and ahemation, 

K — C:K::L^b:L. therefore, es xquo, 

A-rK : K : : B-f-L : L, and lastly, by division, 

A : K : : B : L. or A : B : : K : L, that is, 

A : B : : C : D. 

Wherefore, in this case the ratio of A to B is equal to thai ol' C to 
D. and coaseq::eatly. the rado of a to 6 equal to that of c to d. The 
same ouy be shewn, if K is less than C ; therefore in eyeiy case diere 
are <:ondiuoo« ziecessary to the truth of TorelU*s propositioo, which be 
d«jes not t<ike into iiccoun't, and which, as is easily shewn, do not belcMig 
to the m igmtudes to which he iipphes it. 

lu couseqaence ot this, the conclusion which he meant to establish 
respecting the circle, fills entirely to the ground, and with it the gene- 
ral interence aimed against the modem analysis. 

I: -Till not. 1 hope, be imagined, that i have taken notice of these 
circ': Distances with any design to lessen the reputation of the learned 
Italian, who has in so many respects desenred well of the Bathemati- 
cal sciences, or to detract from the value of a posthumous work, which 
by its elegance and correctness, does so much honour to the En^ish 
editors. But I would warn the student against that narrow spirit 
which seeks to insinuate itself even into the abstractions of geometry, 
and would persuade us, that elegance, nay truth itself, are possessed 
exclusively by the ancient methods of demonstration. The high 
tone in which Torelh censures the modem mathematics, is imposing) 
as It is assumed by one who had studied the writings of Archimed^ 
with uncommon dlili^nce. His errors are on that account the moi^ 
dangerous, and require to be the more carefully pointed out. 

PROP. IX. 

This enunciatSn is the same with that of the third of the Dimensit^ 
Circuli of ArchimeSes ; but the demonstration is different, though it 
proceeds, like that of the Greek Geometer, by the continual bisection 
of the 6th part of the. circumference. 

The limit<« of the circumference are thus assigned ; and the method 
of bringing; it about, noti^ithstanding many quantities are neglected in 
the arithmetical operations, that the errors shall in one case be all on 
the side of defect, and in another all on the side of excess, (in which 1 
have followed Archimedes,) deserves particularly to be observed, as 
affording a good introduction to the general methods of approzimatiom 
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BOOK 11. 

DEF. Vlll. and PROP. XX. 

Solid angles, which are defined here in the same manner as in 
)'2uclid, are magnitudes of a very pecuhar kind, aud are particularly 
to be remarked for not admitting of that accurate comparison, one Hith 
another, which is common in the other subjects of geometrical inves- 
tigation. It cannot, for example, be said of one solid angle, that it is 
the half, or the double of another solid angle, nor did any geometer 
ever think of proposing the problem of bisecting a given solid angle. 
4n a word, no multiple or sub-multiple of such an Single can be taken, 
find we have ho way of expoundmg, even in the simplest cases, the ra- 
tio which one of them bears to another. 

In this respect, therefore a solid angle differs from every other mag- 
nitude that is the subject of mathematical reasoning, all of which have 
^his common property, that multiples and sub-multiples of them may 
be found.' it is not our business here to inquire into the reason of 
this anomaly, but it is plain, that on account of it, our knowledge of 
the nature and the properties of such angles can nci&Br be very far 
extended, and that our reasonings concerning them must be chiedy 
confined to the relations of the plane angles, by which they are con- 
tained. One of the moat remarkable of those relations is-that which is 
demonstrated in the 21st of this Book, and which is, that all the plane 
angles which contain any solid angle must together be less than four 
ri^t angles. This proposition is the 21st of the 1 1th of Luchd. 

This proposition, however, is subject to a restriction in ceria.n ca- 
ses, which, I believe, was first observed by M. le Sage of Geneva, m 
a communication to the Academy of Sciences of Paris in 1 756. W hen 
the section of the pyramid formed by the planes that contain the so- 
lid angle is a figure that has none of its angles exterior, such as a tri- 
angle, a parallelogram, &c. the truth of the proposition just enunci.U- 
€d cannot be questioned. But, when tbc aforesaid section is a figure 
like that which is annexed, viz. 
ABCD, having some angles, such J&. 

as BDC, exterior, or, as they are 
sometimes called,re-entering angles, 
the proposition is not necessarily 
trae ; and it is plain, that in such 
cases the demonstration which we 
have given, and which is the taihc 
with Euclid's, will no longer apply. 

Indeed, it were easy to shew, that on ^ p 

bases of this kind, by multiplying ^-^ ^ 

the number of sides, solid angles may be formed, such that the plane 
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aogles which contain them shall exceed four right angles bj ao j qvaii' 
thy assigned. An illustration of this from the properties of the sphere 
is perhaps the simplest of all others. Suppose that, on the surface 
of a hemisphere there is described a figure bounded by any number of 
arches of great circles making angles with one another, on opposite 
sides alternately, the plane angles at the centre of the sphere that 
stand on tliese arches may evidently exceed four right an^es, and that 
tod, by multiplying and extending the arches in any assigned ratio. 
Now. these plane angles contain a solid angle' at the centre of ihe 
sphere j according to the definition of a solid angle. 

We are to understand the proposition in the text, therefore, to be 
true only of those solid angles in which the inclination of the plane 
imgles are all the same way, or all directed toward the interior ^ the 
figure. To distinguish this class of solid angles firom that to which.^e 
proposition does not apply, k is perhaps best to mid^e uae of this cri< 
terion, that they are such, that when any two points whatsoeTer are 
taken in the planes that contain the solid angle, the straight line join- 
ing those points falls wholly within the solid angle : or thus, they are 
such, that a straight hue cannot meet the planes which contain them 
in more than two points. It is thus, too, that I would distinguish a 
plane figure that has none of its angles exterior, by saying, that it is a 
rectilineal figure « such that a straight line cannot meet the boundary 
of it in more- than two points. 

We, therefore, distinguish solid angles into two species ; one io 
which the bounding planes can be intersected by a straight line only 
in two points ; and another where the bounding planes may be iater- 
sected by a straight Hoe in more than two points : to the first of these 
the proposition in the text applies, to the second it does not. 

Whether Euclid meant entirely to exclude the consideration of 
figures of the latter kind, in all that he has said of solids, and of solid an- 
gles, it is not now easy to determine : It is certain, that his definitions io- 
volve no such exclusion ^ and as the introduction of any limitatioB 
would considerably embarrass these definitions, and render them diffi- 
cult to be understood by a beginner, 1 have left it out, reserving to this 
place a fuller explanation of the difficulty. I cannot conclude this note 
without remarking, with the historian of the Academy, that it is ex- 
tremely singular, that not one of all those who had read or explained 
Euclid before M. leSage, appears to have been sensible of this mistake. 
^Memoires de f Acad, des Sciences 175^), Hist, p. 77.) A circumstance 
that renders this still more singular is, that another mistake of Euclid 
on the same subject, and perhaps of all other geometers, escaped M. 
le Sage also, and was first discovered by Dr. Simson, as will presently 
«ppear. 

* 
PROP. IV. 

This very eles;ant demonstration is from Legcndre, and is muchea- 
«i«='r than that of Euclid. 
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The demoDstratioa g^veo here of the 6th U also greatly simpler than 
that of Euclid. It has even an advantage that does not belong to he- 
gendre'8, that of requiriog no partlcutai' ceostruction or -detenninatioa 
bf fuiy one of the lines, but reasoning from properties common to 
every part of them. This simpliiicatiau, when it can be introduced, 
which, however, does Dot appear to be alirays possible, is perhaps the 
greatest improvement that can be made on an elementary demODstra- 
tion. 

PROP. XIX. 

The problem contained ib this proposition, of drawing a straight 
line perpeodicolar to two strai^t lines not in the same plane, is cer- 
' lainly to be accounted elementary, although not given in any book of 
elementary geometry that 1 know bf before thrt of Legendre. The 
■elation given here is more simple thwi his, of than any other that 1 
hare yet met with : it also leads more easily, if it be required, to a 
trigonometrical computation. 



DEF. 11. and PROP. I. 

These relate to similar and equal solids, a subject on which Aistakes 
have prevailed not unlike to that which has just been mentioned. The 
equality of solids, i[ ia natural to expect, must be proved like the 
equality of plane figures, by shewing that they may be made to coin- 
cide, or to occupy the same space. But, though it be true that all 
^ids which can be shewn to coincide are equal and similar, yet it does 
not hold conversely, that all solids which are equal and similar can be 
made to coincide. Though this assertion may appear somewhat para- 
doxical, yet the proof of it is extremely simple. 

Let ABC be an isosceles triangle, of Which the equal sides are AB 
and AC ; ftom A draw AE perpendicular to the base BC, and BC will 
be bisected in E. From E draw ED per- 
pendicular to the plane ABC, and from D, 
any point in it, draw DA, DB, DC to the 
three angles bf the triangle ABC. The 
pjrramid DABC is divided ioto two pyra- 
mids DABE, DAOE, which, though their 
equality will not be disputed, cannot be 
so applied to one another as to coincide. 
For, though the triangles ABE, ACE are 
equal, BE being equal to CE, EA common 
to hoUi, and the angles AEB, AEC equal, 
becatisa they are right angle?, yet if thes<^ 
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two triangles be applied to one another, so as to coincide, the solid 
DACE will, neFertbeless, as is evident, fall without the solid DABG, 
for the two solids will be on the opposite sides of the plane ABE. 
In the same way, though all the planes of the pyramid DABE may 
easily be shewn to be equal tp those of the pyramid DACE, each to 
each ; yet will the pyramids themselves never coincide, though the 
equal pianes be apphed to one another, because they are on the op- 
posite sides of those planes. 

It miiy be said, then, on what ground do we conclude the pyramids 
to be equal ? The answer is, because their construction is entirely 
the same, and the conditions that determine the magnitude of the one 
identical with those that determine the magnitude of the other. For 
the magnitude gf the pyramid DABE is determined by the magnitude 
of the triangle ABE, the length of the line ED, and the poaition of 
ED, in respect of tho plane ABE ; three circumstances that are pre- 
cisely the same in the two pyramids, so that there is nothing that 
can determine one of them to be greater than another. 

This reasoning appears perfectly conclusive and satisfactory ; and 
it seems also very certiiiu that there is no other principle equally 
simple, on which the relation of the solids DABE, DACE to one an-' 
oi-her, cim be determined. Neither is this a case that occurs rarely ; 
it is one, that in the eompari^oo of magnitudes having three dimen-^' 
sions, presents itself continually ; for, though two plane figures that 
are equal and simil ir can idways be m «de to coincide, yet, with re- 
g ird to solids that are equtd and similar, if they h^ve not a certain 
similarity in' their po.^ition, there will be found just as many cases in 
wijich they cannot, as In which they can coincide. Even figures de- 
scribed on sorf ices, if they are not plane surfice^, may be equal and 
similar without the possibility of coinciding. Thus, in the ligure de- 
scribed on the surface of a sphere, called a spherical triangle, if we 
suppose it to bo isosceles, and a perpendicular to be drawn from the 
vertex on the base, it will not be doubted, that it is thus divided into 
two right juigled spherical triangles equal and similar to one another, 
and which, nevertheless, cannot be so laid on one auother as to agree. 
The same holds in innumerable other instances, and therefore it is 
evident, that a principle, more general and fundamental than that of the 
equality of coinciding figures, ouglit to be introduced into Geometry. 
What this principle is has aUo appeared very clearly in the course of 
these remarks , and it is indeed no other than the principle so cele- 
brated in the philosophy of Leibnitz, under the name of the suffi- 
cient REASON. For it was shown, that the pyramids DABE and DACE 
are concluded to be equal, because each of them is determined to be 
of a certain magnitude, rather than of any other, by conditions that 
are the same in both, so that there is no reason for the one being 
greater than the other. This Axiom may be rendered general by 
saying, That things of which the magnitude is determined by condi- 
tions that are exactly the same, aje equal to one another ; or, it might 
he expressed thus : Two magnitudes A and B are equal, when there 
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is no reason that A sfaouid exceed B, rather than that B should exceiDd 
A. ' Either of these will serve as the fundamental principle for com- 
paring geometrical magnitudes of erery kind ; thej will apply in those 
cases where the coincidence of magnitudes with one another has no 
place ; and they will apply with great readiness to the cases in which 
a coincidence m;ty take place, such as in the 4th, the 8th, or the.26th 
of the First Book of the Elements. 

The only objection to this Axiom is, that it is somewhat of a meta- 
physical kind, and belongs to the doctrine of the sufficient rca«on,^ which 
is looked on with a suspicious eye by some philosophers. But this is 
no solid objection ; for such reasoning may be applied with the great- 
est safety to those objects with the natur,e of which We are perfectly 
acquainted, and of which we have complete definitions, as in pure 
maHiematics. In physical questions, the same principle cannot b^ 
applied with equal safety, b^ecause in Such cases we have seldom a 
complete definition of the thing we resilkm about, or One that includes 
ail fts properties. Thus, when Archimedes proved the spherical 
figure of the earth, by reasoning on a principle of this sort, he was 
led to a false conclusion, because he knew nothing of the rotation <^ 
the ea^h on its axis, which ^places the particles of that body, though at 
equal distances from the centre, in circumstances very different from 
one another. But, concerning those things thdt are the creatures of 
the mind altogether, like the objects of mathematical investigation, 
there can be no danger of being misled by the principle of the suffi- 
cient reason, which at the same time furnishes us with the only single 
Axiom, by help of which we can compare together geometrical quan- 
tities, whether they be of one, of two, or of three dimensions. 

Legendre in his Elements lias made the same remark that has been 
just stated, that there are solids and other Geometric Magnitudes, 
which, though similar and equal, cannot be brought to coincide with 
one another, and he has distinguished them by the name of Symmetric 
cal Magnitude^t. He has also given a very satisfactory and ingenious 
demonstration of the equality* of certain solids of that sort, though not 
^o concise as the nature of a simple and elementary truth would seetn 
to req^uite, and consequently not such as to render the axiom propos- 
ed a'bove altogether unnecessary, 

But a circumstance for which I cannot very well account is, that 
'Legendre, and after him Lacroix, ascribe to Simson the first mention 
of such solids as we are here considering? Now, 1 must be permitted 
to day, that no remark to this purpose is to be found in any of the writ- 
ing's o£ Simson, which have come to 'my knowledge. He has indeed 
made an observation concerning the Geometry of Solids, which was 
both h€iv and impiortant, viz. that solids may have the conditions 
which Euclid thought sufficient to determine their 'equality, and may 
nevertheless be unequal ; whereas the observation made here is, that 
solids may lie equal and similar, and may yet want the condition of be- 
ing able to coincide with one another. TheMe propositions are widely 
4inerent ; and liew so accurate a Writer a^ i<egendre should have mis- 
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taken the one for the other, is not easy to be explained. It most be 
observed, that he does not seem in the least awrare of the obsenratioQ 
which Simson has really made. Perhaps having himself made the re- 
mark we now speak of, and on looking slightly into Simsoo, having 
found a limitation of the usual description of equal solids, he had with- 
out much inquiry, set it down as the same with his own notion ; vti 
io, with a great deal of candour, and some precipitation, he has ascrib- 
ed to Simson a discovery which really belonged to himself. This at 
least seems to be the most probable solution of the difficulty. 

1 hi^ve entered into a fuller discussion of Legendre's mistake than 
I should otherwise have done, from having said in the 6rst edition of 
these elements, in 1795, that 1 believed the non-coincidence of similar 
and equid solids in certain circumstances, was then made for the first 
time. This it is evident would have been a pretension as ridicohros 
as ill-founded, if the same observation had been made in a book like 
Simson^s, which in this counti|r was in every body's hands, and which 
I had myself professedly studied with attention. As I have not seen 
any edition of Legendre's Elements earlier than that published in 1 802, 
I am ignorant whether he or 1 was the first in making the remark here 
referred io. That circumstance is, however immaterial ; for 1 am not 
interested about the originality of the remark, though very much inter- 
ested to shew that I had no intention of appropriating to myself a &• 
eovery made by another. 

Another observation on the subject of those solids, which with Le« 
gendre we shall call Synmieincal, has occurred to me, which 1 did 
not at first think of, viz. that Euclid himself certainly had these solids 
in view when he formed his definition (as he very improperly calls it) 
of equal and similar solids. He says that those solids are eqwU and 
similar, which are contained under the same number of equal and simi- 
lar planes. But this is not true, as Dr. Simson has shewn in a passage 
just about to be quoted, because two solids may easily be assigned, 
bounded by the same number of equal and similar planes, which are 
obviously unequal, the one being contained within the other. SimsoD 
observes, that Euclid needed only to have added, that the equal and 
similar planes must be similarly situated, to have made his description 
exact. Now, it is true, that this addition would have made it exact ifi 
one respect, but would have rendered it imperfect in another ; for 
though all the solids having the conditions here enumerated are equal 
and similar, many others are equal and similar which have not those 
conditions, that is, though bounded by the same equal number of similar 
planes, those planes are not similarly situated. The symmetrical solids 
have nottheir equal and similar planes similarly 8ituated,but in an order 
and position directly contrary. Euclid, it is probable, was aware of 
this, and by seeking to render the description of equal and similar so- 
lids so general, as to comprehend solids of both kinds, has stript it qf 
an essential condition, so that solids obviously unequal are included 
in it,) and has also been led into a verjr illogical proceeding, that of 
defining the equality •f solids, instead of proving it, as if he had beei^ 
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M liberty to fix a new idea to the word equal e^ery time that he applied 
it to a new kind of magnitude. The nature of the difficulty he had to 
ccmtend with, will perhaps be the more readily admitted as an apolo- 
gy for this error, when it is considered that Simson, who had studied 
the matter so carefully, as to set Euclid right in one particular, was 
himself wrong in another, and has treated of equal and similar sohds, 
80 as to exclude the symmetrical altogether, to which indeed he seems 
not to have at all adverted. 

I niust, therefore, again repeat, that 1 do not think that this matter 
can be treated in a way quite siftiple and elementary, and at the same 
time general, without introducing the principle of the sufficient reason 
as stated above. It may then be demonstrated, that similar and equal 
solids are those contained by the same number of equal and similar 
planes, either with similar or contrary situations. If the word contra- 
ry is properly understood, this description seems to be quite general. 

Simson's remark, that solii^ may be unequal, though contained by 
the same number of equal and similar planes, extends also to sohd 
angles which may be unequal, though contained by the same number 
of equ^ plane angles. These remarks he publisb^^d in the first edi- 
tion of his Euclid in 1756, the very ftaitie' Jrear that M. le Sage commu- 
nicated to the Academy of Sciences the bbs^rvatiop on the subject of 
folid angles, mentioned in a former note ; and, it i? ^iogol^r, that these 
two geometers, without any communication with pae another, sbonld 
afanost at the same time haye made two discoveries very netiitf con- 
jlected, yet neither of thiun comprehending the whole troth, so that 
Aach is imperfect without the other. 

Dr. Simson has shewn the truth of hil remark, by th6 following 
reasoning. 

^* Let there be any piape rectilineal figure al the tria^^e ABC, and 
from a points D within it, draw the strai^t line OE at right aoglei to 
ike plane ABC ; in DE take D£, Df equal to Okie apoither, upon the 
opfKMite aides of the plane, and let oe any point in EF ; join DA, 
DB, DC ; EA, BB, EC ; FA, FB, FG ; GA, GB, GC : Because the 
itraight tine EDF is at right angl^9 to the plane ABC, it makes right 
an^es with DA^ DB, DC^ w[>icb it meets in that plane ; and in the 
triapg^ EDB, FDB, ED ani) DB are equal to FD and PB, each to 
jBach, ^nd they cpntaAo right angles ; therefore the base EB is equal 
to Alt base FB , in the saiOje manner EA i» eqpsJ to FA, ai^d EC to 
FC : And in the trian^s EBA, FBA, EB, BA ar^ equal to FB, BA, 
ani the base EA is equal to the base FA ; wherelbre the ap^^ EBA is 
eqiial to the angle Ffi A, and tlie triangle EBA ejqiial to the triangle FBA, 
aim the oth^ angles equal to the other ao^M ; therefore diede trian- 

Sea are simUar : In &e name manner this triangle EBC is similar to 
e triangle iF|^C, and ji^e triangle EAC to FAC ; therefore tbere ui^t 
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tiro Mlid figBret, ewth of which i* eoatiued bj aiz tiitii|^, ue of 
B 




theoi h^ thi«e trian^ee, the conunon rertei of which is thepoiqtO, 
and their basei the straight Imes AB, BC, CA, and by three other tri- 
aofles the common vertex of which is the point E, and their braes the 
tame Unes AB, BC, CA. The other solid ia contained b; the ntme 
three triangleB, the common Tertex of which is 6, and tbeir b»es. 
AB, BC, CA ; and by three odier triangjes, of which the cobhiob 
vertex is die poiotF, and their bases the same straight Itnefl AB, BG, 
CA : Now, the three triangles GAB, GBC, 6CA are commen to both 
■olids, abd the three others EA6, EBC, EGA, of the first solid hare 
iteenshown to be eqaal and simitar to the three others FAB, FBC, FCA 
of the other solid, each to each ; therefore, these two aolida are con- 
tained by the same number of equal and similar planes : But that the; 
are not equal is manifest, because the first of them is contained in the 
other: Therefore ilis notuniversallytme, thatsolidsare equal whicli 
are contained by the same number of equal uid similar planes." 

" Cor. From this it appears, that two unequal solid angles may be 
contained by the same number of equal plane angles." 

" For the solid angle at B, which is contained by the folir plane 
angles EBA, EBC, GBA, GBC is not equal to the solid angle at the 
Bame point B, which is contained by the fiiur pl^ne angles PBA, FBC, 
GBA, GBC ; for thb Mt contains the other : And each cf them a 
^contained by four plane angles, which are equal to one another, eacb 
to each, or are the self-same, as has been prored : And indeed, there 
m»y be innumerable soliS angles all unequal to one anothet-, which 
are each of them contained by ^lane angles that are eqnal to one an- 
«ther, each to each : It is likewise manifest, that the before-mention- 
ed solids are not similar, since their solid aogles are not all equal." 
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PLANE TRIGONOMETRY, 



DEFINITIONS, &c, 

TRIGONOMETRY is defined in the text to be the applioation of 
Number to express the relations of the sides and angles of tri^ 
angles. It depends, therefore, on the 47th of the first of Euclid, and 
•n the 7th of the first of the Supplement, the two propositions whicliv 
do most immediately connect together the sciences of Arithmetic and 
Geometry. 

The sine of an angle is defined above in the usiial w^, viz. the 
perpendicular drawn from one extremity of the arch, which measures 
the angle on the radius passing through the other ; but in strictness 
the sine is not the perpendicular itself, but the ratio of that perpenr 
dicular to the radios* for it is this ratio which remains constant, while 
the angle continues the same, though the radius vary. It might be 
convenient, therefore, to define the sine to be the quotient which 
arises from dividing the perpei^dicular just described by the radius of 
the circle. 

So also, if one of the sides of a right angled triangle about the right 
angle be divided by the other, the quotient is the tangent of the angle 
•pposite to the first-mentioned side, &c. But though thii^ is certainly 
the rigorous way of conceiving the sines, tangents &c. of angles, 
ithich ^re in reality not magnitudes, but the ratios of magnitudes ; 
yet as this idea U a little more abstract than the common one, and 
would also involve some change ip the language of trigonometry, at 
the same time that it woul^ in U|e end lead to qothing that is not attain- 
ed by making the radius equal to unity, I have adhered to the con|- 
mon ipethod, though I have thought it right to point out ths^t which 
should in strictness be pursued. 

A proposition is left out in the Plane Trigonometry, which the 
astronomers qia^e use of in order, when two sides of a tdangle, and 
the angle contained by tibeiii, are given, to find the angles at the base, 
without making use of the sum or difibrence of the sides, which, i^i 
some cases, when only the I^oganthiBS oi^thct sidos are given, cannot 
lie conveniently foun^? 
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THEOREM. 

If^ as the greater of any two sides of a triangle to the less^ S9 the radius 
to the tangent of a certain angle ; then wSl the radius be to the tan- 
gent of the difference betmeen ikat irtif & and half a r^ht cmgle^ as the 
tangent of half the sum of the angles at the base of the triangle to the 
tangent of hii{f their difference. 

Let ABC be a triangle, the sides of which are BC and CA, and the 
base A6, apd let BC be greater tha^ 
CA. Let DC be drawn at right 
angles to BC, iind equal to AC : 
join BD, dnd becadde (Prop. 1.) 
iQ the fight angled tridogle BCD, 
6C : Cb : : R : tan CBD, CfeD h 
the angle, of which the t^gent is 
to the raffius ^ CD to BC, that is, 
as CA to BC, or as the least of the 
two sides of Ae triangle td the 
greatest. 

But BC+CD : BC— CD : : tkn J,(CDB+CBD) : 
tail J (CDB-~CBD), ^rop. b.) ; 
and abo, BC+CA : BC-CA : : tan J (CAB+CBA) : 
tan J (CAB— CBA). Therefore, since CDstCA, 
tan \ (CDB+CBD) : tan | (CDB— CBD) : : 
tan I (CAB+CBA) : tan | (CAB -> BBA). But heatetB^ tite 
angles CDB+CBD=5:90^, ten ^ (CDB+CBD) : 
tan ^ (CDB-CBD) : : R . tan (46^-^CBD), (« Cor. Prop. 5.) ; 
therefore, R ; ten (46<'-CBD) : : ten ^ (CAB+CBA) : 
tan \ (CAB -CBA) ; and CBD was already sheWn to be such an an^ 
that BC : CA :: R : tan CBD. Therefore, &c. ^ E. D. 

Cor. If BC, CA, and the angle C are given to find the aqgles A and 
B ; find an angle E such, that BC : CA : : R : tan E ; then R : 
ten (45«~E) : : tan i (A+B) : tan i (A— B). Thus | (A-B) is 
found, and | (A+B) being given, A and B are each of them known, 
Lem. 2. 

In reading the elements of Plane Trigonometry, it m^y be of use 
to observe, that the first five propositions contain all the rules abso- 
lutely necessary for solving the different qases of plane trianglefs. The 
laamer, when he studies Trigonometry for the first time, may sfiftisfy 
himself with Uiese propositions, but should by bo means neglect the 
others in asubsec^uent perusal* 

PROP. VII. and VIII. 

I have changed the demonstration which I gave of these proposi- 
tions in the first edition, for two others considerably simpler and more 
concise, given me by Mr. Jardine, teacher of the Mathematics in 
Edinburgh, formerly one of my pupils, to whose ingenuity and skill I 
dm very glad te bear this public testimony. 
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SPHERICAL 



TRIGONOMETRY. 



PROP. V, 



THE angles at the base of an isosceles spherical triangle are Sym- 
metrical magnitudes, not admitting of being laid on one another, 
Bor of coinciding, notwithstanding their equality. It might be consi- 
dered as a sufficient proof that they are equal, to obsenre that they are 
•ach determined to be of a certain magnitude rather than any other, 
by conditions which are precisely the same, so that there is no reason 
why one of them should be greater than another. For the sake of those 
to whom this reasoning may not prove satisfactory, the demonstratioa 
in the text is giyen, which is strictly geometrical. 

For the demonstrations of the two propositions that are given in the 
end of the Appendix to the Spherical Trigonometry, «ee Elementa 
SphaBricorum,' Theor. 66. apud Wolfii Opera Math. tom. iii ; Trigo* 
hometrie par Cagnoli, § 463 ; Trigonemetrie Spherique par Maiiduit^ 
{^165. 
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